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Abstract— Humanoid robots have been considered as a uni-
versal machine which can operate in place of human. This
kind of universal machine requires human-like biped walking
capability. In particular, it is important to avoid falling by
appropriately switching behaviors even if there are unknown
disturbances. The authors proposed the maximal output admis-
sible (MOA) set for the center of gravity (COG) regulator in the
upright position. Based on the MOA set, we can switch feedback
gains with the Zero Moment Point (ZMP) constraint satisfied.
In this paper, the author extends MOA set framework to
trajectory tracking controller. This extension makes it possible
to switch controllers: regulator in the upright position and
tracking controller of a stepping motion in order to avoid
falling. The effectiveness of the proposed method is verified
with a simulation.

I. INTRODUCTION

Humanoid robots have been considered as a universal
machine which can operate in place of human. This kind
of universal machine requires human-like biped walking
capability. In particular, it is important to avoid falling
by appropriately switching its behaviors even if there are
unknown disturbances. However, motion control of biped
humanoid robots is a challenging problem because the biped
robot is a floating-base system and there exists a constraint
on contact force between the robot and environment, which
is also called physical constraint. There have been a lot of
research on biped walking control. Those research can be
divided into A) tracking control with time-variant referential
trajectory, and B) autonomous control without referential
trajectory. Concerning A), a lot of researchers proposed biped
gait planning methods [1], [2], [3], [4], [5]. In those research,
a biped gait is planned so that the physical constraint is
satisfied. While the planned gait is used as a reference, a
robot is controlled with compensation of modeling errors, for
example, modulation of foot landing position, leg impedance
control for uneven terrain, or body attitude compensation.
These controllers make a robot track the referential trajectory
as precisely as possible. Therefore, it is difficult to absorb
large disturbances by changing robot behaviors. Although
motion database [6] was proposed to generate various mo-
tions, connecting different motions requires dynamics filter-
ing [7].

Concerning B), on the other hand, there are studies on
B1) balancing in the upright position [8], [9], [10], [11],
B2) limit cycle type control [12], [13], [14], [15][] and B3)
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optimal control scheme [16] or model predictive control
[17]. In B1), Abdallah et al.[10] and Atkeson et al.[11]
proposed a control method to switch the hip joint and ankle
joint control. In B2), Stephens et al. [14] and Sugihara [15]
proposed a control method to switch a balancing controller
in the upright position and a limit cycle type controller
for periodic stepping. They defined stabilizable region in
the state space for each controller, and switched controllers
based on that. The authors [18] applied the Maximal Output
Admissible (MOA) set framework to a regulator of the center
of gravity (COG) in the upright position. The MOA set
[19][20] was proposed in the control engineering field. Using
the MOA set, we can determine if the constraint on the Zero
Moment Point (ZMP) [21] will be satisfied or not when
a regulator is applied for the COG stabilization. We can
also switch feedback gains for the regulator based on the
MOA set. In [18], the MOA set was defined for a constant
support polygon. If we extend the MOA set framework to A)
trajectory tracking controller, B2) limit cycle type controller
or B3) optimal control and model predictive control, we can
switch various motion controllers with the physical constraint
satisfied.

In this paper, we present the MOA set for trajectory
tracking control with as one of extensions of the MOA set
framework. Although Kogiso et al. [22] proposed the MOA
set for time-variant reference by parallel shifting the MOA
set for a regulator, they assumed a constant constraint. In the
biped system, we need to consider time-variant constraint
as the support polygon changes. In Sect. II, the author
formulates a state equation and the ZMP constraint for the
inverted pendulum model of a biped robot. Then, the MOA
set on the COG regulator is presented in Sect. III. In Sect. IV,
the author proposes computational procedure of the MOA
set for trajectory tracking control, and present an example
of computation for a biped walking motion. Moreover, the
MOA set framework is applied to falling avoidance control in
Sect. V. It is verified with a simulation that we can switch the
COG regulator and trajectory tracking controller depending
on disturbances. In Sect. VI, the author summarizes this
paper and addresses future works.

II. COG-ZMP INVERTED PENDULUM MODEL

Suppose that a biped robot moves on a flat ground as
shown in Fig. 1(a). Then, let z- and z- axes be moving
direction and vertical direction, respectively. We can set the
origin of z-axis on the ground without loss of generality.
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Support polygon

Fig. 1. COG-ZMP inverted pendulum model

is concentrated at the COG, horizontal motion equations are
formulated as follows:

ig =w(zg —xz) (D

e =w’(ye — yz) 2)

W= 2619 3)
2q

where ¢ is the gravity acceleration. In this paper, we focus
on biped walking with constant COG height, namely, zg =
const. and 3¢ = 0 . Therefore, we can assume w? is also
constant. Equations (1) and (2) are equivalent to inverted
pendulum dynamics as shown in Fig. 1(b). We call this model
COG-ZMP inverted pendulum model.

Now, we choose the COG and its velocity as the state
variable & and the ZMP as the control input w.

z=[2c ic yo da )
)" 5)

Equations (1) and (2) can be transformed to the following
state equation.

u=1[2zz yz

r=A.x+ B.u (6)
where
0 1|0 0
w?2 0] 0 0
Ac - 0 0 0 1 ) Bc - . (7)
0 0 |w?2 0
Discretizing (6), we get
Tyl = Az + Buy,. ()

Note that in this system there is the constraint such that ZMP
exists in the support polygon. In general, this ZMP constraint
is represented by the following linear matrix inequality.

Muy < vy )]

Letting mZT and v; be the i-th row vector of M, and the

i-th element of vy, respectively, the i-th edge of the support
polygon is represented by the following equation.

miTu = ;. (10)

III. MAXIMAL OUTPUT ADMISSIBLE SET
FOR COG REGULATOR [18]

A. COG Regulation in the Upright Position

In order to stabilize the COG in the upright position, we
consider a regulator that makes the state & converge to x¢c =
[2c 0yc 0]7. Let p; = [z yi 2 )T (i = L, R) denote each
foot position. For example, if we set x¢ and yc as follows:
T+ IR _ YLt Yr

2 ) yc 2 )
the COG is controlled so that its projected point on the

ground will be the center of both feet. Now, let us consider
the following coordinate transformation.

(an

o =

8

zc (12)
(13)
(14)

=@ —
=Uu— uc

]

uo = zc yo]"

Equations (8) and (9) are transformed to the following
equations.

Zi+1 = Az, + Buy, (15)
M u < vy (16)
V= v — Mpuc 17

Equation (17) represents the coordinate transformation of
the support polygon. In this section, we suppose the COG
stabilization without stepping motion, in other words, M =
M (= const.) and v, = v (= const.) In order to control &

to the origin point o, we apply the following state feedback.
u, = —Fx; (18)

where F' is a state feedback gain. Substituting (18) into (15),
we get

19)
(20)

Tp+1 = Az,
A:= A- BF.

We can design F' by pole assignment or as the linear
quadratic regulator (LQR) so that (19) becomes asymptot-
ically stable.

B. Maximal Output Admisible Set [19][20]

If (19) is asymptotically stable, it is guaranteed that &
will converge to o. However, it is not guaranteed that the
constraint given by (16) will be satisfied with respect to time
series of the input w. Whether the constraint will be satisfied
depends on the initial value of &. If the constraint is not
satisfied, the system becomes unstable because the necessary
input cannot be generated. That means the ZMP reaches an
edge of the support polygon and the contact between the foot
sole and the ground becomes the edge contact. Therefore, it is
important to check whether the constraint is satisfied during
the control.

Based on this point of view, the Maximal Output Ad-
missible (MOA) set [19][20] was proposed in the control
engineering field as follows:
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Fig. 2. MOA set projected onto z-y-& space

Set of the initial value in which the constraint is

satisfied with respect to series of the control input

up (k=20,---,00).
Let O, denote the MOA set on (19). If x;, € O,
the constraint will be satisfied with respect to series of
U, Upy1,- - - while Z converges. O, is defined as a convex
polyhedron set in the state space, which is represented by the
following form.

Os = {x € R*SZ < a}. Q1)

In this paper, the state space is four-dimensional space, which
consists of x, y, © and y. Fig. 2 shows a schematic view of
the MOA set projected onto the x-y-i space. Letting s7'
and a; be the i-th row vector of S and the i-th element of
a, respectively, the i-th plane of the convex polyhedron is
represented by

sz = a;. (22)

According to [19][20], we can compute S and a by
iterations. Moreover, it is proved in [19][20] that this com-
putation converges in finite number of iterations. S and a
are calculated as follows:

M O () —F
O M - O _FA

S = . . . (23)
O O M ~FA"

a=[a" o7 ... &7 ", (24)

where n is the number of iterations, which depends on the
feedback gain F'. The MOA set is based on a similar concept
with the Model Predictive Control (MPC). Usually, finite
number of steps is considered in MPC. On the other hand,
we can consider infinite number of steps by using the MOA
set.

IV. MAXIMAL OUTPUT ADMISSIBLE SET
ON TRAJECTORY TRACKING CONTROLLER

A. Tracking Control to COG Referential Trajectory

The previous section presented the MOA set a) on the
COG regulator b) under the constant support polygon. In
this section, we extend the MOA set to A) trajectory tracking
controller B) under changing support polygon.

Suppose that a referential trajectory &g,--- &, is de-
signed by a biped gait planning method, for example [4]
or [5], so that the following requirements are satisfied.

1) The ZMP constraint given by (9) is satisfied.

2) At the end of the referential trajectory, the COG velocity

is zero, namely, the robot stops.
In general, we can achieve the trajectory tracking control by
the following controller.

ur = Gz, + HE,, (25)

where G and H are controller gains. In most gait planning
methods, we can generate not only the reference x; but
also corresponding ZMP, p,., which satisfies the following
relationship.

&1 = A& + By,

Wy, is usually called reference ZMP. Using p,, we can also
achieve the tracking control by the following controller.

up = py, + F(§), — @)

This equation implies a 2-DOF controller in which the first
and second terms in the right-hand side represent feedfor-
ward and feedback, respectively. In £ = 0,---,m — 1,
we apply the tracking controller given by (27). Then, after
k = m, we apply the regulator given by (18) with xc =€,
in order to stop the robot.

(26)

27

B. Computational Procedure of Maximal Output Admissible
Set for Trajectory Tracking Control

Let us consider the MOA set at kK = 0. We can compute
the MOA set by considering whether series of the input
at k = 0,--- , 00 satisfy the constraint. This computational
procedure is divided into the following two phases.

i) Set of initial state, °0O,,_1, in which series of the input
at k = 0,---,m — 1 generated by (27) satisfy the
constraint.

ii) Set of initial state, ™ 1O, in which series of the
input at k = m,---,00 generated by (18) satisfy the
constraint.

First, we compute °O,,,_;. Substituting (27) into (8), we get
Tp1 = Ay + B(w, + F&;) (28)

From this recurrence formula, we can represent x; by using
the initial state xy as follows:

k—1
~k ~k—j—1
xr=Ax+Y A ' By +F¢) (29
j=0
Substituting (29) into (27), we get
~k i ~k—j—1
up,=-FAx—F» A ° B(u;+F¢)
§=0
+ (g + FEy) (30)

From (9) and (30), it is necessary that the initial state satisfies
the following condition.

OM 1@ 120 < V1 — "My 1Ty 1% 1 (31)
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where

M, O - O
e O My - (0]
‘M= o o . o (32)
o o M.,
[ —F
—-FA
b = (33)
—F4’
i/\ T
Vi = [v] vl - wl] (34)
i I (0] (0
—-FB I (0
r; = (35)
_FA"'B -FA"’B ... T
[ w; + FE;
PN B+ F&
bitj = : (36)
LBir; + FEy

In 31),i=0and j =m — 1.
Next, we compute ™~ 'O,. Using (29) and the coordinate
transformation (12), we get

:im:mmfsm

m—1 .
—A"wo+ S A" B(u; + FE) — €, 3D

Jj=0

Now, we consider &,,, as the initial state. From the MOA set
on the regulator presented in the previous section, we can

formulate the condition that series of the input u,,, - - , U
should satisfy as follows:
Sz, <a. (38)
Substituting (37) into (38), we get
~m mel i1
SA zp<a+S¢,-> A B(p; + F¢;)
j=0
(39)

Summarizing the above discussion, °O,,,_; and ™ 1O
are represented by (31) and (39), respectively. Therefore, the
MOA set at £ = 0 is computed as follows:

%0 =201 N" 0. (40)

This type of the MOA set results in time-variant set, like
9000, '000, -+ ,™ 104 In general, *O, is represented by
"Ooo ="0pm1 N 100, 41)

and we can compute *O,,_; by replacing 0 with & in (41).

Main specification
Height : 54[mm]
Weight : 8.0[kg]
Number of joints : 20 (4 at each arms, 6 at each legs)

Fig. 3. External view of UT-u2

C. Example of Computation

As an example, we computed the MOA set for tracking
control of a walking motion. We generated a walking motion
for UT-p2, a small-size humanoid robot as shown in Fig. 3,
by using a biped gait planning method proposed in [5]. Fig.
4 shows the walking motion. The motion consists of total
four steps, in which each step takes 0.5[s] and the stride is
0.1[m]. The upper of Fig. 4 shows snapshots of the referential
COG (blue point), ZMP (red point), each foot position (black
points) and corresponding support polygon (green region).

Fig. 5 shows the result of the MOA set for the walking
motion. The feedback gain was designed as the LQR. Fig.
5(a) shows a projection of the MOA set on the x-& plane.
We observe that the MOA set shifts in 4z direction as the
robot walks forward. Moreover, Fig. 5(b) shows a projection
of the MOA set on the y-y plane. We observe that the MOA
set shifts in y direction as the robot rolls to left and right.

In Fig. 5(b), the MOA set at ¢ = 2.0s is larger than
other four. It is considered that this is because the MOA sets
between t =0s and 5s are given by *O,,,_; N™ O, whereas
the MOA set at ¢t =2.0s is given by only ""O.,. Therefore,
the MOA set at t <2.0s becomes smaller by *O,,,_;. On
the other hand, this consideration does not apply to Fig.
5(a). This is because the larger support polygon results in
the larger MOA set, and the support polygon at ¢ =0.5s,
1.0s, 1.5s in Fig. 5(a) is larger than t =0s, 2.0s.

V. APPLICATION TO FALLING AVOIDANCE CONTROL

We extend the MOA set framework to falling avoidance
control. Suppose that at the initial state the robot stands with
both feet together, and the COG is controlled so that its
projected point on the ground converges to the center of
the support polygon. The blue region in Fig. 6 indicates the
MOA set for the COG regulator, "O. On the other hand, the
green region indicates the MOA set for a tracking controller
to a forward stepping motion, *O.,. We observe that 'O
shifts in +x or +& direction compared to "O,,. When the
robot is pushed from the back, the COG state exists from
"Os 10 'O4. In this case, it is possible to avoid falling by
switching controllers from the COG regulator to the tracking
controller.
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Fig. 4. Referential trajectory of a walking motion. The upper shows snapshots of the referential COG (blue point), ZMP (red point), each foot position
(black points) and corresponding support polygon (green region).
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Fig. 5. Maximal output admissible set in the trajectory tracking control
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Fig. 6. Maximal output admissible sets of a Fig. 7. Simulation results of COG, ZMP and both feet position in the falling avoidance control
regulator in the upright position (blue region) and

tracking controller to a stepping motion (green

region)
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Fig. 8.

We simulated the proposed falling avoidance control. In
the simulation, we added disturbances three times (at t =3s,
6s, 9s) in +x direction. Those disturbances became larger
in order of ¢ =3s, 6s, 9s. Due to the disturbances, the COG
state jumped from the origin point, as indicated by + in Fig.
6. It is observed that at ¢ = 9s the COG state exceeded
"Oso. In this case, we can prevent the robot from falling
by using the trajectory tracking controller. Fig. 7 shows
trajectories of the COG (blue), ZMP (red), each foot position
(black lines) and the support polygon (green region). After
t =9s, it is observed that the controller is switched to the
trajectory tracking controller and the robot steps forward.
Fig. 8 shows the resultant falling avoidance motion. Although
this simulation not is based on full-body dynamic model but
the COG-ZMP inverted pendulum model, we can verify that
the MOA set is applicable to the falling avoidance control
with controller switching.

VI. CONCLUSION

This paper presented the computational procedure of the
MOA set for a trajectory tracking control of biped robots. It
was verified that we can compute the MOA set even when
the trajectory and constraint are time-variant. Moreover, this
extension made it possible to switch the COG regulator and
tracking control based on the MOA set. We applied this
framework to a falling avoidance control and verified its
validity with simulations.

In future works, we will extend the MOA set framework
to limit cycle type controller and tracking control to running
and hopping. The extension to the limit cycle type controller
makes it possible to switch the upright balancing and periodic
stepping or walking motion. The extension to the hopping
motion makes it possible to avoid falling by hopping.
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