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Dynamic Modeling and Analysis of an Omnidirectional Mobile Robot
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Abstract— This paper presents the dynamic modeling and
analysis of a three-wheeled omnidirectional mobile robot with
MY wheels-II, whose dynamics is nonlinear and piecewise-
smooth. Firstly, the detailed dynamic model of the robot is
derived, which shows that the robot is actually a switched non-
linear system. Analysis of the robot dynamic properties based
on the detailed dynamic model is presented in detail. Then to
facilitate the controller design for the switched nonlinear sys-
tem, based on the detailed dynamic model, an average dynamic
model is proposed by simply averaging the wheel contact radius.
The resulting average dynamic model is nonlinear and smooth,
which may then be used as one solution for the model-based
control design. Open-loop simulation results show the dynamic
properties of the mobile robot. In addition, the effectiveness of
the proposed average model in predicting characteristics of the
detailed dynamic model is also illustrated through open-loop
simulations.

I. INTRODUCTION

Omnidirectional mobile robots (OMRs) are becoming in-
creasingly popular in many applications, especially those in
the narrow spaces, since they can perform both translational
and rotational motion independently and simultaneously. In
other words, they can move in any direction with any
orientation angle.

Various omnidirectional wheel mechanisms were proposed
in the past few decades. These mechanisms can be divided
into two groups: non-switch wheels and switch wheels,
depending on whether the contact radius of the wheel to
the robot gravity center switches. Majority of the wheels,
such as Mecanum wheel [1], Alternate wheel [2] and Ball
wheel [3], are of the first group. The five switch wheel
mechanisms proposed until now are shown in Fig. 1. They
are Longitudinal Orthogonal-wheel [4], MY wheel [5], MY
wheel-II [6], Swedish wheel [7] and Omni-wheel [8]. The
dynamics of the non-switch wheeled OMRs is nonlinear and
smooth while the switch wheeled OMRs are nonlinear and
piecewise-smooth dynamical systems.

In our previous study, we proposed two switch wheel
mechanisms, namely MY wheel [5] and MY wheel-II [6],
and developed the prototype platforms. The proposed MY
wheel mechanisms have several advantages over traditional
wheel mechanisms, such as high payload and insensitive to
fragments on the ground. However, in practice, we found that
it is extremely difficult to design the controller directly based
on the dynamic model due to its hybrid nature. In addition,
all of the previous researches on the dynamic modeling and
control are for the non-switch wheeled and Swedish wheeled
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Fig. 1. Switch wheel mechanisms: (a) Longitudinal Orthogonal-wheel. (b)
MY wheel. (c) MY wheel-II. (d) Swedish wheel. (¢) Omni-wheel.

or Omni-wheeled OMRs, based on continuous dynamic
models [9]-[13], to name a few. For the Swedish wheeled
or Omni-wheeled OMRs, it is worth pointing out that the
continuous dynamic models were directly employed in the
previous studies by regarding it as a non-switch wheel, but
no analysis was presented about the resulting modeling errors
due to neglecting the switching effects.

For the switch wheeled OMRs, kinematic modeling and
analysis were studied in [4], [6], [14], [15]. In [4], the
kinematic model was derived for a mobile platform with
three Longitudinal Orthogonal-wheel assemblies. For the
same kind of omnidirectional mobile platform in [14], the
average wheel contact radius was used instead of the real
contact radius in the inverse kinematic model, to solve the
problem of motor angular velocity fluctuations. In [6] and
[15], the kinematic analysis was studied by using an optimal
scale factor (OSF) instead of the average contact radius and
the factors influencing the OSF were discussed. However,
the dynamic modeling and analysis of the switch wheeled
OMRs have not yet been studied, which are the focus of this
paper.

In this paper, the dynamic modeling and analysis of a three
wheeled omnidirectional mobile robot with MY wheels-II
are presented. The detailed dynamic model is derived for the
robot, including the motor dynamics. Then the robot dynamic
properties are analyzed on the basis of the detailed dynamic
model, which show that the robot is a switched nonlinear
system. The average dynamic model is derived by simply
using the average contact radius in the detailed dynamic
model, resulting in a smooth nonlinear dynamic model. The
proposed average dynamic model may be used for the model-
based controller design. Finally, the robot dynamic properties
and the proposed average dynamic model in predicting the
behavior of the detailed dynamic model are shown through
open-loop simulations.

The remainder of this paper is organized as follows. In
Section II, the detailed dynamic model for a three-wheeled
prototype platform is derived. The analysis of the robot
dynamics is also presented. The average dynamic model is
proposed in Section III. In Section IV, open-loop simulations
are presented. Finally, conclusions are drawn in Section V.
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Fig. 2.

(a) End view of MY wheel-II. (b) Prototype platform.

II. DETAILED DYNAMIC MODELING AND ANALYSIS

A. Detailed Dynamic Modeling

The MY wheel-II mechanism and its end view are shown
in Fig. 1(c) and Fig. 2(a), respectively. The wheel consists
of two balls of equal diameter on a common shaft and
both balls are sliced into four spherical crowns. During the
rotation of the main shaft, the two sets of crowns alternatively
contact with the ground to realize continuous motion. The
two contact points with ground switch between the two sets
of crowns whenever the shaft turns 45°, and therefore eight
switches occur during each turn (see Fig. 2(a)).

The prototype platform is shown in Fig. 2(b), with three
MY wheel-II assemblies arranged at a 120° interval angle
underneath the steel disk. For a detailed description of
MY wheel-II mechanism and the prototype robot, we refer
readers to [6].

The dynamic model is derived based on the following
assumptions, which are often made in the literature [9],
[10]. It is assumed that no slippage is between the wheel
and the motion surface. The wheel contact friction forces in
the direction perpendicular to the traction force are ignored.
The friction forces on the wheel shaft and gear are viscous
friction. For the dynamic modeling with static friction model
(coulomb and viscous friction), we refer readers to [16] and
the references therein. In addition, the motor electric circuit
dynamics is neglected.

Two coordinate frames are used in the modeling (Fig. 3):
the world coordinate frame {W} which is fixed on the ground
and the moving coordinate frame {M} which is fixed on the
center of gravity of the robot. The nomenclatures are defined
as follows:

World coordinate frame

asx v o

Moving coordinate frame

Robot location and orientation angle

T . .
Vu= [ Ve V, 0 ] Robot translational velocity and rota-
tional angular rate expressed in the moving coordinate frame

T
F = [ Fy F, ] Traction force applied to the center of
gravity of the robot expressed in the moving coordinate frame

T; The traction force of each assembly, i =1,2,3.

Fig. 3. Coordinate frames of the omnidirectional mobile robot.

Fig. 4. Force analysis.

Mechanical constants

m Robot mass

I, Robot moment of inertia
I, Wheel moment of inertia
R Wheel radius

D;, Inner contact radius

D, Outer contact radius

n Gear reduction ratio

The coordinate transformation matrix from the moving
coordinate frame to the world coordinate frame is as follows:

cosd —sinf O
WR=| sind cos® O |, (1)
0 0 1
and we get
q=yRVy. 2)

The dynamic properties of the mobile robot can be de-
scribed with respect to the moving coordinate frame as [9]
[10]:

m(Vy — Vyé) =F,
m(Vy+V.0) = F, 3)
1,6 =M,
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where M| is the moment of force around the axis of the robot
gravity center. Fy, F, and M; can be obtained from Fig. 4 :
Fo=-iT1-1T,+T;
Fy=87,- 8T, )
M= T1L1 + T2L2 +T3L3

where L; is the contact radius of each assembly, i = 1,2,3.

oF

j +n7r < < _”+M
ins f ¢i < <8 2n7r n=0,+1,%+2,...

Dous, if = _+_<¢l 7§r 2
and T; is the traction force of each assembly, i =1,2,3.
;=] T i 5+5 <¢"_+7 n=0,+1,+2...
! { Tip, lf__+ <¢l—_

and ¢; is the angular position of the wheel shaft.

Combining (3) and (4), the dynamic properties of the
mobile robot can be described with respect to the moving
coordinate frame as [9] [10]:

M]VM+C1VM=B1T (5)
where .
m 0 O 0 -mé O
M] = 0 m O C] = mH 0 0
0o 0 I, 0 0o o0
-1 _1 1
2 2 T
B, = g —g 0o |T= [ T, T, T3 ] .
L L, ILj
The motors dynamics can be described as follows:
. kzkb kz
I b —T =— 6
ow+(bo+ R, Jw Ra (6)
T T .
wherew:[a)l w) w3],u=[u1 U Mg].w,'ls

the motor angular rate, u; is the applied motor voltage, R, is
the armature resistance, k;, is the motor back emf constant,
k; is the motor torque constant, [y is the combined moment
of inertia of the motor, gear train and wheel referred to the
motor shaft, by is the combined viscous friction coefficient of
the motor, gear and wheel shaft, and n is the gear reduction
ratio.

The kinematic relationship with respect to the moving
coordinate frame is given by (see Fig. 3):

.1
b= TV @)
©=nd ®)
V3
. T & - T\E L
where @ = 61 ¢ ds | Iu=| -1 - [,
1 0 Ls

From (5)-(8), we obtain the dynamic model of the mobile
robot expressed in the moving coordinate frame:

MzVM +C,Vy =Bou 9)

where

M, =
%po+m 0 po(— M)
0 3po+m %Po(Ll o))
po(-Ea2ay o 1) po(R+12+12)+1,
C, =
%Pl —mb p( M)
mé %[71 TPI(LI—LZ)
pi(—Ee2ay N _ 1) pi (IR L2+ 12)
1 1
-3 7 1
By=p» %3 —%3 0
L L, Lz

_n’h n? kikp nk,
pO_ RZ 7[7] RZ(b0+ ! ) p RR;‘

Finally, the robot dynamic model in the world coordinate
frame can be obtained by combining (1), (2) and (9):

Mi + Cq = Bu (10)

where
M= M2WRT C=(C, WRT M, WRTWRWRT B =B..

B. Analysis

As one MY wheel-II assembly has two contact modes with
the ground, i.e., inner wheel contact with contact radius D;,
and outer wheel contact with contact radius D,,,, the mobile
robot with three MY wheel-II assemblies has eight contact
modes in total. The contact modes are listed in Table I.
Each contact mode corresponds to a smooth nonlinear robot
dynamical subsystem. Therefore, the robot dynamics has
eight nonlinear smooth dynamical subsystems in total and
switches between these subsystems, i.e., a switched nonlinear
system, which can also be derived from (9). It should be
pointed out that not all of the eight contact modes always
appear in the robot motion. It depends on the robot trajectory,
initial wheel position, which can be derived by detailed
analysis using the robot kinematic equation. In addition, for
a mobile robot with four MY wheel-II assemblies, the robot
will have sixteen smooth nonlinear dynamical subsystems in
total.

As also shown in (9) and (10), the mobile robot with
MY wheels-II is a piecewise-smooth nonlinear dynamical
system or hybrid system. The smoothness is lost only at the
instantaneous and discrete switching events. The timescales
over which transitions of switch occur in the robot system
are remarkably small compared with that of the overall
dynamics. In addition, the robot dynamical system can also
be considered as continuous-time dynamical system with
discrete switch events [17].

Moreover, switched systems are a class of hybrid dynam-
ical systems consisting of a family of subsystems, and a
rule (i.e., switching signal) that orchestrates the switching
between them [17]. For the switch wheeled OMRs, as shown
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TABLE I

CONTACT MODES OF THE THREE-WHEELED MOBILE ROBOT

Ly, Ly, L3

DinsDinaDin

Din:Dina Dam‘

Dinanut:Din

Dim Doutv Dnut

Contact Mode

Mode 1

Mode 2

Mode 3

Mode 4

Ly, Ly, L3

Duuta Din’Din

Duuta Din’ Dout

Duuts Duuta Din

Duuta Duuta Duut

Contact Mode

Mode 5

Mode 6

Mode 7

Mode 8

in (9) and (10), the switching signal is the wheel contact ra-
dius, i.e., L= [ Ly L, L3 ]T. It is worth pointing out that
the switching signal depends simultaneously on the contact
radius of the three wheels, i.e., the vector L. In other words,
the current active subsystem is determined by the value of
Ly, L, and L3. For instance, at one time instant, if the contact
radius of the three wheels is L = [ D;, D;, D, ]T, it can
be seen from Table I that the current active subsystem is
Mode 1.

Finally, it can be seen from (4), (9) and (10) that the
mobile robot is a smooth and linear dynamical system if the
robot moves without rotation. More importantly, although the
mobile robot has eight contact modes regardless of whether
the robot rotates, it is worth noting that the nonlinearity
and switching of the dynamics are introduced only when
the robot rotates.

Remark I: For the five switch wheel mechanisms shown
in Fig. 1, regardless of the number of switches encountered
by the wheel contact radius during each turn of the wheel, all
of the three-wheeled OMRs based on any of the five switch
wheels have only eight subsystems in total. This is because
each of the five switch wheel mechanisms has only two
contact modes. However, the switches of the wheel contact
radius during each wheel turn will influence the switching
frequency of the subsystems. For instance, as shown in Fig.
1, the Swedish wheel has the maximum of switches in
each turn. Note that the switching frequency of the robot
subsystems may influence the control system performance.

III. AVERAGE DYNAMIC MODELING

Define q = [ Xy 6 ] as the robot position and orien-
tation vector in the average model. The average dynamic
model can be easily derived from (10) by choosing

Din + Dout
2

The obtained average dynamic model is as follows:

Li=L,= i=1,2,3.

Ma(._i"'ca(._l:Bau (11)
where )
M, = MZaAVZRZ;’ C,= CZaA“;RZ; _M2a%R£ZRa%R£,
Mo = %po +m 0 0
2a = 0 %p() +m 0
0 0 3poL2+1,

5 —mb 0
CZa = szl 3
ml  5pi 0
0 0 3pL2
1 1 1
B, = P2 \/% \%
- =2 0
Ly Lo Lg
cosf —sinf 0
"R,=| sind cosd O
0 0 1

and po, p1 and p, are the same as those in (9).
The detailed dynamic model (10) can be rewritten as:

G=1f(n+g0) (12)

where

f(r) = -M,'C,q+M,'B,u
g(t)=-M'C-M,'Cqg+(M'B-M,'B,)u.

Therefore, system (12) can be considered as a perturbed
system. The average dynamic model (11) is viewed as the
nominal model and the perturbation term g(¢) represents the
modeling error against the detailed model. Obviously, a small
g(?) is required to guarantee the effectiveness of the average
dynamic model in the prediction of the detailed dynamic
model. In addition, g(7) is robot velocity and control input
dependent. Therefore, the robot trajectory has influences on
the modeling error of the average dynamic model, which is
also shown in the open-loop simulations in the next Section.
Furthermore, the mechanical parameters, such as the wheel
contact radius D;, and D,,;, the wheel radius R and the gear
reduction ratio n, also have influences on the modeling error.

Moreover, the derived average dynamic model (11) is non-
linear and smooth, ignoring the switching effects. Thereby,
it predicts the average behavior of the detailed dynamic
model. In addition, the control system may then be designed
based on the average dynamic model, wherein the modeling
errors including g(f) can be viewed as perturbations and
compensated by the controller. However, if the switching
effects can not be completely compensated in the controller,
the average dynamic model based control design will lead to
slight robot vibrations due to the switching effects.

IV. OPEN-LOOP SIMULATIONS

Typically, time-domain model validation is performed by
comparing the time-response of both models to the same
input command [18]. Therefore, the dynamic properties of
the robot and the effectiveness of the proposed average
dynamic model in predicting the average behavior of the
detailed dynamic model are demonstrated through open-
loop simulations. The simulation process is shown in Fig.
5, and was implemented in Matlab/Simulink. The control
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respectively.

input signal was obtained by using the inverse dynamics of
the average model, and was then given to both models. In
addition, because the proposed average dynamic model is
derived from the detailed dynamic model, it only approaches
the detailed model in terms of accuracy.

The parameter values in the simulation are as follows: m =
33kg, I, =1.35 kg-mz,R =0.06m, D;; =0.2m, D,,; =0.3m,
Ip=9.7x107% kg-m?, k, = 0.0292N-m/A, k, = 328 rpm/V,
n =30, by = 6x 107> Nms/rad, R, = 0.61 Q. The robot initial
position and orientation is set as [ Im Om Orad ]

In the simulations, two reference circle trajectories with
different robot rotational velocities are employed. The equa-
tions of the reference trajectory are as follows:

Xgq = rcos(at)
Y4 = rsin(at)
04 =Pt

The trajectory parameters for two cases are chosen as
follows:

Case 1: r =1 m, a=1s rad/s, f=15 rad/s.

Case 2: r=1m, a:I”—S rad/s, ﬁ:’s—r rad/s.

The simulation results are shown in Fig. 6 - Fig. 10. It
can be seen from Fig. 6 and Fig. 7 that the robot position
of the proposed average model has a good agreement with
the detailed dynamic model for different control inputs.
However, it is observed that the performance of the average
model with Case 1 is better than that with Case 2. This is
possibly due to the fact that the modeling error g(¢) in (12)
is robot velocity and control input dependent. Therefore, for
different robot trajectories, the performance of the average
modeling method will be different.

It can be seen from Fig. 8 that the robot translational

y (m/s)

g (rad/s)

Fig. 8.

Robot velocity of the detailed model and average model.

and rotational velocities have fluctuations. This is because
the mobile robot is switched nonlinear system. The applied
motor voltage is smooth and is derived from the inverse
average model and thus switching effects are neglected, i.e.,
no compensation of the switching effects is considered in
the applied motor voltage (see Fig. 9 of Case 1). Therefore,
the robot vibrations can be reduced by designing separate
controllers for each subsystem, which, however, will be much
more complicated in the controller design due to the stability
problem [17]. Moreover, it can also be observed in Fig. 8
that the response of the average model is smooth due to the
neglecting of switching effects against the detailed model.
Besides, the average dynamic model is able to approximate
the average behavior of the detailed dynamic model.
Finally, Fig. 10 shows the wheel contact radius (the
switching signal) of Case 1. We can see that the modeling
error arises from the fact that the average contact radius
(dashed line) is inaccurate in predicting the real wheel
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Fig. 10. Contact radius of the detailed model and average model.

contact radius (solid line). In addition, it is shown in Fig.
10 that the switching signal is determined simultaneously
by the three contact radius L;. For example, at the time
t =3s, the contact radius of the three wheels are L3 =

T
[ D;, Dj, D, ] . Thus, from Table I, it can be seen that
the active subsystem at =3 s is Mode 1.

V. CONCLUSIONS

In this paper, the dynamic modeling and analysis of
a three-wheeled omnidirectional mobile robot with MY
wheels-II have been presented. Firstly, the detailed dynamic
model including the motor dynamics has been derived. It
is shown in the detailed dynamic model that the dynamics
of the mobile robot has eight smooth nonlinear dynamical
subsystems in total, i.e., a switched nonlinear system. The
switching signal of the switched nonlinear system is de-
termined simultaneously by the contact radius of the three
wheels. Then to facilitate the model-based controller design
for the mobile robot, a smooth nonlinear average dynamic
model derived from the detailed dynamic model has been
proposed, ignoring the switching effects. The main advan-
tages of the proposed average model is easy to be derived
and implemented. It is shown in the simulations that the robot
will have vibrations if no compensation of the switching
effects is considered in the applied motor voltage. In addition,
it is also shown that the proposed average dynamic model
is effective in approximating the average dynamics of the

detailed model. Finally, the proposed dynamic modeling and
analysis can be easily extended to other switch wheeled
OMRs.

In the future, the influences on the average modeling
error, such as the robot trajectory and mechanical design
parameters, will be studied in detail.
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