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Abstract— The problem of designing of a haptics-enabled
teleoperated rehabilitation system in the presence of commu-
nication delays is addressed. In a teleoperated rehabilitation
system, communication delays introduce phase shift which may
result in the task inversion phenomenon. To overcome the
task inversion, a new type of projection-based force reflection
algorithm is proposed which is suitable for assistive/resistive
therapy in the presence of irregular communication delays.
Additionally, algorithms for augmented therapy are introduced
which combine the projection-based force reflection with a
delay-free local virtual therapist. A small-gain design is devel-
oped which guarantees stability of the proposed schemes for
both assistive and resistive modes of the therapy. Simulations
and experimental results are presented which confirm the
improvement achieved by the proposed methods.

I. INTRODUCTION

Telerobotic and haptic technologies have been developed
intensively over the last two decades. One emerging appli-
cation of these technologies is haptic enabled robotic reha-
bilitation [1]. Currently, there are more than 5 million stroke
victims alive in the United States alone [2]; over 300,000
patients in America survive each year after experiencing
a stroke [1]. Haptics-enabled robotic rehabilitation therapy
substantially intensifies the recovery process for these pa-
tients, while also allowing therapists to quantify the severity
of the disorder and to reduce the recovery period [1], [3],
[4]. A number of commercially available haptic-enabled
robotic rehabilitation systems utilize a concept of virtual
therapist [1], [4], [5]. The virtual therapist is an interactive
virtual reality game-like environment which can provide
the patient with assistive/resistive/coordinated forces dur-
ing execution of simple tasks. However the conventional
haptics-enabled virtual therapist systems suffer from the
lack of direct contribution/supervision of the therapist in
the rehabilitation procedure or difficulty in providing ap-
propriate assistive/resistive/coordinated forces. Research has
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shown that the key to effective and progressive therapy
is the ability to modify therapy exercises considering the
progress of the rehabilitation. To deal with this issue, in [6],
a performance-based adaptation law for adjusting the level
of assistance/resistance is proposed. However, it is difficult,
if not impossible, to design an adaptation law that dupli-
cates the expertise of a skilled therapist. Robotics-assisted
cooperative therapy as proposed in [7] uses the therapists
actions in manipulating one end of a virtual object while the
other end is manipulated by the patient. This differs from
assistive/resistive/coordinated rehabilitation where the thera-
pist provides assistive/resistive/coordinated forces while the
patient tries to track a trajectory. In order to provide ap-
propriate expertise of resistive/assistive/coordinative therapy
and to include the therapist in the rehabilitation procedure,
we have proposed a bilateral haptics-enabled teleoperated
rehabilitation architecture in [8]. We have therefore used
the term “teleoperated rehabilitation” rather than the more
conventional term “tele-rehabilitation” as used in [9]. In the
proposed architecture, a one-master/one-slave structure of a
teleoperated rehabilitation system was considered, where the
patient moves the master manipulator, while the therapist
interacts with the slave. It was pointed out that, during
the assistive therapy, the therapist acts as a non-passive
“environment” adding energy to the teleoperated rehabilita-
tion system, which makes it difficult to apply conventional
passivity-based methods [10] for stabilization of such a
system. Instead, in [8], a small-gain approach to stabilization
of a teleoperated rehabilitation system in the presence of
communication delays was developed.

Although the small-gain design approach guarantees sta-
bility during both assistive and resistive therapy, however,
the presence of significant communication delays may create
additional problems which can lead to substantial perfor-
mance deterioration of teleoperated rehabilitation therapy.
Specifically, the delay in the communication channel may
bring a phase shift to the force feedback signal that can
cause the assistive actions of the therapist to become re-
sistive, and vice versa. Below, this phenomenon is called
task inversion. To overcome the task inversion while guar-
anteeing overall stability, we introduce new versions of
the projection-based force reflection algorithms for both
assistive and resistive types of therapy. We also propose
new algorithms for augmented therapy which intelligently
combine the assistive/resistive forces generated by the hu-
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man therapist with assistive/resistive actions of a local
virtual therapist depending on the level of task deterioration
caused by the existence of communication delays. A design
approach is developed based on small-gain considerations
which guarantees stability of the teleoperated rehabilitation
system with the proposed algorithms. Simulations as well
as experimental results are presented which confirm the
improvement achieved by the proposed methods.

The paper is organized as follows. The mathematical
model of a teleoperated rehabilitation system is introduced
in Section II. Section III defines resistive and assistive types
of therapy and describes how the communication delay may
result in the task inversion phenomenon. Section IV intro-
duces a modification of the projection-based force reflection
algorithms which is suitable for teleoperated rehabilitation
systems and, in particular, allows to overcome the task
inversion phenomenon. In Section V, an augmented tele-
therapy approach is described which is essentially based
on projection-based force reflection augmented with a local
virtual therapist. Simulations and experimental results are
presented in Section VI. All proofs are omitted due to space
constraints.

II. TELEOPERATED REHABILITATION SYSTEM

We address a bilateral teleoperator system designed for
rehabilitation purposes, where the master manipulator is
moved by a patient, while the slave interacts with a therapist.
For simplicity, we address the case of linear 1-DOF master
and slave manipulators; the results presented, however, can
be extended to a higher DOF case in a straightforward
manner. The master manipulator is described in the Laplace
domain according to the following equation,

Zm(s)Vp(s) = ucm(s) + Fp(s), (1)

where Zm(s) is the impedance of the master manipulator,
Vp(s) is the master velocity which is also the velocity of
the patient’s hand, ucm(s) is the master control input, and
Fp(s) is the force applied by the patients hand. The slave
manipulator, on the other hand, is described by a similar
equation, as follows

Zs(s)Vth(s) = ucs(s)− Fth(s), (2)

where Zs(s) is the impedance of the slave manipulator,
Vth(s) is the velocity of the slave/therapist’s hand, ucs(s) is
the slave control input, and Fth(s) is the force exerted on
the slave manipulator by the therapist’s hand. The dynamics
of the patient’s hand are described according to the formula

Fp(s) = −Zp(s)Vp(s) + F ∗p (s), (3)

where Zp(s) is the impedance of the patient’s hand, while
F ∗p (s) is the active force which is voluntarily generated by
the patient’s muscle system with the purpose of moving the

master device. The dynamics of the therapist have similar
structure and are described as follows,

Fth(s) = Zth(s)Vth(s) + F ∗th(s), (4)

where Zth(s) is the impedance of the therapist’s hand and
F ∗th(s) are the active component of the forces that are
generated voluntary by the therapist. However, since the
primary purpose of the therapist’s voluntary actions is to
perform therapy by either helping the patient to move the
device (assistive therapy) or suppressing the motion by
applying resistive forces (resistive therapy), it is natural
to assume that the voluntary component of the therapist’s
forces F ∗th(s) has the form

F ∗th(s) = Kth(s)Vth(s), (5)

where Kth(s) is a transfer function that depends on the
type of therapy. It is worth to mention that, since the
transfer functions Zm(s), Zs(s), Zp(s), Zth(s) represent
passive impedances of mechanical systems (master and slave
manipulators and patient’s and therapist’s hands, respec-
tively), all these transfer functions are positive real [11]. A
transfer function H(s) is called positive real if its frequency
response satisfies H(jω) ≥ 0 for all ω ∈ (−∞,+∞);
passivity of an LTI system is equivalent to the positive
realness of its transfer function [11]. The master (patient)
site and the slave (therapist) site exchange information over
communication channels according to the formulae

v̂p(t) := vp (t− τf (t)) , f̂th(t) := fth (t− τb(t)) , (6)

where vp(t) := L−1 [Vp(s)] and fth(t) := L−1 [Fth(s)]
are the inverse Laplace transforms of Vp(s) and Fth(s),
respectively, and τf (·), τb(·) are the communication delays
in the forward (from patient to therapist) and the back-
ward (from therapist to patient) directions, respectively. The
control algorithms for master and slave devices are defined
according to the following formulae

ucm(s) := Zm(s)Vp(s)− Fr(s), (7)

ucs(s) := Fth(s) + Zs(s)V̂p(s), (8)

where V̂p(s) := L [v̂p(t)], Fr(s) is the force reflected to the
motors of master (patient’s) manipulator. It is worth noting
that the control algorithm (7), (8) with Fr(s) = L

[
f̂th(t)

]
allows to achieve the perfect transparency (i.e., Fth(s) =
Fp(s), Vth(s) = Vp(s)) in the absence of communication
delays (τf (t) ≡ τb(t) ≡ 0) (see [12], [8]). Substituting (7),
(8) into (1), (2), and taking into account (3), (5), the closed-
loop dynamics of the master and the slave subsystems are
obtained as follows

Vp(s) = Z−1p (s) ·
[
F ∗p (s)− Fr(s)

]
, (9)

Fth(s) = [Zth(s) +Kth(s)] V̂p(s), (10)

where V̂p(s) := L [v̂p(t)], and the force reflection term
Fr(s) is designed below.
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III. ASSISTIVE VS. RESISTIVE THERAPY

In teleoperated rehabilitation systems, therapist (real or
virtual) performs therapy by interacting with a patient over
distance using a teleoperator system. Depending on the
type of therapy, the therapist can either resists the motion
generated by the patient by applying forces against the
direction of the movement, or assist the patient to execute
a desired movement by applying aiding forces. These two
types of therapy admit an obvious interpretation in terms
of the properties of mathematical model of the therapist.
Specifically, during resistive therapy, the therapist applies
forces which are directed against the velocity of the move-
ment generated by the patient, thus effectively dissipating
the energy produced by the patient. Thus, during resistive
therapy, the therapist acts as a passive dynamical system; in
terms of the mathematical model of the therapist,

Fth(s) = [Zth(s) +Kth(s)]Vth(s) (11)

the latter means that the transfer function of the therapist’s
actions Zth(s)+Kth(s) is positive real. On the other hand,
during assistive therapy, the therapist generates forces that
aid the patient’s efforts by adding energy to the movement
generated by the patient. In this case, therapist acts as an ac-
tive mechanical system, which implies that Zth(s)+Kth(s)
is negative real.

Such a co-existence of different therapy modes presents
certain challenge for the control design of the teleoperated
rehabilitation system. Specifically, most of the existing de-
sign methods aim to guarantee stability under the assump-
tion that a teleoperator system interacts with a passive envi-
ronment. In the case of a teleoperated rehabilitation system,
the role of the environment is played by the therapist. As
explained above, passivity of the therapist is a reasonable
assumption in the case of resistive therapy; however, in the
case of assistive therapy, the therapist is necessarily non-
passive. This problem was addressed in the authors’ previous
work [8], where the small gain approach was adopted for
the stability analysis of a teleoperated rehabilitation sys-
tem; moreover, a control design method was presented that
guarantees stability of a teleoperated rehabilitation system
simultaneously in both assistive and resistive modes. One
additional advantage of the small gain design is that it
doesn’t impose phase constraints to guarantee the stability
which essentially implies that the system remains stable in
the presence of communication delays, both constant and
time-varying.

However, although the stability of a teleoperated reha-
bilitation system can be guaranteed in both assistive and
resistive mode by using the small gain design approach
of [8], there still exists at least one potential problem
that may arise in such a teleoperated rehabilitation sys-
tem in the presence of significant communication delays.
Specifically, as mentioned in the introduction, the delay in
the communication channel creates phase lag which may

result in the task inversion phenomenon. The task inversion
introduces disturbances into the interaction process between
the therapist and the patient; as a result, if sufficiently
pronounced and not treated properly, it may effectively
defeat the purpose of the rehabilitation therapy.

IV. PROJECTION-BASED FORCE REFLECTION FOR
ASSISTIVE/RESISTIVE THERAPY

To overcome the task inversion phenomenon, a method
is proposed below which is based on an appropriate devel-
opment of the projection-based force reflection principle.
The projection-based force reflection algorithms were intro-
duced into force-reflecting teleoperator systems in [13] and
subsequently developed in [14], [15]. The goal pursued by
introduction of these algorithms was to separate the “inter-
action” and the “momentum-generating” components of the
reflected force and consequently reflect these components
with different gains to the motor of the master device,
specifically, emphasizing the former while attenuating the
latter. This method allows for accurate representation of the
slave-environment contact forces to the operator while sup-
pressing the master motion that may be generated by these
forces, which makes it suitable for teleoperation on passive
and predominantly static environments. The teleoperated
rehabilitation therapy, on the other hand, is predominantly a
dynamic process where the environment (therapist’s hand) is
moving synchronously with the patient’s hand while apply-
ing forces that depend on the direction of the movement and
the type of therapy (assistive or resistive). This, in particular,
implies that the component of the reflection force to be
suppressed during teleoperated rehabilitation therapy is not
the “momentum-generating” component as in the traditional
force reflecting teleoperation, but rather the force component
that opposes the specific type of therapy (i.e., the resistive
component during assistive therapy, and vice versa). This
fact calls for the development of new types of projection-
based force reflection algorithms where the reflected force
depends on the direction (velocity) of movement as well as
the type of therapy (assistive or resistive). The new type of
projection-based algorithms proposed in this paper can be
described in terms of an auxiliary force signal Fv(s) which
is defined according to the formula

Fv(s) := Hs(s)Vp(s), (12)

where Hs(s) is a positive real transfer function which
otherwise can be chosen arbitrarily by the designer subject
to the norm constraints defined below. The projection based
force reflection algorithm for resistive therapy is defined as
follows,

fr = φ̂r := Sat
[0,1]

{
f̂Tthfv

max {|fv|2, ε}

}
fv, (13)

where fr(t) := L−1 [Fr(s)], fv(t) := L−1 [Fv(s)], f̂th(t)
is the therapist’s force as received at the patient’s side
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according to (6), and ε > 0 is a small positive constant.
The projection-based force reflection algorithm for assistive
therapy, on the other hand, has the form

fr := φ̂a := Sat
[−1,0]

{
f̂Tthfv

max {|fv|2, ε}

}
fv. (14)

Remark 1. The above formulated projection-based force
reflection algorithms (12), (13) and (12), (14) can be given
the following explanation. First, since Hs(s) in (12) is a
positive real transfer function, a force reflection signal of
the form fr = fv would resist the motion of the master
manipulator. The force signal fv represents the maximum
resistive force possible in the teleoperated rehabilitation
system under consideration. The projection based algorithm
(12), (13), therefore, calculates the projection of the delayed
therapist forces f̂th onto the positive direction of the signal
fv(t). The upper saturation limit at 1 in (13) guarantees
that the forces reflected to the patient’s hand doesn’t exceed
fv(t) in the magnitude, which allows to guarantee the
stability of the overall system. The lower saturation limit
at 0, on the other hand, ensures that the component of
the resistive therapist’s forces that has become assistive
due to the task inversion phenomenon (i.e., because of the
phase shift generated by the delay in the communication
channel, see Section III) is cancelled out from the force
reflecting signal. A similar explanation can be given to the
algorithm (12), (14) for assistive therapy, which calculates
the projection of the delayed therapist forces f̂th onto the
negative direction of the signal fv(t). In this case, the
saturation limit at 0 guarantees that the resistive component
of the delayed therapist forces is cancelled out from the
force reflecting signal fr(t) := L−1 [Fr(s)]. Overall, the
proposed force reflection algorithms enable us to overcome
the task inversion phenomenon while, as we will see below,
guaranteeing stability of the overall system. •

Now, let us address the problem of stability of the teleop-
erated rehabilitation system with the projection-based force
reflection described above. The stability result presented
below is valid under the following assumptions on the
communication delay functions τf (t), τb(t) in (6).

Assumption 1. [15], [16] The communication delays
τf , τb : R → R+ are Lebesgue measurable functions with
the following properties:

i) there exist τ∗ > 0 and a piecewise continuous func-
tion τ∗ : R → R+ satisfying τ∗ (t2) − τ∗ (t1) ≤ t2 −
t1, such that the inequalities τ∗ ≤ min {τf (t), τb(t)} ≤
max {τf (t), τb(t)} ≤ τ∗ (t) hold for all t ≥ 0;

ii) t−max {τf (t), τb(t)} → +∞ as t→ +∞. •
The Assumption 1 is satisfied in any real-life communica-

tion networks unless the communication is completely lost
on a semi-infinite time interval. In particular, the fulfilment
of this assumption does not depend on the characteristics
of the communication channel, such as bandwidth and
information loss percentage. Next, by ‖H(s)‖1 let us denote

the 1-norm of a transfer function H(s) defined according

to the formula ‖H(s)‖1 :=
+∞∫
0

|h(τ)| dτ , where h(t) :=

L−1 [H(s)] is the corresponding impulse response function.
The following statement is valid.

Theorem 1. Consider a teleoperated rehabilitation system
(9), (10), (6) with a force reflecting algorithm described by
either (12), (13) or (12), (14). Suppose the communication
delay functions τf (t), τb(t) satisfy Assumption 1. If

‖Hs(s)‖1 ·
∥∥Z−1p (s)

∥∥
1
< 1, (15)

then the trajectories of the teleoperated rehabilitation system
are bounded and convergent. •

V. AUGMENTED ASSISTIVE/RESISTIVE TELEOPERATED
REHABILITATION THERAPY

The projection-based force reflection algorithms pre-
sented in the previous section allow us to overcome the
task inversion phenomenon by cancelling out the unwanted
assistive (in the case of resistive therapy) or resistive (in
the case of assistive therapy) component of the reflected
force. In the case of significant communication delays or
substantially irregular communication, however, a situation
is possible where a major part of the reflected force is can-
celled, which may decrease the efficiency of the teleoperated
rehabilitation therapy. Below, a scheme is proposed where
a cancelled component of the reflection force is substituted
with an appropriate artificial component generated locally
at the patient’s site. The proposed algorithm for resistive
tele-therapy has the form

fr = φ̂RAug := Sat
[0,1]

{
fT
r fv

max{|fv|2,ε}

}
fv

+β
2

(
1− sign

{
fT
r fv

max{|fv|2,ε}

})
fv,

(16)

where β ∈ [0, 1] is the gain of the virtual therapist. A similar
algorithm for assistive tele-therapy is given by

fr = φ̂AAug := Sat
[−1,0]

{
fT
r fv

max{|fv|2,ε}

}
fv

−β2
(
1 + sign

{
fT
r fv

max{|fv|2,ε}

})
fv.

(17)

The stability of the teleoperated rehabilitation system aug-
mented by a virtual therapist is described by the following
result.

Theorem 2. Consider a teleoperated rehabilitation system
(9), (10), (6) with an augmented projection-based force
reflecting algorithm described by either (12), (16) or (12),
(17). Suppose the communication delay functions τf (t),
τb(t) satisfy Assumption 1. Then, the system is stable (more
precisely, bounded and convergent) if (15) holds. •

VI. SIMULATIONS AND EXPERIMENTAL RESULTS

In this section, we briefly present samples of simulations
and experimental results in support of the theory outlined
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in the previous sections. First, we present samples of exper-
imental evaluation of the proposed projection-based force
reflection algorithm (12), (14). To this end, a Phantom Omni
haptic device from Sensible Inc. was used as the master
robot, and a simulated assistive/resistive actions of the ther-
apist were implemented in Matlab/Simulink environment
using Quarc 2.2 software. Only results related to assistive
therapy are presented; similar results for resistive therapy are
omitted because of space constraints. In the results presented
below, the transfer function of the (assistive) therapist is
Zth(s) +Kth(s) = −40 N·s/m. The communication delay
in each direction is τf = τb = 0.05 + 0.01 sin 30t s,
and Hs(s) = 10 N·s/m in (12). In this experiment, the
patient attempts to move the device along the trajectory
which is approximately a sinusoidal function of time; the
resulting force response of the therapist and the forces
reflected to the patient’s hand are shown in Figure 1, left
plot. It can be seen that the projection-based force reflection
algorithm keeps the overall system stable by decreasing the
magnitude of the therapist’s forces. A magnified view of the
therapist’s forces and the forces reflected to the patient’s
hand are presented in Figure 1, right plot, where also a
scaled patient’s velocity is shown. It is clearly visible that
the projection-based algorithm eliminates the force response
of the therapist entirely during the period of time when the
therapist force is directed against the patient’s velocity, thus
overcoming the task inversion phenomenon. The stabilizing
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Fig. 1: Experimental results: Response of the teleoperated rehabil-
itation system with the force reflection algorithm (12), (14). Left
plot: therapist’s force (dashed red line) vs. reflected force (solid
blue line). Right plot: magnified view of a part of the response,
therapist’s force (dashed red line), reflected force (solid blue line),
and scaled patient’s velocity (solid green line)

properties of the proposed projection-based force reflection
algorithm are demonstrated in Figure 2. In this experiment,
the projection-based force reflection algorithm is switched
off after t = 5 s; it can be seen that the assistive therapy
becomes unstable almost immediately after the proposed
controller is switched off.

In order to demonstrate the advantages of the augmented
therapy algorithms presented in Section V, simulations of
the teleoperated rehabilitation system were performed in
the presence of large communication delays. Specifically, in
the simulations presented below, the round trip time (RTT)
communication delay is equal 2 s. This large communication
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Fig. 2: Experimental results: Response of the teleoperated reha-
bilitation system with the force reflection algorithm (12), (14); the
force reflection algorithm is switched off after t = 5 s which results
in instability.

delay introduces a phase shift that may result in the task
inversion phenomenon. The following three algorithms are
compared in terms of their performance during assistive
therapy: i) the small-gain controller developed in [8]; ii)
the projection-based force reflection algorithm for assistive
therapy presented in Section IV, and iii) the augmented
assistive therapy algorithm described in Section V. In order
to compare the performance of these algorithms, the external
forces applied by the patient should be exactly the same in
every case; this was the main reason why simulations were
chosen over the experiments in this study. In the simulations
below, the following parameters are used: Zp(s) = 80 +
5s−1, Zth(s)+Kth(s) = −400−25s−1, Hs(s) = 35+2s−1,
and the external forces applied by the patient are f∗p (t) =
60 sin(0.7t) s. In every case described below, the therapists
does not interact with the slave device during the first
40 s of the simulations, and starts to assist the patient’s
movement at t = 40 s. The results of simulations of the
small-gain controller are shown in Figure 3. It can be seen
from these Figure that, although the small-gain comptroller
guarantees stability in the presence of large communication
delays, the task inversion phenomenon clearly occurs in
this case. Specifically, because of the phase shift in the
communication channel, the assistive actions of the therapist
become resistive as can be clearly seen in Figure 3, bottom
plot. As a result, the magnitude of the patient’s movement
is decreased after t = 40 s.

The results of the simulations of the teleoperated reha-
bilitation system with the projection-based force reflection
algorithm (12), (14) are illustrated in Figure 4. It can
be clearly seen in these Figures that the projection-based
force reflection algorithm overcomes the task inversion
phenomenon by eliminating the resistive component of the
reflected forces. However, the effect of the assistive actions
of the therapist in this case is largely unnoticeable since the
therapist’s forces are almost entirely eliminated. Finally, the
simulation results for the case of the augmented assistive
force reflection algorithm (12), (17) are shown in Figure 5.
It can be seen that in this case the assistive actions of the
therapist are successfully restored by the local delay-free
augmented therapy algorithm, which leads to a clear increase
in the magnitude of the patient’s movement.
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Fig. 3: Simulation results, assistive therapy, RTT delay 2 s, small
gain controller [8]. Top plot: therapist’s velocity (red line) vs.
patient’s velocity (blue line). Bottom plot: therapist’s forces (blue
line) vs. reflected forces (red line).
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Fig. 4: Simulation results, assistive therapy, RTT delay 2 s,
projection-based force reflection algorithm (12), (14). Top plot:
therapist’s velocity (red line) vs. patient’s velocity (blue line).
Bottom plot: therapist’s forces (blue line) vs. reflected forces (red
line).
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Fig. 5: Simulation results, assistive therapy, RTT delay 2 s,
augmented force reflection (12), (17). Top plot: therapist’s velocity
(red line) vs. patient’s velocity (blue line). Bottom plot: therapist’s
forces (blue line) vs. reflected forces (red line).
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