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Abstract—It is a challenging problem to achieve fast and
realistic six degree-of-freedom (DOF) haptic simulation of
scenarios involving large number of multi-region contacts. In
this paper, we propose an optimization-based constrained
method enhanced by parallel quadratic programming to solve
the rendering problem. Hierarchical sphere-tree models are
used to represent the moving haptic tool and its surrounding
static objects. Given a moving graphic tool as the avatar of the
haptic tool in the virtual environment, we compute its
quasi-static motion by solving a configuration-based
optimization. Instead of using traditional active-set method, we
transform the original optimization problem into its dual
problem and solve the optimum about the graphic tool using a
parallel quadratic programming method. Our algorithm has
been implemented with a 6-DoF Phantom Premium 3.0. We
validate the proposed algorithm in several benchmarks
involving complex, large-region contacts. The results
demonstrate that the proposed method can achieve a two to
three times speed improvement than the active-set method. A
further speed-up for haptic rendering may be achieved by the
parallel implementation on parallel processor such as graphic
processing units.

1. INTRODUCTION

6-DoF haptic rendering, defined as the process of
computing and generating forces and torques in response to
user interactions with virtual objects, can greatly benefit many
applications involving medical training tasks and dexterous
engineering manipulation, such as dental surgical simulation
and virtual assembly [1-5]. In these applications, large
area/volume contacts are commonly to be interacted, such as
probing the periodontal pocket depth to diagnose whether it’s
the healthy periodontium or with inflammation in Fig.1. When
a dentist inserts the dental probe into the bottom of pocket, the
working end of the probe will totally be wrapped with the
tooth and gingival. Another example is a virtual assembly task
as shown in Fig.2. The collision occurs between the outer
surface of the splined shaft with numbers of keys and the inner
surface of the splined hole with the same number of keyways,
which leads to a rather large contact region. In these cases, the
performances of stability and real-time for force and torque
output become particularly important to simulate
haptic-enabled tasks realistically.
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Figure 1. (a) Healthy periodontium
(b) Periodontium with inflammation

Figure 2. Virtual assembly of splined
shaft and hole

A. 6-DoF Haptic Rendering Approaches

Several 6-DoF haptic rendering approaches have been
proposed in recent years, which can be generally classified
into two groups according to the collision response as
penalty-based and constraint-based methods.

Most of existing methods are penalty-based in which the
graphic tool as a dynamic object governed by Newtonian
principle [2-7]. These algorithms may allow interpenetration
between virtual tool and virtual environments such as the
graphic tool can traverse through thin objects, or introduce
some forms of virtual coupling [8] to keep feedback force
stable, which results in a reducing perception of geometric
details by filtering the changes of forces orientation.
Compared with penalty-based methods, constraint-based
methods can eliminate the haptic and visual artifacts by
obtaining an exact contact configuration of the tool. Duriez et
al. modeled the non-penetration and friction contact as a linear
complementary problem (LCP) to solve 6-DoF haptic
rendering problem [9], [10]. Based on the 3-DoF god-object
approach, Ortega et al. [11] extended it into 6-DoF haptic
rendering, making the generalized acceleration of the graphic
tool as the variable and simulating the motion of the
god-object by solving the Gauss’s projection problem. These
approaches could allow a more realistic force, but the high
computational cost will lead to a low efficiency for detailed
objects. In our previous work [12], [13], a novel
configuration-based 6-DoF haptic rendering method used
sphere-trees to model arbitrary objects and formulated
non-penetration constraints for active-set based optimization.
For a common model with 4681 spheres (an octree with 4
levels), if more than 100 pairs of spheres are detected being
intersected, the rate of haptic loop will decrease far away from
real-time feedback of 1kHz which is also not appropriate for
simulating large area/volume contacts in real time. The time
cost of optimization becomes the bottleneck to achieve the
realistic haptic feedback.
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B. Challenges

To achieve a stable and high fidelity haptic simulation in
large contacts scenarios, the biggest problem to be solved is
how to accelerate the optimization process for a real-time
force/torque feedback.

In this paper, we extend our previous configuration-based
haptic rendering approach by introducing a POP (Parallel
Quadratic Programming) method [14] to accelerate the
optimization 6-DoF haptic rendering especially in large area
contacts.

C. Organization of this paper

The remainder of paper is organized as follows: Section II
illustrates the flowchart of proposed method. Section III
shows how to get constraints from sphere-tree based collision
detection. Section IV goes on to describe our
optimization-based optimization with POP solver in details,

Then, Section V presents the experiment results with two
demos and finally Section VI concludes the paper.

II. FLOWCHART OF OPTIMIZATION-BASED HAPTIC
RENDERING

A. Flowchart in haptic calculation loop
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Figure 3. Framework for the proposed optimization-based haptic rendering

with parallel quadratic programming.

Fig.3 illustrates the general flowchart of our proposed
optimization-based 6-DoF haptic display with POP. From the
framework, we can first make clear the inputs and outputs of
our optimization problem are:

e Given: the current configuration of haptic tool qj and
graphic tool q’g’1 at previous time step (initialized the same
as q;, ) where the subscript g and h represent the
configuration of the desired graphic tool and the haptic
tool mapping from the motion of device handle; the
configuration of the object.

e Determine: the configuration of the graphic tool at current
time step q/, while preventing interpenetration between the
graphic tool and object; the feedback force F' and
torque T" .

The optimization-based implementation in a loop involves
the following four steps: Getting constraints from collision

detection, taking these constraints into an optimization
problem, finding the optimum by an optimization solver and
computing the feedback force and torque by the optimum.

Based on the analysis above, to obtaingq, , we first setup
the following optimization-based model:

Min:(a, ~4;) G(d, ~a)

(1
subjectto: S, NS, =0
where
{q;=(x;,y;,z;,y;,ﬂ;,a;) o
Q) = (X V45245 V40 By @)

The method formulates a total potential energy as a
function of the difference between configurations of the
haptic tool and the graphic tool. With a diagonal matrix
G =diag(k,,k, .k, .k ,k k) storing the three translational
springs k, and the three torsional springs &, , to target the
minimum total potential energy is our optimization objective.
We choose k, =1N/mm and k., =1000mN -m/rad in (1) to
fully exploit the ability of our haptic device. Moreover,
S;and S, denote the volumes of the graphic tool and the
object respectively. The constraints aim to maintain exact
contact between the graphic tool and the object, i.¢. there is no
penetration and no perceptible separation when contact force
or torque occurs. In vector form, the multiple constraints over
the combined graphic tool and haptic tool configurations can
be expressed as some kind of C(q,,q,,) = 0. After calculating
the configuration of the graphic tool, the 6-DoF feedback
force and torque can be derived from the difference between
the graphic tool and haptic tool configuration by using the
following model

P 6@ -q) 3)
T =Gq, —q,

B. Analysis of real-time performance

There are mainly three factors influencing the performance
of a configuration/optimization-based haptic rendering: the
representation model, simplicity of constraint form and high
efficiency of optimization solver.

We use Bradshaw’s Sphere Tree Construction Tool-kit [15]
to construct a medial-axis sphere octree for an object (or a
tool), which contains the process to find the skeleton of an
object using a voronoi diagram and creates a tight
level-of-detail sphere-tree from the skeleton to fit the original
triangle mesh of objects [16], [17]. The sphere model of an
object supports fast collision detection and is easier to setup
the constraints. In our optimization model, the biggest
challenges include how to form the exact contact constraints
from collision detection and how to accelerate the
optimization process by using POP. We will discuss these
issues with more details in Section III and Section IV.
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III. CONSTRUCTION OF NON-PENETRATION CONSTRAINTS

After establishing the tool and object sphere-tree models,
we can access any sphere s5, = (xy,yr,zy,1, ) of the graphic
tool model S, and any sphere s =(x5,v5.25.7,) of the
object model S, in their own local coordinates system, where
(x, y,z,r) represents the center and radius of a sphere in local
coordinates, and the subscript T and O represent spheres from
the tool and the object. We first denote the configuration
q ="y, 2,7, B a’) of virtual tool at the time step ¢,
where (x',)",z") represent the position of the tool’s centroid,
and the rotation angle (', ', ") refers to the rotation angle
around axis Z, axis Y and axis X of the world coordinate
system. For collision detection in the next step, then we need
to translate these local coordinates into s,; = (x,,V,, 2,7 )
and s, =(x,,Y,,2,,7,) In global coordinates respectively
under as follows:

Sop = I 'S(L)j Sy = ZST[ “4)
L
sy =T(q") sy, So = ZSO/' (%)
J
where

ca'cf ca'sp'sy’ ca'sPley +sa'sy’ x'/r,
T(q') = sa'cft sa'sPlsy' +ca'cy' sa'sPley' —ca'sy' ¥/, |(6)

q —sp cB'sy' cPlcy 2 I,

0 0 0 1

Since S, is fixed in the virtual environment, to be
simplified, we make the configuration transformation matrix
for object coordinate as an identity matrix so that both sphere
coordinates of object in local coordinate and global coordinate
are the same. As S, moves as the graphic tool moves with
time varying configuration transformation matrix T(q'), we
can write s;; in a function form below:

ST[(qI) :(xr(ql)syr(ql)aZT(ql)’rT) (7

By given the configuration of tool qj at time step 7, the
global coordinate of the object model or tool model can be
obtained by the calculation above. Then, collision detection
between the object model and tool model both represented as
sphere-trees is conducted in a hierarchical fashion similar to
that with the conventional discrete sphere-based bounding
volume hierarchies (BVH). By checking from the two root
levels of the tool and the object sphere-tree model, if the two
root spheres intersect each other, intersection checking is
further performed at the next lower level and repeated until
either no intersection is found or all leaf sphere intersections
are found. The output is a set of intersected pairs {STi,SOf} of
leaf spheres from the object and tool model respectively. Then,
the constraints can be written as:

(O =%,)" +(Vr = ¥o) +(2r =2,)" 2 (rp +1,,)’° ®)

Take (7) into (8), we can construct several quadratic

constraint inequalities described by the configuration

variables, so the constraints in configuration-space can be
expressed as:

C(xr (), v (), 2, (q)) >0 k=L..N  (9)

where N refers to the number of intersected sphere pairs.

To solve these non-linear constraints optimization is very
time-consuming. Therefore, we need to find a trade-off
between real-time performance and accuracy. A linearized
incremental value of the graphical tool solution is proposed to
formulate the constraints instead of quadratic variables.
Because the change of position and orientation of the haptic
device between adjacent time steps is rather small, we
approximate the quadratic constraints conditions in (9) by
using first-order Taylor expansion at qf; with (2) as below:

G, (x(q ), v-(q,), 2, (q}))
=C, (5 (g5 ),y (0 ),z (@ N+, (g, —q5 ) 20

where

(10)

oc oy, ocay, oc e |
Ox, Ox, Oy, Ox, 0z, Ox,
oc ey, ocdy,  oc e,
Oxy aJ/; Wr ay; Oz; ay;
oCay oCH, oc
ox, 0z, Oy, Oz, 0Oz, 0Oz,
oy, oCa,  oc e,
ox, Oy, Oy Oy, 0z, Oy,
0C oOx; +6_C6y, +8_C62T
ox, O, 0y, 0B, 0Oz, Op,
9C ox; +£6yT +£62T
ox,; Oa, Oy Oa, 0z Oa
We can also write the constraints in (10) as:
J,-(q,~q,)>d, k=L.,N

an

(12)
where
d,=J, - q;w_l —C, (x, (q[g_l ), Vr (qtg_l ), 2y (q;:l N—Jd, q; (13)
To sum up, by taking (12), (13), we can rewrite the original
optimization in (1) as:
. 1 iNT t
Mn-E(Aq ) G(Aq') (14)
subjectto:J-Aq' 2d,J =(J,,J,...,d ), d=(d,,d,....d,)"
where J € RV and
Aq' =q; —q, (15)
IV. SOLVING CONSTRAINED OPTIMIZATION WITH PARALLEL
QUADRATIC PROGRAMMING

The quadratic form in (14) makes the optimization problem
a QP (Quadratic Programming) problem. Most QP problem
solver requires long computation times at each iteration loop.
Although many reports in the literature address speed-up
methods [18], [19], they are heuristics without any guarantees
on convergence to the global minimizers. Different with our
previous work based on the active-set method, this paper
introduced the POP method to solve our optimization due to
its extreme simplicity and fast convergence-two matrix-vector
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products and a scalar divide, which offers considerable speed
advantages than the conventional active-set method. Besides,
PQP does not need to be transformed back and forth between

primal and dual space, which makes POP particularly efficient.

More details about the POP method to see [14].

Before we proceed to solve the QP problem, we need to
demonstrate how to satisfy the assumptions in PQP first as
below:

e The matrix G should be positive definite in (14).
e The primal quadratic programming problem in (14) should
be feasible.

In our optimization model in (1) and (14), G is a diagonal
matrix formed from the stiffness of three translational springs
and three torsional springs, which meets the first conditions.
The optimization objective aiming at the minimum total
potential energy in (14) just satisfies the principle of minimum
total potential energy, asserting that a structure or an object
shall displace to a position that minimizes the total potential
energy, which means there exists a solution to our QP
problem that satisfies the constraints.

After the feasibility analysis above, we then use the POP
method [14] to convert the primal form in (14) into its dual
form given below:

, 1
Min: F(y) = EyTQy -y'd

subjectto:y >0

(16)

where y € RV is the dual variable, N refers to the number of
intersected sphere pairs, and Qe R"" is also positive
semi-definite with
Q=J.G'.J' 17)
Next, with any initial guess y’>0 (here we
choose y’ =[0.001,0.001,...0.001]" ), the repeated iterations
are performed by the multiplicative update rule (18) to solve
the dual problem of (14) to a specified tolerance of AF(y) (we
assigned 0.01 to it). The division and the max(a,b) operations
are carried out in an element-wise manner.

d; +Q.y,
yt+] = Yt - +

d, +Qy,
Q" = max(Q,0) + diag(r)

Q =max(—Q,0) + diag(r) (18)
d" = max(d,0)
d” = max(-d,0)

diag(r) = {1y, },1; = max(Q,, > Q)
Then, the optimum (Aq')" of the primal problem in (14) can
be recovered from the optimum y of the dual problem in (16)

using the following equation:
(Aq) =Gy

s

(19)

Finally, taking (19) into (15), we can obtain the desired q, at
current time step ¢ by (20):

q, =q, +(Aq") (20)

V. EXPERIMENTS

Figure 4. Experimental set up

A Phantom Premium 3.0/6DOF is utilized as the haptic
device to provide 6 dimensional forces and torques. The
specifications of the computer are: Intel(R) Core(TM) 2, 2.20
GHz, 2GB memory, X1550 series radeon graphical card. We
have conducted two experiments including a bunny-bunny
interaction and a splined peg-hole interaction to validate our
proposed method. Fig. 4 shows the experimental set up.

A. Bunny and Bunny

In this experiment, we use the Stanford bunny to compare
the efficiency of optimization solving by the two methods: the
active-set based method and the POP based method. The
golden bunny and silver bunny represent the graphic tool and
the fixed object. The original triangle mesh is employed for
graphic display and its sphere-trees model (level 4 with 4681
spheres for each) is used for haptic computations, including
collision detection, constraint modeling and optimization.

We first perform the interaction with active-set [13]. In each
time step, the number of intersected pairs of sphere and the
time costs of both the collision detection and optimization are
saved. Also, during the interaction process the
six-dimensional configurations of the haptic tool are recorded
and reused as the input motion to the new optimization solver
with parallel quadratic programming method. Therefore, the
inputs for the two optimization methods are maintained the
same for the comparing the performance of the two methods.

The results are shown in Fig.5 and Fig.6. In a shallow
contact such as sliding on the surface in this test (such as less
than 50 intersected sphere pairs), the total time costs of the
active-set and the POP are less than 1ms, which means both
methods can meet the strict requirement of 1kHz update rate
of haptic loop. While large area/volume contacts occur (such
as more than 100 intersected sphere pairs), the total cost of the
active-set method increases beyond 1ms. Fig.6 clearly gives
more details about their comparison. Because of the same
sphere-tree models and the collision detection algorithm, the
two methods take the same time on the collision detection.
However the time of the optimization with POP occupies only
one third times than the one with active-set, even less than the
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collision detection. One of the most important reasons for the
acceleration comes from the simplicity in the form of the dual
problem for the optimization solver, such as avoiding multiple
matrix-matrix arithmetic in active-set. Although the speed-up
of total computation is not as significant as in the optimization,
the POP method still makes a two times speed acceleration
than active-set method.

The average and maximal iterations for solving (18) is six
and ten to achieve the optimal solution in the proposed PQP
based optimization. The total time cost depends more on the
constraints matrix J rather than the initial variables.

B. Splined Shaft and Hole

In this experiment, we perform splined shaft and hole
interaction using our method in the large contact scenario. To
begin with, the splined shaft and hole are modeled as
sphere-trees with 5 levels, and more or less 200 pairs of
spheres form the constraints in optimization. The force, torque
and the time cost from collision detection and optimization
could be found in Fig. 7 which goes through the separate,
rotating and sliding processes. When user first begin moving
the shaft into the hole, the shaft usually stop in front of the hole
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surface first because of the existence of sharp keyways. Then,
in the second stage, the user will keep rotating the splined
shaft in order to perfectly align the axis of hole by subtle feel.
From Fig. 6 we can see in the rotating state, the Y-directional
axial force is the major one. The user will feel the axial force
decrease remarkably when she/he rotates the splined peg to
some angle, which means the sharp keys of splined peg and
keyways of hole are totally matched. At this moment, the peg
begins to insert into the hole.

In the inserting process, the peg is constrained by the sharp
keyways along circular and radial direction, therefore, it can
only move along the axial direction only and a litter departure
from it will cause the torque constraint from x or z axis. A
large contact occurs between all the keys on the shaft and the
keyways on the hold at this moment. The scenario in Fig. 7
shows that no interpenetration occurs between the graphical
peg and hole even at sharp keys area. Also, the total time cost
remain keeping below 1kHz for a stable force and torque
feedback during interaction. A noticeable thing is that the time
cost of the collision detection fluctuates when the contact state
between the tool and the object changes while the optimization
always keep low time cost, even the collision detection
overtakes more time than optimization solution sometimes.
These results illustrate our proposed method is very
time-efficient to solve a fast and stable 6-DoF haptic feedback
in large contact scenarios.

VI. CONCLUSION

In this paper, we have proposed an accelerated
optimization-based haptic rendering by PQOP method
allowing large contacts between two rigid bodies. There are
two key components in this method. One is to formulate the
constraints in 6-D configuration-space of the graphic tool
from non-penetration constraints between the graphic tool
and the object and the other is to introduce POP method to
solve the optimization by its dual solution forms.

The benefits of this paper can be summarized as follows:

1) Our proposed method forms a new 6-DoF haptic rendering
solution as an alternative choice for active-set based QP
solver to accelerate optimization. It shows to be capable to
meet both requirements of accuracy and fast in multi-region
contact constraints.

2) Experiment results demonstrate our method can offer a two
to three times speed improvement compared with the
active-set based optimization. With an appropriate initial
value or tolerance to end iteration loop, the efficiency of our
method might be further accelerated. With an increasing
number of the contact pairs, a promoted efficiency of the
proposed method could be more significant than the
active-set method.

In the future, we will try to implement our method with
GPU for better performance. Moreover, we consider about
extending the accelerated optimization-based haptic
rendering by removing redundant contact constraints based
on the geometric topology features of the two contact
objects, which is hopefully to further reduce the amount of
contact constraints for realizing faster optimization.
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