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Abstract—A novel adaptive critic based kinematic control
scheme for a redundant manipulator has been proposed in this pa-
per. The redundancy resolution has been formulated as a discrete-
time optimal control problem. A Takagi-Sugeno (T-S) fuzzy based
critic network is proposed to predict the global costate dynamics
as fuzzy average of local costate dynamics. The integral cost
function is used in the literature earlier, to achieve global optimum
in contrast to instantaneous cost functions which gives local
optimum. But both the approaches require the computation of
pseudo-inverse which is computationally complex and suffers
from numerical instability. In contrast, the proposed scheme
does not require computation of pseudo-inverse of the Jacobian
which makes the method computationally efficient. The proposed
scheme is tested on 7 degree of freedom (7DOF) PowerCube
manipulator from Amtec Robotics.

Index Terms—Redundant Manipulator, Adaptive Critic, In-
verse Kinematic Control, Approximate Dynamic Programming

I. INTRODUCTION

Redundancy is intentionally introduced in robot manipulator
to cope with the real-life challenges such as the presence
of obstacles, joint limits and better manipulability. But, the
control of redundant manipulator is a challenging task since
the inverse kinematic relationship from Cartesian space to joint
space is a one to many relationship. The redundancy resolution
schemes discuss about different methodologies to exploit the
redundancy for performing additional task such as obstacle
avoidance [1], joint limit avoidance [2], higher manipulability
and torque optimization.

Most of the existing redundancy resolution schemes min-
imize the instantaneous cost functions which involve compu-
tation of generalized pseudo-inverse. The reader may refer
[3] to know various pseudo-inverse based redundancy res-
olution schemes. The augmented Jacobian methods [4] are
proposed to avoid the pseudo-inverse computation by forming
an augmented square Jacobian of joint space dimension using
addition tasks. But the control strategy suffers with algorithmic
singularity and requires inverse computation. In addition to the
computation of inverse, the major drawback of instantaneous
cost function is that only local optimum is reached and
theoretically it would take infinite time to finish the primary
task.

The global optimum can be reached with integral cost func-
tions. Martin et al. [5] used integral cost optimization for path
planning with redundant manipulator. Kim et al. [6] derived the

2n first order differential equations and boundary conditions
for redundancy resolution in optimal control framework. Both
of the above methodologies require the computation of pseudo-
inverse. Most of the existing redundancy resolution schemes
use the complete knowledge of the robot and accurate math-
ematical model is required. In contrast to these approaches,
we propose approximate dynamic programming based adaptive
critic formulation for redundancy resolution of manipulators by
minimizing the integral cost function, which does not require
the computation of pseudo-inverse to achieve global optimality.
The closed loop positioning task is modelled as a discrete-time
dynamic task and then adaptive critic approach is proposed.

Given a dynamical system with performance cost index,
the optimal control problem can be solved using Pontryagin’s
minimum principle and Bellman’s Dynamic programming [7]–
[9]. Dynamic programming gives a comprehensive computa-
tional technique based on the principle of optimality and results
in an optimal controller in state feedback form. Though a
feedback form is robust to noise and model uncertainties, the
associated Hamilton-Jacobi-Bellman equation demands expen-
sive computation and storage and is an off-line process where
the problem is solved in the backward direction from the end
point. In [5] and [6], the dynamic programming approach is
considered and resulted in an optimal controller which requires
the computation of pseudo-inverse.

Werbos [10] proposed Approximate Dynamic Programming
(ADP) to overcome these issues, which solved the dynamic
programming in forward direction and implemented online.
ADP uses dual neural network architecture known as Adaptive
Critic (AC) to solve the dynamic programming in forward
architecture. In general Adaptive Critic has two networks
namely action network and critic network. The action network
represents the relationship between the state and the input
while the critic network represents the relationship between
the state and the costate which evaluates the performance of
an actor. Based on the feedback from the critic network, the
performance of the actor is improved. The readers may refer
[11]–[13] to know about various architectures and the stability
proof of adaptive critic.

It is shown in this work, that the positioning task can be
modelled as a discrete-time input affine nonlinear system and
the redundancy is resolved by minimizing the quadratic cost
using a single network adaptive critic (SNAC) proposed by
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Padhi et al. [14]. SNAC is particularly suitable for optimal
control problem for which the optimal control input can be
explicitly expressed in terms of state and costate variables.
The advantage of SNAC over other architecture is that it
has only critic network and it is shown that the network
converges to optimal values for linear systems. In general, the
existing adaptive critic methodologies employ a multi-layered
perceptron as the critic network and the learned weights does
not convey any meaningful insight into the optimality. The
network architectures which could give information about
optimality for control engineers is not analyzed yet. Though
the adaptive critic is successfully implemented in real-life
problems [15]–[17], the application to kinematic control of
redundant manipulator is not yet discusses up-to the author’s
knowledge.

This paper implements the adaptive critic for kinematic
control of redundant manipulator and addresses the issue of
meaningful architecture for a single network adaptive critic
with T-S fuzzy model. The T-S fuzzy model is chosen in
particular because it approximates the complex nonlinear func-
tion as a cluster of linear functions which gives meaningful
information about optimality in terms of local dynamics. It
is shown that the inverse kinematic control in adaptive critic
framework does not require the computation of pseudo-inverse.
The adaptive critic network replaces the pseudo-inverse com-
putation with training which makes the proposed scheme
computationally efficient. The proposed control scheme is
simulated on kinematic control of PowerCube manipulator in
Cartesian space and then experimental results for vision based
control of redundant manipulator with single camera mounted
on the end-effector is presented.

The rest of the paper is organized as follows. The robot
positioning task is expressed as a discrete-time control problem
in the next section followed by a brief introduction of single
network adaptive critic with T-S fuzzy system in section
III. The simulation results and experimental results are later
presented in section IV and V respectively. The paper is finally
concluded in section VI.

II. DISCRETE-TIME KINEMATIC CONTROL PROBLEM

A 7DOF PowerCubeTM robot manipulator from Amtec
Robotics [18] has been considered for both simulation and
experimentation. The forward kinematic expression for this
manipulator is obtained from D-H parameters [19] presented
in Table I. The robot link dimensions of the existing dimension

TABLE I
D-H PARAMETERS OF POWERCUBE

link (i) αi ai di θi

1 -90 0 d1 θ1

2 90 0 0 θ2

3 -90 0 d3 θ3

4 90 0 0 θ4

5 -90 0 d5 θ5

6 90 0 0 θ6

6 0 0 d7 θ7

are as follows: d1 = 0.318m, d3 = 0.3375m, d5 = 0.3085m,

and d7 = 0.2656m. The derived forward kinematic equation
indicates that the joint angle θ7 is not contributing to the
position change of the end-effector since the 7th link exhibits
the roll motion of end-effector. Hence, the 7th link is ignored
in further discussion.

Given the generic kinematic expression of a manipulator as
ẋ = J θ̇, the discrete-time kinematic equation looks as:

Δx = JΔθ (1)

where Δx =
[

Δx Δy Δz
]T

, Δθ =[
Δθ1 Δθ2 Δθ3 Δθ4 Δθ5 Δθ6

]T
, and J is

the forward kinematic Jacobian.
The forward differential kinematics can be expressed as a

set of discrete motion of end-effector in Cartesian space at
different instants as follows,

x(k + 1) − x(k) = JΔθ(k) (2)

where, x(k+1), x(k) are the end-effector position as (k+1)th

and kth instants respectively and Δθ(k) is the change in joint
angle at the kth instant.

The above discrete motion can be expressed as a dynamic
system as,

x(k + 1) = x(k) + JΔθ(k)
= Ix(k) + JΔθ(k) (3)

where, I , the identity matrix is the system matrix for dynamic
positioning of the manipulator. The above equation, represents
the positioning task as a discrete-time dynamic system. The
closed loop error dynamics which moves the end-effector from
current position x to the desired position xd can be derived
as,

e(k + 1) = e(k) − JΔθ(k)
= Ae(k) + Bu(k) (4)

where, e(k) = xd(k) − x(k), xd(k + 1) = xd(k), A = I ,
B = −J and u(k) = Δθ(k).

The discrete-time dynamic representation of closed loop
system is of input affine form with constant system matrix
A = I and a nonlinear input matrix B = −J . An adaptive
critic architecture which is particularly suitable for such input
affine system will be discussed further.

III. A T-S FUZZY BASED ADAPTIVE CRITIC

Padhi et al. [14] has proposed a single network adaptive
critic (SNAC) for discrete-time dynamic systems. This archi-
tecture is particularly suitable for affine system,

x(k + 1) = f(x(k)) + g(x(k))u(k) (5)

with a quadratic cost function,

Jc =
1
2

∞∑
k=0

(xT (k)Qx(k) + uT (k)Ru(k))

=
1
2

∞∑
k=0

L(x(k),u(k)) (6)
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Fig. 1. Control Scheme with Discrete-time Adaptive Critic

where x(k) ∈ Rn, u(k) ∈ Rm, L(x(k),u(k)) is the utility
function and in general, Q is taken as positive-semi definite
matrix and R is a positive definite matrix. In this case, the
expression for optimal control input is given by,

u(k) = −R−1gT (x(k))λ(k + 1) (7)

where, λ(k + 1) = ∂J∗
c (k+1)

∂x(k+1) and J∗
c is the optimal cost.

A single network adaptive critic is proposed in [14] to learn
the costate dynamics along the path given by,

λ(k) =
∂L

∂x(k)
+

(
∂x(k + 1)

∂x(k)

)T

λ(k + 1) (8)

In case of linear systems, a critic network of following
architecture is considered.

λ̂(k + 1) = Wx(k) (9)

It is shown that the weights of the above critic network
approaches the optimum value of linear system which is given
by,

W = (I + PBR−1BT )−1PA (10)

where P is the solution of Algebraic Riccati Equation
(ARE). The reader should note that the analytical expression
of optimal weights involve the computation of inverse of
(I + PBR−1BT )−1, which is being iteratively learnt using
adaptive critic framework. With such approximate dynamic
programming based scheme, the pseudo-inverse computation
is avoided with learning process. In this work, we exploit
the above single network adaptive critic approach for the
redundancy resolution of manipulator. It is clear from (4), that
the closed loop positioning dynamics of robot manipulator is in
input affine form with constant linear system matrix f(x) = I
and nonlinear input matrix g(x) = −J(θ). In a small operating
zone, the input matrix can be approximated with a constant
linear matrix and hence a critic network in (9) would define
the costate dynamics effectively. In global operating zone, the
costate dynamics can be represented as a cluster of subsystems
representing local linear dynamics. Considering these facts, we
propose a T-S fuzzy model based critic network such that the
costate dynamics of nonlinear system will be modelled with

fuzzy clusters of costate dynamics of local linear model. The
T-S fuzzy model is particularly chosen because it approximates
the nonlinear system as a fuzzy cluster of linear systems. This
property will be very much useful for robot implementation
since the learned network would represent the optimal weights
of local linear model in each fuzzy zone.

The T-S fuzzy based critic network is given by,

IF x1(k) is F i
1 AND · · · AND xn(k) is F i

n THEN

λ̂(k + 1) = Wix(k)

where F i
j , j = 1, 2, · · · , n, is the jth fuzzy set of the ith rule.

Let

μi =
n∏

j=1

μj
i (xj) (11)

where μj
i (xj) is the membership function of the fuzzy set F i

j ,
i = 1, 2, · · · ,m.

Given the current state vector x(k), the fuzzy model around
this operating point is constructed as the weighted average of
the local models and has the form

λ̂(k + 1) =
∑m

i=0 μiWix(k)∑N
i=0 μi

(12)

The reader should note that the costate dynamics in each
fuzzy zone is learnt with a network similar to that of costate
dynamics of linear system. Hence, the network learns the
nonlinear costate dynamics in terms of costate dynamics of
local linear model. We know from [14] that the weights would
converge to optimum value for linear systems. Hence, with the
proposed T-S fuzzy based critic network, the weights would
vary smoothly from one zone to another and would converge
to the optimal value corresponding to local linear model of
each fuzzy zone.

The network should be trained such that the weight would
converge to the optimal weights of local linear models. The
network is learned from a selected fuzzy zone to the entire
workspace such that the weights would converge to optimal
values in each zone. To achieve network convergence, we
define Si = {x(k) :‖ x(k) ‖< Ci}, where Ci is a positive
constant. Ci is chosen such that Ci < Ci+1. Initially C1 is
chosen a small value so that the network would learn the
optimal weights corresponding to the selected zone. Then,
the operating zone is gradually increased. With such training,
the network weights would vary smoothly from one zone of
operation to another.

The control scheme is shown in figure 1. The current state
x(k) of the system is given as input to the critic network
and the output of the critic network is the costate vector
λ(k + 1). The control input is computed from the output of
critic network. The weights of the critic network is learned as
follows:

1) Generate ND random initial operating points for Si

where i = 1, 2, . . . , I , as explained above in each zone
of operation. Initialize i = 1 and k = 0. Repeat the
following steps for each member of x(k) in Si.
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2) Give x(k) as input to critic network and compute λ(k+
1) = λa(k + 1).

3) Compute the input u(k) from (7), using λa(k + 1).
4) Give the input to the plant dynamics (5) and compute

x(k + 1).
5) Give x(k+1) as input to the critic network and compute

λ(k + 2).
6) Compute λd(k +1) using λ(k +2), x(k +1) in costate

dynamics (8). Consider λd(k + 1) as the desired value
and update the weights to minimize ‖ λd(k+1)−λa(k+
1) ‖ .

7) Increment k and repeat from Step 2 for N instants.
8) Repeat from Step 2 for ND random points in Si, with

k = 0.
9) Check for convergence of the weights of critic network.

If convergence is achieved, go to step 1 with i = i + 1.
Otherwise, repeat steps 2− 8 for all the members of Si.

10) Repeat steps 1 − 9 till i = I .

The linear model of the plant in a given fuzzy zone can
be obtained by linearization and the corresponding optimal
weights can be easily computed using ARE. The optimal
weights in each zone will vary smoothly from the optimal value
at the given fuzzy zone, since the system dynamics gradually
deviate from linear behavior as the zone of operation increases.
Considering this fact, the weights of the entire critic network
are always initialized with optimal value at a known fuzzy
zone which is computed using ARE.

IV. SIMULATION RESULTS

As discussed earlier, T-S Fuzzy based critic network is
designed for stabilization of states and the states are fuzzified
to obtain the network. Hence, for closed loop positioning of
robot end-effector, the critic network should be fuzzified with
end-effector position error e(k). But it is always desired to
achieve a global positioning where the end-effector can be
moved from any initial position to arbitrary desired position
over the entire workspace. The global positioning depends
on both the current and desired position of the end-effector.
Hence, the critic network will be inaccurate if we consider the
error as a input to fuzzifier, since error would change based
on both the current and desired position and Jacobian depends
on the current position of the end-effector.

To cope with this inaccuracies with state e(k) based fuzzi-
fication, in this simulation, the current position of the end-
effector x = [x y z]T is fuzzified, instead of e(k). The current
position of the end-effector is particularly chosen because the
forward Jacobian of the manipulator continuously changes
as the end-effector moves along the closed loop trajectory.
With current position as the input to the fuzzifier, the critic
network will account for the change in the Jacobian and
would get trained for optimal path considering the current
robot configuration. As the manipulator changes its joint angle
configuration along the trajectory, the different fuzzy zones
of critic will be activated and the end-effector would follow
the optimal path. The current position of robot end-effector in
selecting the zone of operation is suggested in [20] also, where

a self-organizing map is used to learn the inverse kinematic
relationship for closed loop control from vision space to joint
space.

With above modifications, the ith rule of T-S fuzzy based
critic network for robot end-effector positioning is given by,

IF x(k) is F i
1 AND y(k) is F i

2 AND z(k) is F i
3 THEN

λ̂(k + 1) = Wie(k)

The joint angle input Δθ(k) is computed using (7) as,

Δθ(k) = R−1JT λ̂(k + 1) (13)

where, λ̂(k+1) is obtained from the critic network, which opti-
mizes the given cost. The advantage of critic based approach is
that the redundancy resolution for positioning task is achieved
without the computation of pseudo-inverse of Jacobian while
minimizing the chosen integral cost also. Hence, we could
obtain a computationally efficient global optimum solution with
critic based approach.

The control task considered is to compute the input u(k) =
Δθ(k), which minimizes the cost function,

Jc =
1
2

∞∑
k=0

(xT (k)Qx(k) + uT (k)Ru(k)) (14)

where, Q and R are chosen as Identity matrix of appropriate
dimension.

The region of operation is chosen as the cubic volume with
diagonal vertices (0.2,−0.25, 0.0) and (0.7, 0.25, 0.3). The
operating zone is fuzzified into 5 fuzzy zones in each direction,
i.e., along all the three axis. Hence, totally there will be 125
fuzzy zones in the operating region and the Gaussian function
is chosen as fuzzy membership function. The width of fuzzy
membership function is selected such that at each operating
point, the effect of two fuzzy zone will be prominent. The critic
network is trained with 500000 random points chosen in the
operating zone. The critic network is run for N = 50 iterative
steps from each operating point and updated with learning
rate 0.5. After critic training, the controller performance is
analyzed in two stages. In first stage, the positioning accuracy
with respect to the given desired position is tested. The desired
position of the robot is considered as xd = (0.4, 0.1, 0.2)
and the robot is started from different initial positions. Figure
2(a) shows the position of robot end-effector starting from
different initial points towards the desired position xd and the
corresponding error is shown in fig.2(b). Figure 3(a) shows the
optimal control input i.e., Δθ and the corresponding joint angle
trajectories are shown in fig.3(b). It is clear from the figures
that the robot reaches the given desired position from arbitrary
initial positions and the joint angles are within the limit. The
performance of the controller is checked after 10 iterative steps
from each initial position. It is observed in the simulation that
the robot could reach the desired position within an accuracy
of 0.5mm in 10 iterative steps.

The controller performance is further analyzed for random
positioning from arbitrary initial position to final position. The
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robot end-effector trajectory while moving from current posi-
tion to the arbitrary desired position in the region of operation
is shown in figure 4(a) and the corresponding position error
is shown in fig.4(b). The convergence accuracy is checked
after 10 iterative steps. It is observed in the simulation that
the manipulator could reach any arbitrary position from a
random initial position within the accuracy of 0.5mm in 10
iterative steps, indicating that the optimal controller is learnt
uniformly over the entire workspace. The optimal controller
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output is shown is fig.5(a) and the corresponding joint angle
configurations are shown in fig.5(b). It is clear from the figure
that the joint angles are within the limit and the redundancy
is resolved with a smooth joint trajectory over the entire
workspace. The reader should note that an arbitrary accuracy
can be achieved in both the cases by increasing the number of
steps.
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V. EXPERIMENTAL RESULTS

The experimental test is performed for vision based control
of PowerCube manipulator with single camera mounted on the
end-effector. The end-effector Cartesian velocity is computed
from the image features and then the controller is used to
compute the joint space movement.

The image moments are considered as visual features and
a planar rectangular object is considered for visual servoing
task. The image feature vector is taken as U = [xi, yi, a, α]T

where, (xi, yi) represents the centroid of the projection of
object in image plane, a is the area of the object and α
represents the major axis angle of the object with respect
to the camera x-axis. The image features are considered to
represent the Cartesian space translational velocities ẋ, ẏ, ż and
z-axis rotation ωz of the end-effector. The angular velocity
around the x and y axis of the end-effector is considered as
zero throughout the experimentation and hence not used in
computing image Jacobian L.

The image Jacobian obtained in [21] is used to compute
the camera velocity ẋc = [ẋc, ẏc, żc, ωc]T required to move
the camera from the current image feature x to the desired
image feature xd. The camera velocity is computed using
ẋc = −KiL

−1e, where Ki is a small positive gain and
e = Ud − U . The end-effector velocity ẋ = [ẋ, ẏ, ż, ωz]
is computed from the camera motion using the coordinate
transformation ẋ = P ẋc, where P represents the coordinate
transformation from camera frame to end-effector frame. In
our experimental setup the Camera is mounted inside the
gripper such that the Camera frame x-axis coincides with y-
axis of end-effector and y-axis coincides with the x-axis of
end-effector. Hence, the coordinate transformation represents
the interchange of velocities in x and y axis direction. The joint
velocity which minimizes the cost θ̇

T
θ̇ is computed from the

obtained end-effector velocity.
In our experiment, the desired position is considered as

10cm distance in z-direction, with the object plane is parallel
to the camera x-y plane. The image Jacobian is computed
at the desired location and is used over the visual servoing
trajectory. The experimental results are shown in the figures
6 and 7. The image feature errors are shown in figures
6(a), 6(b) and 7(a), which clearly shows that the end-effector
finally reaches the desired position minimizing the given cost
function. The corresponding joint velocities are shown in figure
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7(b) indicating that the joint velocities are within the limit.
As discussed above, the existing cost minimization based
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redundancy resolution schemes require the computation of
pseudo-inverse which is computationally complex. With adap-
tive critic based integral cost minimization, global optimum
can be reached without the computation of pseudo-inverse of
forward Jacobian.

VI. CONCLUSION

A novel adaptive critic based kinematic control scheme has
been proposed for a redundant manipulator. The redundancy
resolution has been formulated as a discrete time optimal
control problem. A T-S fuzzy based critic network has been
used to model the costate dynamics. The proposed adaptive
critic based scheme is computationally efficient compared to
the existing optimization techniques since the computation of
the pseudo-inverse of the forward Jacobian, J , is not required.
Since redundancy resolution is achieved through real-time
optimization using the proposed adaptive critic, this work is
remarkable in terms of following two foundational issues in
visual servoing:

• Kinematic control can be achieved without the computa-
tion of the pseudo-inverse of the forward Jacobian.

• Redundancy resolution can be achieved through real-time
optimization of a task-specific cost.

The control scheme is simulated on 7DOF PowerCube manip-
ulator with a quadratic cost function and performance has been
found satisfactory. The controller is finally implemented with
the Cartesian end-effector velocity obtained from the image

features in single camera through eye-in-hand visual servoing.
The proposed adaptive critic method will be extended further
with various integral cost functions such that the manipulator
can perform additional tasks such as obstacle avoidance and
coordinate with other manipulators.
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