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Abstract—This paper proposes a radial basis function neural
network adaptive backstepping controller (RBFNN_ABC) for
multiple-input multiple-output (MIMO) nonlinear systems in
block-triangular form. The control scheme incorporates the
adaptive neural backstepping design technique with a first-
order filter at each step of the backstepping design to avoid the
higher-order derivative problem, which is generated by the
backstepping design. This problem may create an
unpredictable and unfavorable influence on control
performance because higher-order derivative term errors are
introduced into the neural approximation model. Finally,
simulation results demonstrate that the output tracking error
between the plant output and the desired reference can be
made arbitrarily small.

Keywords—Radial basis function (RBF) neural networks
(NNs), adaptive, backstepping, MIMO nonlinear systems.

I

Adaptive control is a useful method for designing
controllers for uncertain dynamic systems. The main idea in
adaptive control is using output feedback to model-free the
unknown system [1]-[2]. Adaptive controllers are classified
into two types: direct and indirect. Direct adaptive control
means that the parameters of the controller are directly
adjusted to reduce the norm of the output error between the
plant and the reference model. Indirect adaptive control means
that the parameters of the plant are estimated and the
controller is chosen assuming that the estimated parameters
represent the true values of the plant parameters [3].

Compared to feedback linearization methods [4], the
backstepping technique [5], [6] has the advantage of avoiding
the cancellation of useful nonlinearities in the design process.
Thus, in the past decade, the backstepping technique has been
widely used for nonlinear control systems. In brief, to design a
backstepping system and an appropriate state and virtual
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control are selected for each smaller subsystem. Then the state
equation is rewritten in terms of them. Finally, Lyapunov
functions are chosen for these subsystems so that the true
controller integrating the individual controls of these
subsystems guarantees the stability of the overall system.
Recently, owing to the development of intelligent control
methods such as fuzzy logic control, neural network control,
etc., many intelligent backstepping methods [7-12] have been
proposed

to control nonlinear systems with unknown system dynamics,
combining intelligent control methods with an adaptive
backstepping design.

A backstepping-based neural network controller for
unknown nonlinear systems first came out in [13]. In [14], a
robust and adaptive backstepping controller using a radial
basis function neural network (RBFNN) was proposed.
Adaptive neural control of uncertain MIMO nonlinear systems
was proposed in [15]. In [16], an RBF neural network
adaptive backstepping control system (RBFNN_ ABC) was
proposed to control a nonlinear system. However, the RBF
adaptive backstepping control method results in the controller
containing higher-order derivative terms as the order () of the
system increases. The higher-order derivative terms introduced
into the approximation model may produce an unpredictable
and unfavorable influence on control performance. To solve
the problems mentioned above, this paper proposes a filtered
RBFNN adaptive backstepping control scheme. It consists of
the backstepping design which achieves the desired control
behavior, the RBF neural network which is utilized to estimate
the unknown system dynamics, the adaptive control scheme
which is utilized to adjust the controller parameters, and a
first-order filter at each step of the backstepping design which
is chosen to avoid producing higher-order derivative terms.

This paper is organized as follows. The system problem is
formulated in section II. Design of the adaptive neural
backstepping controller is described in section III. In section



IV, simulation results are given. Finally, we draw some
conclusions in section V.
II.  PROBLEM FORMULATION

The model of an uncertain MIMO block-triangular system can
be described as shown in (1)

xl,l = fl,l (x5 Xy1%225 xl,z)

%o = o (X2 X5 2% 350)

Xy = o, (3,%,5) M
Yoo = o2 (X5 %5 15X, %, )

5‘2,3 = f2,3 (xl,l s X125 X015 X025 X5 35Uy u,)

Yk = X1 k=12

where (X010 X05 X, 15Xy, X, 5} ATC the states, u, € Ris the input,

y,€ R is the output. Functions 7, ,(k=1,2,i=1,2,3), are

unknown smooth continuous functions.

The control objective is to design an adaptive neural
backstepping controller for system (1) such that all the signals
in the closed-loop system are uniformly ultimately bounded
and the state x,, can track a bounded reference signal x 4 88

close as possible.

III. DESIGN OF ADAPTIVE NEURAL BACKSTEPPING
CONTROLLER

A.  The first subsystem
Step 1: Define the tracking error 7, =x, —x,, where x, is
the reference signal of the first subsystem. The derivative
Oqu is defined as

Iy =X, — X, = f11 =X = 80055, X 5, X, 55 %,,) @)
Let a new function Wi (X5 Xy 05 X 5 X0 5 X5 Xy ) = B Hey42,
where ¢ is a positive design constant, then 2z =y, —¢ z,-
There exists an ideal virtual controller O (X155 X s K X0 ) >
such that Vi (xl,l Dal*,l 3 X515 %5 55 X g1, %) =0

By using the mean value theorem, equation (2) can rewritten
as

2 =V TGy

9y,
— * 3 1,1 *
=Y (X0 0, X5 X 50 X, X))+ o |nata (i, —0q)—¢,z,
27T
oY,
— L1 * )
=0+ I | maita (v, —0q)—c,z,
20T
_O(F, +¢,2,) N
= I Y (x,—04)—¢,z,
1,2 T
.
11 .
= - X, , — O, —C,,Z
o, x,l:ll{z( 12— 00,) =7,
— oA *
=8 (xl,z _al,l)_cl,lzl,l (3)

where 4

4 is the point between o and X, » such

that W (x0) = v, (al*.l)/xl.z _0’:1 = al//],l /axl,z » and

v
Y2=X12

glﬂ:l =df, /axl,z vamls
By employing an RBF neural network wWTe, (b,,) to

1,1

approximate ¢, , ¢, can be expressed as
T
¢1,1(b1,1)_51,1

— *T
=W, 0,,(b,,)—c,z,+¢,z, - 51,1

o, = Wl,
*T
=W,0,,(b,)-¢,z,+7, “4)

where 7,=¢,2,-0 is the signal error and wT denotes

p1
ideal constant weights, 0, is the basis
function, b, =[x, X, Xy, X, X, ] denotes the RBF input, and
&, is the approximation error.
The virtual controller, o, is defined as
o, = WY,-I(PI,I (bl.l)_cl,lzl,l (6))

where WITI is the estimation of wT.
The adaptation law for WIT] is

W1,1 = Fl,l[_q)l,l(bl,l)zl,l _0-1.1W1,1] (©)
where o, l>0 and T, 1>0 are design constants. Let W1T1¢1 (b))

pass through a first-order filter to obtainy, . Thus, we have

&+ 7% =We,0,) (7)

where é;l , 1s the time constant. Then the virtual controller, »

is redefined as

O, =—C 2, T ), ®)
Step 2: Define the tracking error Z,=X,—0, - The
derivative of Z, is defined as

Z,=X,=0,=f,-&,
= E,z (x],l s X1 2% 17X 2% 35 Uy d],l) (9)

Let a new function
: _ !
Vis (xl,l > Xy 55X 1 X 2 X 35Uy O 15 O K1) = F,+c,z,+852,

where ¢ ,is a design positive constant, and
A _ s _ e
2=/, w=ut then 2, =y, Ca%12 T 8% There

exists an ideal controllery; (x, |, x,,.x, %, 5%, 5,61, 0, X)) >

SuCh that y/l,l (xl‘l’xLZ’xZ,l’xZ,Z ’x2,3’u1 ’al,l ’a].l’xdl) =0

By using the mean value theorem, equation (9) can rewritten
as
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. i
Z12= Vo —CG2%2 ~ 81271

. .
=W (00025 150 5 X 5 Uy 5 O 10 01X y)

Y,
1.2 * 2
+ S lu=it (u,—u)=c,2,, — 81,2,
1
Y,
_ 12 * y!
=0+ S, |m=t (u,—u))—c,2, -8z,
1
_ B(Ez +1,2,5) * 2
= u =t (y—uy)—c 2,82,
1
_ asz * A
REA G (=)= 52, = 8117,
1

(10)

where uf is the point between ul* and u, , such that

_a * P
=g, —u)—c,z, -8z,

v, )_Wl,z(”;)/”l —ul* =0y, /0y, wmd
By employing an RBF neural network, \VI’Z(I,L ,(b,) to
approximate ul* ,ul* can be expressed as
u = W0,,(b,,) =4,
=W730,,(b,,)—c,z,+¢,2,-6,
(an

. . o
where T, =027, 0,18 the signal error and W T denotes

— *T
=W,0,,(0,,)—c,z,+7,

ideal constant weights, 0, is the basis function,
by, =15 % 0% 1% 5% 5, 615 01 %] denotes the RBF input,

and 5]'2 is the approximation error. The controller, #, , is

defined as
U :Wg(pl,z(bl,z)_cl,zzl,z (12)
where W, is the estimation of wW7.
The adaptation law for W7, is
Wl,z :rl,z[_q)l,z(bl,z)zl,z _O-l,zwl,z] 13)

where o, >0 and T, 2>O are design constants.

B.  The second subsystem
Step 1: Define the tracking errorz, , = x,, —x,,, where x,, is
the reference signal of the second subsystem. The derivative of
z,, is defined as

22,1 = Xz,l =X = fz,l =Xy = Fz,1 (xz,laxz,zsxdz) (14
Let a new function Wy (5y, X050 X00, X)) = Fy 40,25, 5 where
), is a design positive constant, then 2, =W, —¢, 1Zﬂ.There
exists an ideal virtual controller 0 (X, 10 %00X,5) 5 such that
Vs, (xz,l 50 15X 25 x,,)=0

By using the mean value theorem, equation (14) can rewritten
as

Zy1 =W 6y

Iy
_ o 2.1 »
=Y, (X015 X0 X)) + 3 - (%y, = 0,)—€y)2,,
x, , 1275
oy
_ 2.1 *
=0+ I |rams (X, —0,)—¢,,2,,
2,2 ’
_ a(Fz,l +¢y,2,;) *
- x P— (X, —0,)—¢y,2,,
2,2 o
_ 9 .
I PSR (X, =0,)—¢,,2,,
2,2 ’
A *
=g0(x,—0))—¢y,2,, (15)
P . .
where »,, is the point between o, and Xy, such

that ¥.(x,,) _'//2,1(0’;,1)/)‘2,2 _a;,l =dy,,/ox,, » and

gz/lj = afz] /axz,z

By employing an RBF neural network W, (b,) to

W— )
X2=%20

)
*225%2,2

approximate ¢, |, ¢/, can be expressed as
EE—
az,l - Wz,l (pZ,l (bZ.l) - 52,1
T
= wz,l ¢, (b,)— Cr12,1FC 2y, — 62,1

(16)

is the signal error and W7 denotes

_ *T
=W,,0,,(b,,)—¢,,2,, +7,,
where 7, =c, 7, —

ideal
b,,=[x,,,X,,,x,,] denotes the RBF input, and g, is the

2,1°

constant  weights, 0, is the basis function,

approximation error.
The virtual controller, a,,» is defined as

o, = WZT,I(I)Z.I (by)—¢,2y, )
where WZT is the estimation of W,”.
The adaptation law for WZT s
WZ,I = FZ.I[_(PZ,I (bz,l )22,1 - 0-2,1w2$1] (18)

where 0, >0 and T, >0 are design constants.
Let WZT,I(PZ,l(bZ,l) pass through a first-order filter to obtain Yo -
Thus, we have

&oitar+ 70 = Wiy, (b)) (18)
where 5271 is the time constant. Then the virtual controller,
o, is redefined as

O ==Cy 12y + V0

Step 2: Define the tracking error 2, =X, — 0, The derivative

of Z,, is defined as

(19)

Ly, =hy, =0, = fr, =0 = F (X%, X5, % 5,0, ))
Let a new function

‘//2,2 (xL] 4 XZ,] H x2.2 4 x2.3 4 aZ,] > az.l 4 de) = F‘Z,Z + CZ,ZZZ,Z 4 Where CZ.Z Isa

. .. .
design positive constant, then Voo =Fyy oz, + 8002, .There
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exists an ideal virtual controller
@, (x],l s X125 X015 % 25 dz,] N3P X)) such that

.
Yoo (X155, 15X, 5,00 5,061,061, X,,) =0

By using the mean value theorem, equation (19) can rewritten
as

Zyp =WYoo T CanZy0 T 5y
o, ,
ax2,3 v"2,3=-’f;

P p
=W (05X 1%, 0,0 5,001,061, X5 ) + 3 (53— ,)

2
G025 T 820%

Y.
_ 22 N N
=0+ 3 3=y (Xy3=0h,) = Cy0Zy 5 = 8227,
Xos T
O(F,,+¢,,2,,)
_ O, 162, . 2
T o, e (%23 = 003) = €122, — 83,52,
X253 :
_ % : i
- ox, ; - (%3 =00,) = €075, = €327,
! * Y/
=80,(%,3=00,) =02, — 81,27, (20)
i . .
where =, is the point between ¢, and x  , such
that Yoo (X3) = ¥5,(0,) Xy -0, = al//z,z /axu » and

s
3503

giz = afz,z /axz,s P

X3=X73

By employing an RBF neural network W,%¢,,(b,,) to

.2
approximate o7, , or; , can be expressed as

0(;’2 = Wz*,zq)z,z (by,)— 52,2
= W;,Z(Pz,z (by,)=C2y, +C525, = 52,2
21

is the signal error and w,? denotes

“
=W,50,,(b,,)—¢,,2,,+7,,

where Ty2 €%, 70550

ideal constant weights, ¢, is the basis function,

bz,z :[xl,l s X125 Xy 15X 25 1

a,,,x,,] denotes the RBF input,
and §,, is the approximation error.

The virtual controller, a,,> is defined as

&, = Wzr,z(Pz,z (b,,)—¢,,2,, (22)
where WZT , is the estimation of W, .
The adaptation law for W7, is

Vsz,z = 1—‘272 [_(Pz‘z (bz,z )Zz,z - 0'272\7&V272] (23)

where 0,,>0 and r,,>0 are design constants.
Let W!,¢,,(b,,) pass through a first-order filter to obtain y, , .

Thus, we have
52.2 72,2 +%,= WzT,z(Pz‘z (bz,z) (24)
where £  is the time constant. Then the virtual controller,

a,,s is redefined as

(25)

Oy ==Cy5Z55+ Vs,

Step 3: Define the tracking error 2, =Xy, — Oy, The derivative

of Z,, is defined as

Zy,= Xpy =0, = fz‘s - dz,z =155 (xl,l s X200 15X 00X 35 Uy Uy, a,,) (26)
Let a new function
. _ 2
W3 (X005 X 5 X 3 Uy Uy O 500 5,0 ) = Fy 5 €32, 3 + 8575,
, where ¢, . is a design positive constant, then

. A T b
Zyy =Wy —CosZyy —GaaZas - There exists an ideal controller

U, {xl,l 3 Xi 20y X2 Ko 3o Uy O, Oy 5, Oty 1 } s such that

..
W3 (0015 X, 5155 55 55Uy Uy, Oy 5, 0y 5,0 )0

By using the mean value theorem, equation (26) can rewritten
as

. A
Zy3 =VW037C3Zy 3~ 823%03

.
=W 5 (0015 X155 1% 2 %5 35 Uy Uy, Oy 5, O 5, Oy 1)

oY, « 2
+ o =i (U, —u,) =132, , = 813755
2
Y.
_ 23 * 2
=0+ . =i (U, —u,) = €325, — 81375,
2
_ a(Fz,z +¢37)5) * 2
= ou wy=ul (U, —u,) =€y 32,, = 82375,
2
s . 2
= o =k (U, —1,)=Cy32, = 82372,
2

@7

— oh * , p

=833y —1uy)—C32,, - 85375,
where uj is the point between u; and u, , such that
Vis (“2)_‘//2,3(14;)/“2 —u; =9y, ,/du,
By employing an RBF neural network, W,%e, (b,,) to

uy=uj

approximate u; , u; can be expressed as
”Z = W;,€¢2,3 (b,)— 62,3

= Wz*gq’z,z (b,3)—€y32,5+ €552, 5 — 52,3

= ;gq’z.z (by3)—Cy32,5+ 7, (28)
where A AL is the signal error and w273' denotes
ideal constant weights, ¢ 23 is the basis function,
D =X 0 0% 1% 5 % 55Uy Oy 5, Oy 5, Oy ] denotes the RBF
input, and §,, is the approximation error.

The controller, u,, is defined as

u, = WzT,z(Pz,s (by3)—¢,52,5 29
where WZT , is the estimation of w,7.
The adaptation law for W, is

Wz,s =T, 5[-0,5(by3)z,5— 0-2,3W2,3] (30)

where 0,0 and r,,>0are design constants.

Theorem 1: Consider the closed-loop system (1), The control
input is defined as (12) and (29), and the adaptation law is
given as (13) and (30). Then all the signals in the closed-loop
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system remain bound and the state x,, can track a bound
reference signal x, arbitrarily closely.
Proof: To be omitted for matching the requirement of the
length.

IV. SIMULATION RESULTS

This section presents the simulation results of the proposed
controller, showing that the tracking error of the closed-loop
system can be made arbitrarily small.

Examplel : Consider an MIMO nonlinear system

X, =2x,+ Sin(xl,lxl,zxz,lxz.z)
X = 20, +COS(X, )X, 5 X)X, )X, 51,
X, =2x,, +sin(x, x,,) (€3]
Xy, =2x,5 +€08(x, X, X, X, 5)
X, 3 = 2uy +COS(X, X, , X, X, , X, 514,
Yi=Xy i=1,2
The reference model is a van der Pol oscillator
Xy =Xy,
Xy = =%, +B(1= le )X (32)
Vi = Xai i=12
The reference model is taken from [15], where 3, and y,
are the control inputs. The initial state s
[x,,(0), x,,(0), x,,(0), x,,(0), x,,(O)]"  =[0. 1,0.2,0.7,0.1,0.2]"
and [x,(0), x,,(0)] =[1.5,0.8] . The initial weights are

W,(0)=W,,(0) =W, ,(0)=W,,(0)=W,,(0)=0 . The design
parameters are selected as c,=8¢,=12,¢,,=12, ¢,, =22,
6,=22 , T, =T,=T,, =T,,=T,;=diag{2} and
0,,=0,,=0,,=0,,=0,,=0.1 . The first neural network
erﬂjl.l(bn) has 32 centers which range over the interval [-
2.5,2.5] X [-2.5,2.5] X [-2.5,2.5] X [-2.5,2.5] X[-2.5,2.5]. The
second neural network W{z@z(blz) has 256 centers which
range over the interval [-2.5,2.5]X[-2.5,2.5]1X[-2.5,2.5]X[-
2.5,2.5] X[-2.5,2.5] X[-2.5,2.5] X[-2.5,2.5] X[-2.5,2.5]. The
third neural network Vi/{l¢2,l(b2,l) has 8 centers which range
over the interval [-2.5,2.5] X [-2.5,2.5]X[-2.5,2.5]. The fourth
neural network WZT2¢2 ,(b,,) has 64 centers which range over
the interval [-2.5,2.5]X[-2.5,2.5] X[-2.5,2.5] X[-5,5] X[-
2.5,2.5]1X[-2.5,2.5]. The fifth neural network VI7273¢23(1723) has
512 centers which range over the interval [-2.5,2.5] X [-2.5,2.5]
X [-2.5,2.5]X[-2.5,2.5] X[-2.5,2.5] X[-2.5,2.5] X[-5,5] X[-
2.52.5]X[-2.5,2.5]. The state x, of this system and the
model reference signal x -, are shown in Fig.1. The state X,

of this system and the model reference signal x -, are shown
in Fig. 2. The responses of control inputs 4 and y, are shown

in Fig. 3. The simulation results show that the states x,, and

x,, can track the model reference signals » and X,

arbitrarily closely.

V. CONCLUSION

In this paper, a radial basis function neural network
adaptive backstepping control scheme has been proposed to
control MIMO nonlinear systems in block-triangular form.
We added a first-order filter at each step of the backstepping
design to avoid the higher-order derivative problem generated
by the backstepping design. The proposed controller possesses
the advantages of avoiding the higher-order derivative effect
on the approximation model and eliminating the need to
compute complicated derivatives. Simulation results have
shown that the proposed RBF adaptive backstepping control
scheme can rapidly learn unknown system dynamics, and
achieve favorable tracking performance.

Amplitude

2 ! L ! L ! L L L L
o 2 4 8 g 10 12 14 16 18 20

Time(sec)

Fig. 1 the state of system x, , and model reference signal x

Amplitude

=)
[N
.
@k
=)

10 12 14 16 18 20
Time(sec)

Fig. 2 the state of system x, , and model reference signal x ,
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Fig. 3 control inputs u, and u,
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