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Abstract—1In this paper we propose a new methodology
of estimation of nonlinear systems subject to unknown hard-
input nonlinearities. Using the fact that the dead-zone input
nonlinearity can be modelled as a line input function with a
bounded disturbance term then, by appropriate selection of
the system input, we show that the simultaneous estimation of
the dead-zone parameters with the unmeasured system states is
possible under some mild conditions. The proposed observation
strategy can be applied to both symmetric and non-symmetric
dead-zone input with possible extension to time-varying dead-
zone characteristics. Several cases are considered with illustra-
tive examples in order to show the effectiveness of high-gain
observers in identification of the dead-zone parameters.

Index Terms— Dead-zone inputs; Nonlinear Observer De-
sign; System Theory; Uncertain Systems; Identification; Mecha-
tronics.

[. INTRODUCTION

YSTEMS with hard input nonlinearities are ubiquitous
S in various electrical and mechatronics devices like ultra-
sonic motors, valves, smart actuators and sensors. Hysteresis
and dead-zone are some of the common hard nonlinearities
that are usually encountered in newly smart actuators giving
rise to inherent difficulties in control and observation due
to the presence of singularities in the input channels. As it
has been reported in many references, the dead-zone input
nonlinearity is a non-differentiable function that characterizes
a non-sensitivity for small excitation inputs. Therefore, the
presence of such nonlinearity in feedback or observation
systems may cause severe deterioration of the system or the
observer performances. To cope with this inherent problem,
adaptive control techniques may be applied to design con-
trollers. The study of adaptive control for systems subject
to dead-zone actuators was initiated in [1] [2], [3], [4],
and the extensions may referred to [5], [6], [7]. Fuzzy-
logic and neural network approaches were further explored
to give different looks [8], [9], [10]. Robust stabilization of
unknown sandwich systems with known uncertainties bounds
was discussed in the references [11], [12].

Numerous existing adaptive procedures use inverse dead-
zone nonlinearities to handle the effects of non-smooth
nonlinearities [3], [13]. However, the available techniques
that dealt with computation of dead-zone inverses lead, in
general, to some static error that cannot be completely elim-
inated. As an alternative, a robust adaptive control scheme
was developed in [14] without constructing the dead-zone
inverse, where the dead-zone input nonlinearity is modeled as
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a combination of a line and a disturbance-like term. However,
this scheme requires symmetric dead-zones inputs. Extension
of the results to non-symmetric dead-zone-input systems is
given in [7]. Based on this result, we focus on identification
of dead-zone inputs associated to nonlinear systems written
is uniformly-observable canonical form. We disclose that it is
possible to identify the parameters of non-symmetric dead-
zone inputs when these non-affine input nonlinearities are
associated to a class of bounded-states nonlinear systems.
By using high-gain observers we show that it is possible
to reconstruct both the dead-zone parameters and the true
inverse of the dead-zone characteristic. The second objective
of this paper is to show that it is possible to reconstruct
asymptotically the system states by switching between two
nonlinear-observer schemes. To avoid the peaking of the
estimates and excessive high-gain design, a new adaptive
nonlinear observer with non-symmetric saturation function
is analyzed.

II. OBSERVATION OF NONLINEAR SYSTEMS SUBJECT TO
PARTIALLY KNOWN DEAD-ZONE INPUTS

Since in most practical situations the dead-zone parameters
are poorly or partially known then, it is not possible to design
an observer as a copy of the system dynamics with extra
output correction. Therefore, systems having dead-zone input
nonlinearities are seen as unknown-input systems where the
unknown input is not necessarily bounded. Due to the fact
that this hard-input nonlinearity is not always symmetric, not
accessible for measurements, and its slopes may be constants
or time-varying then, it is quite difficult to represent the
nonlinearity as a smooth parameterized function. For this
reason, we propose a new observation techniques to identify
the unknown dead-zone parameters by considering positive
and negative excitation inputs. Here, we distinguish two
independent cases.

A. Unknown width dead-zone inputs

Consider the nonlinear system

&1(t) = z2(t) + fr(21(t)),
@a(t) = w3(t) + fa(wa(t), z2(1)),

Bi(t) = wip1 (t) + fi(zo(t), -+, 24(t)), )]

Tn(t) = fo(z1(t), x2(t),- -
y(t) = z1(t),

san(t) + 7 (u),
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where z(t) € IR" is the state vector, f(z) is a smooth
nonlinearity with f(0) = 0, y(¢) € R is the only measured
output and Z(u) € R is the dead-zone input nonlinearity
represented in Fig. 1. This nonlinear input characteristic may
be symmetric or non-symmetric as represented in Fig. 1. In
matrix notation, the aforementioned system is given by:

t=Azxz+ f(z)+ B 2(u),

2
y=Cu @)
where
[0 1 0
00 1 0
AR 0 0 | €R™,
00 0 1
L0 0 0 0
) 17’
0 0
B2|:|ler,c2| 0| ery, )
0 :
1 0
fi(z1(t))
Ja(z1(t), z2(t))
flz(t) £ . cR".

fulan (1), 22(8), 2 ()

The non-symmetric dead-zone represented in Fig. 1 is de-
fined as

01(U+d1) 1f,u§ —dl,
P(u) £ { a(u—do) if, u> dy, O]
0 otherwise.

When the slopes of the dead-zone characteristic are the same
and the breakpoints are symmetric then the dead-zone input
nonlinearity becomes symmetric and consequently,

O(u+d) if, u < —dy,
Ds(u) 2L O(u—d) if, u>dy, %)
0 otherwise.

In this subsection, we show how to estimate asymptotically
the unknown breakpoints of the non-symmetric dead-zone
under the assumption that the slopes 6; and 6, are known.
This result is summarized in the following statement.

Theorem 1: Consider the nonlinear system (2) subject to
the non-symmetric dead-zone input (4). Assume that for a
given bounded input u(t) > do and some initial condition
xzo € IR the system states (x;)1<i<n are globally bounded
such that all the trajectories of system (2) are well-defined
and contained in (2 defined as

Q*ﬁ{:rE///CIR"|—wi+§xi(t)§+wf,1§i§nj,
6)
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2(u)

02

—dy do u

01

Fig. 1. The non-symmetric dead-zone

where (gf)lgign, (@f )i<i<n are positive constants. Define

the nonlinear observer as
&= A+ f(satt(2),u) + B (fu+ da)
0
+1 | W=-Ca),
ln
dy = L1 (y — C2),
. Jly—=C)* If,y—C2 #0, 7% >0,7(0) > 1,
7:{o If, y — Ci = 0,
@)

where the observer gain is issued from the solution of the
following Algebraic Riccati Equation:

PA L AP—PE'CP+O=0, C=[C 0],
DQ+QD>O7 D:dlag(1>27 7n+1)7Q:QI7
P(y)A' + AP(y) — P(y)C'CP(7) + Q(7) = 0,

Gl
L=| @ |=pPH0.
ln
£7L+1
®)
where A and sat(z) are defined as
sati;(ml)
N A B WA | Sat (z2)
A—{len 0},sat () = : ,
sat} ()
w if, — g;L <w< G)f
sat] (w) £ @f  if, w > @,
—gj' if, w < g;-".
&)



Then,

(10)

. dy
lim —= = —ds.
t—oo 2

lim (z; —3;) =0,1<i<m,

t—oo

Furthermore, if for given input v < —d;, the system states
are contained in the set

Q*é{xe/flcn{”]—g gzi(t)g-l-o?i_,lgign}
(11

then, by using the same observer gain, the following nonlin-
ear saturated-state observer

=A%+ f(sat™(2),u) + B (01 u+d)
4

dy = losa(y — Ck),

5= {'YO(?J —Ci)? If,y—C& #0, 7% >0,7(0) > 1,

0 If, y—Cz=0.
(12)
with
saty (x1)
saty (x2)
sat™(x) £ 2, ,
sat, (¢n) (13)
w if, —w; <w<w,;
sat; (w) £ @, if, w > @),
—w; if, w <w; .
guarantees the following convergence limits
: . . . dy
lim (z; —3;)=0,1<i<n, lim ——=d (14)
t—oo t—o00 (91

B. Unknown slope dead-zone inputs

In this subsection we show how to reproduce the dead-
zone slopes when the breakpoints of the dead-zone charac-
teristic are known. Based upon this crucial information, if
we define ua = u + dy, u® = u — dy then, for u > ds
system (1) takes the form

HEERSIRRE IR

Alternatively, for u < —dy, system (1) can be represented as

T A Bua x f(z)
o = 16
o L= Lal P L [0 ] oo
The idea of asymptotic estimating of the values of the slopes
consists in designing two independent observers with positive
and negative control inputs. In order to organize the analysis

of the converging observers, we would rather present the
following important result.

Lemma 1: Let

A B
A(u):|:01><n Ou]’C:[C 0}7
Q(y,u) =7*D~ (7,u)Qi D~ (v, u),

. 1 1 1 U
D(v,u) :dlag<17;a?7"' 7@777}

I‘:diag(l,2,3,-~~ ,n+1),

rQ+Q:L>0, Q) =Q; e R

where A € R™™ and B € RR™! are defined as in
(3). Then, the solution of the following input-dependent
Algebraic Riccati Equation

P(7,u)A'(u) + A(w)P(v,u) — P(y,u)C"CP(v,u)

+Q(v,u) =0
(18)

(17)

has the following properties:
e P(v,u) is symmetric and positive-definite V v > 0,
Vu € IR and admits a unique solution given by:
P(y,u) = yD~'(y,u)PD ™ (7,u)
where P = P(1,1);
d
e Vy>0,Vu € R — P !(y,u) <0,and — P(vy,u) >
0 dy dy

o For any lower triangular matrix .%,«,, € IR™*" and
for any « > 1 there exist three constants ¢1, c2 and cg
independent of ~ and u such that

(19)

f,;xn Onx1 -1 ann Onx1
|: 01><7L P (’%U) 01><n O 0o
<2
Y
HD(’WU) |: og/ﬂnxn 0n><1 }D‘l(fy,u)
01><n 0 s
<oyt
~
(20)
Proof: i) By denoting A;= A(u) , Q1 =
u=1

then, the matrix P verifies the following al-

Q(v,u)

Lol .
gebraic Riccati equation:

=1

PA'+ A P-PC'CP+Q,=0 21

Pre-and post multiplying by the matrix yvD~! (v, u), we have

V2D (v, u) (IsAll +A,P—-PC'CP + Q1> D7 (y,u)

=0
(22)
Using the following properties
1
A1 D7 (v, u) = =D (v, u) A’ (w),
1Dy u) = D7y, ) Al(w) 23)

D' (y,u)C' =C’
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then, the last ARE can be rewritten as
D7 (0 PD )| )
+ 4w D (0,0 PD )| -

[wD*(w)PD*w, u>} C'C[w*(v, WPD " (7.u)
+7’D (v, )@ D~ (v,u) = 0.
24)

By comparison of (24) with (18), we conclude that
P(y,u) = yD~(y,u)PD ™' (v,u) is a solution of (18).
Since Q; is symmetric and positive definite then Q (v, u) =
VD7 (v, u)Q1 D7 (y,u) > 0 Vy,u # 0 which implies
the positivity of the solution P(~y,u) for any non-null v and
u.

1) The monotonicity-increasing property of the matrix
P(+,u) depends on the matrix Q(+, u). This can be seen by
differentiating the ARE (18) with respect to « which yields

d

d
1 POLA @) + Aw) P
d d
- ap(77 ’M)C,CP(')/, ’LL) - P(77 U,)C/Cap('y, U)
d
= _EQ(’WU)’
(25)
or equivalently,
d L\
PO (40 - POCC)
1~ 4 _ 4
+ (400 = POCC) £ PO = - @)
(26)

d
The matrix d—P(’y, u) > 0 if and only if the time-varying
Y

d
matrix A(u)— P(v,u)C’C is Hurwitz and GTWQ(% u) > 0.
By decomposition of the matrix derivative as

%Q(% u) = % {WD_l(%U)} Q: {WD_l(% “)}
+ {VD*I(% U)} Q1% {VDA(% “)} 27

=D '(v,u) (I‘Q1 + er)D*(%u).

S(iince the matrix I'Q; + Q1T > 0 then, we conclude that
d—Q(y, u) > 0 for all v > 0. On the other hand, P(v,u)
y

verifies
P(vy,u) (A(u) — P(~, u)C”C)

+ (A(u) — P(%u)C’C)P(ﬂ/,u) = —TI(v,u)
(28)
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where TI(y,u) = —Q(v,u) — P(7y,u)C'CP(v,u) then, we
conclude that the time-varying matrix A(u) — P(vy,u)C'C
is stable in the sense that the time-varying system

i= (A - POCC)y 29)

is exponentially stable for all v > 0, Vu. Based on this
result, and using the fact that the matrix A(u)—P(y,u)C'C
verifies the Lyapunov equation (26) then, from the stability

theorem of Lyapunov we conclude that d—P(fy7 u) > 0.
v .
iii) By considering the following partition of P~*

Pl { PL' P }

- ~ 30
P12 P22 (30)

where 1511 S IRnxn, Pi2 € anXI, Dag € ]R>0 then,

P (y.u) = %Dmu)P-lD(% w)

LD Bipey)

n—1

v
U

_ y2n-l
D(y)P12 3 b2

This implies that

’

f X 0, x1 —1 ben 0'r1,><1
nxn n P
H |: 01><n 0 (77“) 01><n 0 -
1, _
— H ;D‘annD(fY)P ID('-Y)ann 0n><1
01><n 0 oo
1 ~
= |52 DOV PTIDO) L | ST 7> 1 >0
h (32)
The second inequality of (20) is obvious due
to the _fact that all_ the entries of the matrix
D(v,u) nxn Snxll D=1y u) are of the form

01><'n, 0

a;; + —L where a; ;, b; ; are real constants. This ends the

proof of7 the technical Lemma. The design of the nonlinear
observer is summarized in the following statement.

Theorem 2: Consider the nonlinear system (2) subject to
the non-symmetric dead-zone input (4). Assume that for a
given bounded input u(t) > do and some initial condition
zo € IR"™ the system states (x;)1<i<n are globally bounded
such that all the trajectories of system (2) are well-defined
and contained in ) defined as

Ot 4 {z €M CR"|-w! <ai(t) <+w,1<i < n}

(33)
Let sat™(w), A(u), Q(v,u), C be defined as in Egs.
(9), (17) and define the augmented nonlinearity vector



f1(51)
fa(s1,82)

f(s1, - . Let £ be the

. 5n)

fn(817 82, 7871)
0
trajectory of the saturated-state observer

£

A(uP) €+ f(saty (&), saty (&), -+ ,sat) (€,))
+ P(’W u)(y - Cé)7
P(y,u®) A’ (u®) + A(u®)P(y,u®)

- P(’% uA)C,CP(’Y7 UA) + Q(77 U’A) = 0>
(34)

then, for any initial condition £(0), we have
Jlim (& —x)=0,1<i<n, Jlim Cni1 =02 (35)

Proof: Let us note £ £ ; ,and let e £ 5—5 be the
2

observation error between system J34) and (15). For u > do,
this error verifies the following state-space dynamics

¢ = (A(UA) — P(v, u)C'C) e

+ f(sat'f(él), Sat;(éﬂ? e ,sat;t(én))
— f(saty (&1),sat] (&2), -+ ,sat} (&)
(36)

Using the differential Mean-Value Theorem which states that
for two given vectors z; € R", x5 € IR" the difference
©(x1) — p(z2) can be rewritten as

[ op(s)
- 0s

p(r1) — p(r2) (1 — x2)dA,

0 s=xz1—A(z1—22)

G37)

for any smooth vector ¢(s) € R". Let s) = sat™ (€) —
A(satT (&) — sat™(€)) then, from Egs. (36) and (37), we
have

é= (A(UA) - P(’y,u)C’C) e

. [ 2

s
Let us associate the following time-varying Lyapunov func-
tion V(e) £ ¢/ P7!(v,u)e to the dynamics (38) with v >

ds. This gives

A (38)
(sat™(€) —sat™(£)) dA.

5=5

. d
V(e) =P (y,u)e+ P (y,u)é + ¢/ =P (v,u)e

d
é+4e—pPt

=¢P (v, u)e+ P (v,u) a5

(v, u)
(39)

e
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. d
Using the result of Lemma 1, we have e/d—P’1 (v,u)e <0
v
for e # 0; therefore,

Vie) <éP M (v,u)e+ e P (v,u)é
=¢ (A(uA) — P(y, u)C'/C’) P (v,u)e

+ P (v, u) (A(U,A) - P(y, u)c’c) e

LOf(s)
Js

+ 26’P71(’y, u) /

0

i:z;a‘ﬁ( ) —satt(€)) dA.

(40)

3
The matrix P~*(,u) verifies the following ARE

A (uP) P (y,u?) + Py, uP) A(u®)
=C'C -~ Pil(’% “A)Q(’Y7 u)Pil('% U’A)'
(41)

This gives

Vie)<¢ ( ~C'C—P ' (7,u®)Q(r, )P~ (v, uA)) e

Lof(s)
Js

+2¢' P71 (v,u) /

0

Xi(sat+(é) —sat™(€))dA.
(42)

Using the following inequality 2a'b < o' Xa + 0'X 1
where ¢« € RY, b ¢ RY, VX =

X''> 0 e R
then, by tacking X = P(y,u),a = P (y,u)e, b =
/1 o1(s)

0

s (sat™ (€) — satt(£)) dX then,

EELIN

l 81;(;) (sat™ (€) — sat™(£)) dA

2¢/ P~ (v,u) /

0

EEEIN

<P (v,u)e

; ( / Lof(s) B

0s
1
x P~H(y,u®) </0 o7)

(sat*(€) — sat™ (€)) dA)

Jds

(sat™ (€) — st (€)) d)\) .
(43)

EEEIN



Since

/1 0f(s)
0 Js _

Y P1(o) / 0f(s)

0 0s
1
<),
JO

% Pil(’y,uA) 8-2(5)

’

(sat™ (€) —sat™(€))dA

(sat™ (€) — sat*(£)) dA

EEEIN

(sat™(€) —sat™(¢))

s=5

of(s)
Js

(satt (&) —satt(€)) | dA.
S=8)\ (44)
Consequently,

V(e) < V(e)— ¢ | P (3, u®)Q(rw) P~ (7,u®) |e

1
/
0

x P~ (y,u®)

f(s) '
Os

(sat* (€) — sat™ (&)
0f(s)
0

(sat™ (€) — sat™(€)) | dA.

EEEIN

S
(45)

I

EETN

X | === (satt(€) — satt(€)) dA
<D™y W) F'(O) P (v, w) F() D (o, ) || |G (v, u) e
(46)

then, by putting z = D(, u) e we can always find a constant
a > 0 such that @, > « P which implies that

¢(Penu)@0 ) P ) ) o

IN

—ace (D(’y7 uA)ﬁ_lD(%uA)) e 47)

—ayV(e) = —a1 2z, a1 = @Amin (1371).

Amax (1371)

Taking into account V(e) < and using the

result of Lemma 1, we can find two constants ¢s and ¢3 such
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that || D(v,uw)F()D~" (7, u)
(45) and (46) that

N Y 2
Vie) < — <a1 A 5(C1 + 62) )z/z 48)
o 2

where A = Apax(P™1). Since ~(t) is increasing then, there
exists a time t* > to such that V(e) < —¢*2'z, ¢* >0, t >
t*. Since for ¢t > t*; V(e) < —c* (Cfl — y)2 then, it is easy
to prove that y(t) converges to a some constant when time
tends to infinity. Furthermore, during the period to < ¢t < t*
the states of the observer do not escape to infinity due to the
fact the observer nonlinearities are bounded for all ¢t > 0.
This ends the proof of the Theorem.

<co+ C—S. This implies from
Y

III. CONCLUSION

In this note, we gave a systematic method to estimate the
parameters of dead-zone input systems exhibiting bounded-
state behaviors. The proposed procedure is able to reconstruct
constant and time-varying parameters without restrictive con-
ditions. Based on this proposed design it is then possible to
reconstruct dead-zone inverses to cancel the effects of un-
known dead-zone nonlinearities in feedback control systems.
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