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Abstract—A scalable Sigma-Point Kalman filter (DSPKF) is
proposed for distributed target tracking in a sensor network in
this paper. The main idea is to use dynamic consensus strategy to
the information form sigma-point Kalman filter (ISPKF) that
derived from weighted statistical linearization perspective. Each
node estimates the global average information contribution by
using local and neighbors’ information rather than by the
information from all nodes in the network. Therefore, the
proposed DSPKF algorithm is completely distributed and
applicable to large-scale sensor network. A novel dynamic
consensus filter is proposed, and its asymptotical convergence
performance and stability are discussed. Finally, a numerical
example is given to illustrate the proposed scheme.

Keywords—sigma-point Kalman filtering, average consensus,
weighted statistical linearization, target tracking, sensor network

L INTRODUCTION

With the advance in the fabrication technologies that
integrate the sensing and the wireless communication
technologies, tiny sensor motes can be densely deployed in the
desire field to form a large-scale wireless sensor network
(WSN). Distributed estimation and tracking through sensor
networks is a problem with a large spectrum of applications [1-
3], such as surveillance, rescue, traffic monitoring, pursuit
evasion games, etc. The well-known strategy concerning
estimation and tracking is decentralized Kalman filtering,
which involves state estimation using a set of local Kalman
filters that communicate with all other nodes [4-5]. The
information flow in the traditional decentralized Kalman
filtering or sigma-point Klaman filtering scheme [6] is all-to-all
with communication complexity of O(#%) which is not scalable
for sensor network [7]. Usually the energy cost related to
communication between sensor nodes and computation in each
node is significant when using such an algorithm in sensor
networks. Reducing the energy cost in communication and
computation can significantly increase the node life span [8].

Average consensus algorithms have proven to be effective
tools for performing network-wide distributed computation task
ranging from flocking to robot rendezvous as in the papers [9-
10] and the references therein. Recently in [11-12], Olfati-
Saber introduces a distributed Kalman filtering (DKF)
algorithm that uses dynamic consensus strategy. The DKF
algorithm consists of a network of micro-Kalman filters each
embedded with a high-gain high-pass consensus filter. The role
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of consensus filters is fusion of sensor and covariance data
obtained at each node. Very recently, the problem of estimating
a simpler scenario with a scalar state of a dynamical system
from distributed noisy measurements based on consensus
strategies is considered in [13], the focuses are with the
interaction between the consensus matrix, the number of
messages exchanged per sampling time, and the Kalman gain
for scalar systems. However, to the best the authors’
knowledge, the distributed estimation problem in a sensor
network so far is mainly focused on the state estimation
problem for linear Gaussian noises case, little effort is devoted
to the distributed state estimation problem in the case of
nonlinear system dynamic or non-Gaussian noises.

In this paper, we focus on scalable or distributed sigma-
point Kalman filtering algorithms (DSPKF) based on the
information form SPKF, which is derived from the weighted
statistical linear regression property of SPKF. Moreover, each
node in the network only communicates message with its
neighbors and then estimates the global average information
contribution by using local and neighbors’ information using a
dynamic consensus strategy. Therefore, unlike the
decentralized sigma-point Kalman filter (see e.g. [6]), the
proposed filter is completely distributed and applicable to the
large-scale network.

II. PROBLEM STATEMENT

Consider a sensor network with N sensors that are
interconnected via an overlay network. As is well known the
sensor network can be modeled by using algebraic graph theory
[14]. A vertex of the graph corresponds to a node and edges of
the graph capture the dependence of interconnections. Formally,
a graph G =(V,E) consists of a set of vertices V ={v,v,,
---v,} indexed by nodes in the network, and a set of edges
E={(v;,v;) €V xV}, containing unordered pairs of distinct

vertices. The set of neighbors of node i on graph G is defined
as N, ={j:(i,j)eE}. The degree of vertex i is defined as

d, = =max, d;. Let A be the

degree matrix, A =diag(d;) . The adjacency matrix J is the
integer matrix with rows and columns indexed by the vertices,
such as the jj-entry of J is equal to the number of edges from i
to j. Following [14], Laplacian matrix of a graph G is defined
as L=A-J.

Ni‘ and maximum degree is d

max
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Considering the following nonlinear discrete-time system
modeling a moving object in the sensor network

x(k+1) = f(x(k), k) + w(k) (1)
z,(k) = h,(x(k), k) +0,(k),  i=1,23N (2

where x(k) e R", z,(k) e R" are the state of the system and

the ith measurement at the time step k&, respectively; f and #;
are known, possibly nonlinear function of the state x(k) and

time step k. The process noise @(k)e R’ is assumed to be
zero mean with covariance Q(k) , v,(k)eR™ is additive
measurement noise of the ith sensor. It is assumed that v, (k) is
zero mean with covariance R,(k) , and independent of the
process noise @(k). To ease the analysis, we assume that all
sensors are synchronized and have the same measurement rate.

This paper focuses on design an appropriate filter capable
of performing the target state estimation and tracking tasks
with less communication and computational load. Note that the
information flow in the traditional decentralized sigma-point
Kalman filtering is all-to-all with communication complexity
of O(n*) which is not scalable for large-scale sensor networks.
Usually the energy cost related to communication between
sensor nodes is significant when using such an algorithm.

III. THE INFORMATION FORM SPKF

In this section, the so-called information form sigma-point
Kalman filter is derived from the weighted statistical
linearization perspective.

A. Weighted Statistical Linearization
Now, consider a nonlinear function u =g(x) which is
evaluated in r sigma-points ( v, j =1,2,...,r ), L.e.

luj :g(zj)7j:1325"-5r (3)

where the points y, are chosen such that the mean and

covariance are consistent with the prior information X = x and
Po=P, , with ¥=3 07 , P.= Z,:le(lf -%)-
(;(‘/. —)_C)T, and Z::la) . =1. The statistical linearization is to

find the linear regression u = g(x) = Ax+ b that minimizes the
weighted sum of squared errors [15]

{4,b}= argminiwjgfej 4)
=

where the point-wise linearization error is defined as
g;=p;,—(Ady;+b) . If we further define the following

estimate of the posterior (Gaussian approximate) statistics of
the propagated regression points

E(u)~ir = Zy,-:l DiH; ®)

Var(u) ~ ﬁuu = z;:l a)/' (/u/ - L_IX'”/ - L_I)T (6)
Cov(x,u) & }_’xu = Z’ 0] (;(j - )?X,uj —17)T W)

j=1J
the weighted statistical linear regression solution to is the usual
weighted least square fitting: 4= P P_' and b= — Ax . The

mean and covariance of the linearization error ¢ is

E=), e =u-AT-b=0 ®)

_ . . _
Py :Z,-:1 w6, =F, — AP, A ©

uu

Once the statistical linearization has been determined we
now can approximate the nonlinear function u = g(x) as

g"(x)=Ax+b+s (10)

where ¢ is assumed to be zero-mean with covariance matrix

I_’_g and uncorrelated with x. Note that the statistical lineari-

&

zation in (18) provides the same approximation as (5)-(7):

i (11)
Var(g" (v))= AP, 4" +(B, - AP, A")=F,  (12)

Covlx,g"(x))=Var(v)a” = B, (B7P;'f =P, (13)

B.  Information form Sigma-Point Kalman Filtering

From (10), the discrete-time system (1)-(2) can be
linearized into the following formulations

x(k +1) = F(k)x(k) + b* (k) + @ (k) (14)
z,(k) = H,(k)x(k) + b (k) + T (k) (15)
where the components corresponding to the state and the noise

are separated. To obtain the linearization (14), (2n+1) sigma-
points {;( fls k),a)j} are generated according to

~ K
2ok | k) = x(k | k), @y =——
n+kK

;(j(k\k):i(k|k)+(,/(n+z<)Pxx)j,a)jzz ! ,j=12,.,n
L N R e B

where x is a scaling parameter usually chosen as 0 or 3-» and
(\/F)j denotes the j-th row of the Cholesky decomposition of

P. Then, each of the sigma-point is processed through the
nonlinear transition equation (1). Moreover, to obtain the
linearization (15), each of those (2n+1) sigma-points
{;(j(k+1|k),a)j} generated by (16) in a similar way is

propagated through the nonlinear observation equation (2).
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Based on the propagation of these sigma-points, the
corresponding matrices in (14) and (15) can be computed from
(10) as follows

F(k)=Pl(k+1,k+1] k)P (k|k),
b (k) =x(k+1|k)—-F(k)x(k | k)

H(k) =Pl (k+1| k)P (k+1k),
by =z,(k |k-1)— H (k)x(k|k-1)  (17)

Furthermore, the total process noise @ (k)= w(k)+ " (k)

and the total observation noises U;(k) =v;,(k)+ & (k) of ith
sensor are zero-mean with covariance respectively

Var(@(k)) = Q (k) = O(k) + P (k)
=Q(k)+ P, (k+1| k)~ F(k)P, (k| k)F" (k)

Var(D, (k) = R,(k) = R;(k) + P} (k) s

=R,(k)+ P, (k|k—=1)~H,(k)P, (k| k=DH] (k)
where in second equation of above two derivations, covariance
of the linearization error in (9) is used.

Then, by define Y;(k|k) and Y;(k |k —1) the information
matrices of the local estimator and applying the standard
information form Kalman filter to the linearized state-space
(14)-(15), the information form sigma-point Kalman filter for
the nonlinear system (1)-(2) can be derived as

PREDICTION

3.k k=) =Y,k k-DF 0 K-11k-D+b"R)]  (19)
Yk k=1 =(FRy ' G-11k-DF" )+ 0H®)"  (0)

UPDATE

3,k =5,k [k -+ H 0OR 02,00 -b" (k)] @1)
Y (k|k)=Y,(k| k-1)+H/ (k)R (k)H, (k) (22)

As is well known, the sigma-point Kalman filter is a usual
Kalman filter running on the very same linearized state-space.
On this linear state-space, the information filter and the Kalman
filter are strictly equivalent. Therefore, the information form
sigma-point Kalman filter is equivalent to a sigma-point
Kalman filter.

Remark 1: Since the similar structural simplicity to the
standard information filter is preserved, the sigma-point
information Kalman filter can be easily extended to achieve
decentralized estimation as described in [6]. However, as stated
above, the information flow in the decentralized sigma-point
Kalman filtering is all-to-all with communication complexity
of O(n*) which is not scalable. Usually the energy cost related
to computation in each node and communication between

sensor nodes is significant when using such an algorithm. This
motivates the research on the scalable sigma-point Kalman
filtering for sensor networks in Section IV.

IV. DISTRIBUTED SIGMA-POINT KALMAN FILTER

We now consider the distributed sigma-point filtering based
on average consensus. The main idea is to calculate global
information contribution of the entire network from the local
(neighbors’) information based on dynamic consensus strategy.
First, we define the following average inverse-covariance
matrix

U =XV, = S O OF0) @3)
and the average measurements
u(h) = S0 =~ S 0R 0z k-7 w0] - 4

These averages can be estimated in each sensor node by
using an average consensus filter proposed in [9] and [16].
Each node exchanges the local information contribution with
its neighbors and estimates the global information contribution
based on neighbor’s local ones through the consensus filter.

Specifically, in a sensor node i, let U ;(k) denote the estimate
of global average inverse-covariance matrix U(k), and u,(k)

denote the estimate of average measurement u(k). A discrete-
time form consensus filter is designed as follows

y, (k) <y, (k) + 8| B (v, (0)-y, (k))+ (x, ()%, (k 1))

JeN,
25
where ¢ is the sampling time-step, the gain £ > 0 is relatively

large ( B ~ O(1/A,) where 4, is the second smallest eigenvalue
of the Laplacian matrix L) for randomly generated ad-hoc
topologies that are rather sparse [12]. y,(k) is the consensus
filter state of node i on time step k, which estimates the filter
input x,;(k) . As can be proofed, y,(k) asymptotically
converges to the average of the local input x,(k) (see
subsection B for details)

y.(k) - %gxf(k) (26)

Note that the output y,(k) represents either U (k) or
u,(k) , and the input x,(k) represents either U(k) or u; (k), we
have

0,00 > U =20, (0) @7)
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i,0) > k)= 30 (6) (28)

Remark 2: In the continuous-time form, (25) can be
reformulated as

5, =B (v,-v,)+ %, (29)

JeR,

We notice the consensus filter proposed in [12] has the
following form:

%(YI'X:'): /BZ(Y/'Yi)+ /BZ(X/'Xi) (30)

=y N,

The difference between (29) and (30) is that the consensus
filter in (30) does not need to have neighbor’s input
x;,(jeN,) , which certainly reduces the cost of
communication. Moreover, in [16], the equation of the dynamic

consensus algorithm is given as y, = Zje\é y I.-y,)+ X,, which

is a special case when assuming f=1.

A.  Procedure of the Distributed Sigma-Point Kalman Filter

In terms of the above discuss, procedure of the proposed
DSPKF can be summarized as follows.

Algorithm 1. Distributed sigma-point Kalman filtering

1: Initialization: U,(0), u,(0), U,(0), 7,(0) .

2: Update the local information contribution in terms of
U (k) = H (k)R (k) H, (k)
u, (k) = HI (OR, (0,06~ b7 ().

3: Consensus filter:

Each node calculates the estimated global information
contribution using (25).

4: Update the local predictive information state and matrix
according to (19)-(20).

5: Estimate the local information state and matrix

yi(k k)=, (k| k=1)+u,(k)

Y(k|0) =Y,k | k=D +U,(k).

Remark 3: Note in Algorithm 1 the message broadcasted only
to the neighbor nodes in the set &, for ith sensor. In the

contrary, the decentralized estimation algorithm proposed in [6]
involves broadcasting the message to all the nodes in the
network, which will congest the link. Especially in the large-
scale network or tiny sensor motes densely deployed wireless
sensor network, we believe there are significant scalability
advantages for the proposed sigma-point Kalman filtering
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strategy compared with the traditional schemes [6]. Moreover,
since the dynamic consensus filter (25) is convergent provided
that the network is connected (see the following subsection for
details), this makes the distributed sigma-point filter more
robust in the case of switching topology and link failure.

B.  Performance Analysis of the Consensus Filter

In this subsection, we will prove that the proposed
dynamics (26) is a high-pass filter and tracks the dynamic
consensus with zero steady-state error. First, by stacking all
node states y, and input X, into vectors y and X ,

respectively, we get a matrix form from (26)
y=—pfLy+x (31)
The corresponding MIMO transfer function is given by

H(s) = 3(8 =(s1+BL)"s (32)

It can be seen from (32) easily that lim H(s) =/ . Therefore,

given the graph G is connected, the proposed consensus filter
(25) is a high-pass filter.

Furthermore, for a connected undirected graph G,
szy. =0 . That implies that Ly =0 . Thus, we have the

following conservation property [16] for the above dynamics

consensus
d N d N
“ == ) 33
dt(zly,] dt(;x,J (33)

i=

Therefore, the instantaneous sum of the estimate variables
y; is equal to the instantaneous sum of the input variables x; .

Intuitively, this is precisely the property we would expect in
order to track the time-varying average consensus. This
intuition is formalized in the following theorem.

Theorem 1: Consider the dynamic system (26) with the MIMO
transfer function (40). Suppose the input x(s) has all its poles
in the left half-plane, and at most one pole at s=0. Then, for all i,

N
nm[y,-a) —izme ~0 (34)
1> N =
That is, each agent tracks the dynamic consensus with zero

steady-state error.

Proof: Consider the error signal e(r) , and its Laplace
transform

E(s) = Y(s) - %1 1" X(s) (35)

where 1 is the vector composed of N entries of scalar 1. The
error e(f) is the vector of deviations between the y,(?)



estimates, and the instantaneous average of the x,(f) terms.

Based on (35) and (32), we have the following MIMO transfer
function from X(s) to E(s)

E(s)

Hex(s):Fs) !

=(sI+pL) s—ﬁu (36)

Since the Laplacian is a symmetric matrix, it admits a
spectral decomposition as

L= i AF, (37)

i=1

where the A, terms are real eigenvalues, and the P; terms are

orthogonal projections onto mutually orthogonal eigenspaces.
It is a fact from graph theory that connectedness of G implies

the following properties: 1) 4, =0; 2) P, :IIT/N; and 3)
A, >0 for all #~1. Then (36) can be reformulated as

1., & & 1., &L s
H_(s)=|—11" + P |-—11 :E P, (38)
N = s+ pA, N = s+ pA

i

This transfer function has a single zero at s=0, and all the
terms in the summation are stable. Thus, for an arbitrary stable
input signal X(s) with at most one pole at s=0, the Final Value
Theorem implies that e(r) - 0 as ¢ — oo . This completes the
proof. i

V. SIMULATION EXAMPLE

The proposed sigma-point filter is applied to tracking a
target moving on noisy circular trajectories. Consider N=50
sensors randomly deployed in the query area, which is
50mx 50m with the coordinate from (-25, -25) to (25, 25). The
layout of the network is illustrated in Fig. 1, where a ‘0’ stands
for the location of a sensor. In the particular setup of Fig. 1,
there are 230 links with d_, =8. Consider a target with the

following dynamics adopted from [12]
x=Fx+Gw

with 4, = [O -2;2 0], and G, =1,. We use the discrete-time
model of the target with parameters
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The step-size is 6=0.025 . We adopt the following
measurement model for the ith sensor [18]

y,(k) = a/|(x(k), y(k))— (x, (1), v, ()| + v, (k)

where a =40 is the assumed known amplitude of the sound
source, [(x(k), y(k))—(x,(1), »,())| denoting the distance

between the target and the ith sensor, and the covariance of
v, (k) is R.(k)=+fi fori=1,2,...,50.

The simulation is performed 100 Monte Carlo runs each
with 200 time steps. The Root of Mean Square Error (RMSE)
is adopted to evaluate the performance. We compared the
proposed algorithm (referred DisSPKF thereafter) with

1) centralized sigma-point Kalman filter (CenSPKF), in
which the original measurement of each node is transmitted to
a fusion center, then the SPKF is adopted to estimate the target
state; and

2) decentralized sigma-point Kalman filter with a track
fusion center (DeFusion), in which each node in the network
estimate the target’s track by SPKF in terms of local
measurement, then the fusion center combines the local
estimate according to weighted average approach.

Simulation results for RMSE in x-direction are compared in
Fig. 2 and Fig. 3. In Fig. 2, for DisSPKF, the i=49 node with
degree d,, =6 is shown; for CenSPKF and DeFusion, the

measurements or the estimation of all nodes are sent to the
fusion center, respectively. In Fig. 3, RMSE in x-direction by
DisSPKF from node =40 (d,, =1) is compared with those by

CenSPKF and DeFusion. Obviously, the proposed algorithm
yields identical, if not better, performance compared to the
DeFusion strategy. Furthermore, both DisSPKF and DeFusion
performance very closely to the CenSPKF, which is minimum
mean squared error estimation (MMSE) in the case of Gaussian
white noise. The RMSE in y-direction performs similarly, thus
omitted for space reason. Of course, the difference among
DisSPKF, DeFusion, and CenSPKF is that the latter two
algorithm need the communication between all the local nodes
and the fusion center, hence are not scalable for large-scale
sensor network. While the proposed DisSPKF is scalable due to
that it estimates the global average information contribution by
using information from its neighbors rather than from all nodes
in the network. The results from other nodes have a similar
pattern and are omitted here.

Estimation error by itself is no longer the only measure of
performance in distributed estimation in sensor networks. In a
peer-to-peer estimation architecture, no particular fusion
centers exist and every node is supposed to known the estimate
of the target state. The agreement of estimate of every node
permits the query on any node in the network about the
estimation. In Fig. 4, the consecutive snapshots of estimates of
all nodes are shown. The estimates appear as a cohesive set of
particles that move around the position of the target.

VI. CONCLUSIONS

The distributed sigma-point Kalman filtering problem for
target tracking in sensor networks has been investigated based
on average consensus strategy. Each node estimated the global
average information contribution by using local and neighbors’
information. A novel dynamic consensus algorithm has been
proposed, with its asymptotical convergence performance
explored. Furthermore, the proposed DSPKF is applicable to
the large-scale sensor network. A numerical example has been
given to illustrate the effectiveness of the proposed scheme.
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