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Abstract-Forward Krawtchouk moment transform (FKMT) needs 
more computations when a straightforward method of computation is 
chosen. Hence, this paper proposes a simple recursive method to reduce 
the number of computations using a Clenshaw’s recurrence formula. 
Further, it is also shown that the number of computations can still be 
reduced by using the symmetry property of weighted Krawtchouk 
polynomials that are used to define FKMT. The proposed approach is 
verified with theoretical calculations as well as CPU time required for 
computation of FKMT of 1D and 2D points. The obtained recursive 
structure is simple and modular, Hence, it is suitable for parallel VLSI 
implementation.  

KeywordsImageReconstruction,Verylargescaleintegration,Krawtchouk 
moment transform, Clenshaw’s recurrence formula 

1. INTRODUCTION 

During the last few years, many moment transforms such as Geometric, 
Legendre, Zernike, Tchebichef, Krawtchouk etc. are proposed and 
applied for solving different problems in image processing and 
computer vision. In order to use them for real time applications, 
recursive algorithms are proposed. Some of the recursive algorithms 
proposed using Clenshaw’s recurrence formula are reported in 
references [5-10]. Simulation results given in [4] show that 
Krawtchouk moments are better in terms of reconstruction error when 
compared with other moments. Hence, this paper proposes a recursive 
method for fast computation of FKMT for signal and image data points 
using Clenshaw’s recurrence formula. The recursive structure proposed 
is simple and modular hence, it is suitable for parallel Very Large Scale 
Integration (VLSI) implementation. 
This paper is organized into six sections. Background on Krawtchouk 
moments is given in section 2I. Section 3 presents details about 
Clenshaw’s recurrence formula. Proposed recursive method of 
computation of FKMT for both signal and image data points is 
presented in section 4. Proposed method with symmetry property 
consideration is given section 5. Finally, the last section presents 
conclusions about the work. 

2. BACKGROUND ON KRAWTCHOUK MOMENTS 

The pth order forward Krawtchouk moments transform pQ  for a N 

point 1D signal )(xf  is defined as 
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 where )1,;( −NxK p λ is the pth order weighted Krawtchouk 

polynomial [4]  is defined as 
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In the above expression, )1,;( −NxK p λ  is the pth order discrete 

Krawtchouk polynomial [4] defined as 
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for x, p=0,1,2,….N-1, The parameter λ ∈ (0,1), 12 F  is the 
hypergeometric function, defined as 
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and ka)( is the Pochhammer symbol given by 
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The weight function )1,;( −Nxw λ  is given by 
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The weight function )1,;( −Nxw λ  can be recursively computed 
using 
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and )1,;( −Np λρ  is the squared norm, which is given by 
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The squared norm can be recursively calculated using the formula 
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with 1)1,;0( =−Nλρ                                                                                          
Recursive formula to compute Krawtchouk polynomials with respect to 
‘x’ is given by 
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The recursive formula for weighted Krawtchouk polynomials is derived 
as  

)8()1,;1(
)1)(1(

)(

)1,;(
)1)(1)(1(

)2()1,;1(

−−
−−+

−−

−
−+−−

−−−+=−+

−

−−

NxK
xNx

xNx

NxK
xxN

xpNxNxK

p

pp

λ

λ
λλ

λλλλ

The initial values for the above recursive formula can be  
obtained as 
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Given a set of Krawtchouk moments pQ  up to order maxN  for a 

digital signal )(xf , one can compute )(xf   from Krawtchouk 
moments  using the formula 
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Forward Krawtchouk moments transform pqQ  of order (p,q) for a 

digital image ),( yxf of size N x M are defined[4] as 
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Given a set of Krawtchouk moments up to order (Nmax, Mmax) , then the 
inverse moment transform can be computed using 
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3. CLENSHAW’S RECURRENCE FORMULA 

Clenshaw’s recurrence formula [9] is an efficient way to evaluate a sum 
of products of indexed coefficients by functions that satisfy a 
recurrence relation. Suppose that the desired sum is 
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in which )(xFn satisfies the recurrence relation as follows 
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for some functions ),( xnα and ),( xnβ
Then Clenshaw’s recurrence formula states that the sum )(xI
can be evaluated by 
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 where the quantities nψ can be obtained from the following 
recurrence: 
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for , 1,......1n J J= −  and solve backward to obtain 2ψ  and 1ψ

4. PROPOSED RECURSIVE METHOD 

In this section, we propose a recursive method for fast computation of 
FKMT for signal and image data points using a Clenshaw’s recurrence 
formula. To compute FKMT for a 1D signal as given in eq.(1) using the  
Clenshaw’s recurrence formula, let us consider 
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Comparing eq.(13) with eq.(8), we get 
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According to eq.(15), we define 
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with 0)(,0)1(,0),1( ==−=− NNpN ββα
Using eq.(14), we get 
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From eq.(19), we get 

0 1 2(0, ) (1) (0)p fψ α ψ β ψ= + +  from which we obtain 

0 1 2(0) (0, ) (1)f pψ α ψ β ψ= − −
Substituting the above (0)f in eq.(20), 
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By substituting the values of (1; , 1) (0, )pK N and pλ α
−

−  in the above 
equation, we obtain 
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The proposed recursive approach for the 1D FKMT ( pQ ) computation 

can be summarized as follows 
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In the above presented approach, we recursively generate xψ  from a 

input sequence ( )( ) 1,....,0f x x N= − . At Nth step, we obtain 

0ψ which is used to evaluate pQ as given in (22). A recursive 

structure for implementation of 1D FKMT ( pQ ) according to eq.(22) 

is shown in Fig.1. The box z-1 shown in figure represents a delay 
element. 
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pQ                                                                                                          

1,...,0x N= −
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Figure1. Recursive structure for the 1 D FKMT computation 

In the proposed recursive method for computing each FKMT, we need 
(2N+1) multiplications and 2N additions provided that the recursive 
coefficients )1(),( +xandpx βα  are pre-computed. In order to 
compute the FKMT as given in (1) by using the straightforward 
method, the polynomial values are first computed using eq.(8). For 
each ‘x’, eq.(8) requires 2 multiplications and 1 addition provided that 

the recursive coefficients and the values of )1,;0( −
−

NK p λ and 

)1,;1( −
−

NK p λ  are also pre-computed and saved. A total of 2(N-2) 
multiplications and (N-2) additions are required for computing all (N-2) 
values of ‘x’. Further, N multiplications and (N-1) additions are 
required in the summing process of eq.(1). As a result, a total of 2(N-
2)+N=(3N-4) multiplications and (N-2)+(N-1)=(2N-3) additions are 
required for computation of single pth order moment by using 
straightforward method. The same is given in table1. It is observed that 
there is a slight increase in the number of additions when compared 
with straightforward method, but the total number of computations 
(multiplications + additions)  are reduced. 
The above presented approach can be extended to 2D image data 
points. The FKMT for 2D case as given in eq.(10) for  parameters 

λλλ == 21  can be expressed as 
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The coefficients )(qwx  defined in eq.(24) are evaluated first for each 

0,1,.....,1−= Nx  according to the above presented approach. 
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Then )(qwx are used to evaluate pqQ  defined in eq.(23) which is 

given below 

)1,;0(

)()1(),(
0:1:1

0

0

21

1

−=

+++=
−−=
==

−

++

+

NKQ

end
qwxpx

NxforDo
Initialize

ppq

xxxx

NN

λϕ

ϕβϕαϕ

ϕϕ

                               (26)                    

The computational complexity is as follows. In eq.(25), the evaluation 
of )(qwx  requires (2M+1) multiplications and 2M additions for each 
value of ‘x’. Since there are N values of ‘x’, a total of (2M+1)N = 
2MN+N multiplications and 2MN additions are required. Eq.(26) 
requires (2N+1) multiplications and 2N additions. Hence, computation 
of one pqQ  using the proposed implementation of eqs.(25) and (26) 

requires a total of (2MN+N)+(2N+1) = (2MN+3N+1) multiplications 
and (2MN+2N) additions. The straightforward method of computation 
of one 2D FKMT is just two stage computation as given in eqs.(23) 
and(24). The first stage computation of eq.(23) can be considered as 1D 
FKMT  computation for ‘N’ values of ‘x’. For each ‘x’, a single 1D 
moment calculation requires (3M-4) multiplications and (2M-3) 
additions. Hence, the total number of computations for ‘N’ values of 
‘x’ is (3M-4)N multiplications and (2M-3)N additions. The second 
stage computation of eq.(24) can also be seen as a single 1D 
computation which requires another (3N-4) multiplications and (2N-3) 
additions. Hence the straightforward method of computation of single 
2D Krawtchouk moment transform as given in eqs.(23) and (24) 
requires a total of (3M-4)N+(3N-4) = (3MN-N-4) multiplications and 
(2M-3)N+(2N-3) = (2MN-N-3) additions. This is shown in table1. 

5. SYMMETRY PROPERTY   CONSIDERATION 

The symmetry property [4] of weighted Krawtchouk polynomials is 
given by 
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for  1
2

,....1,0 −= Nx

In case of ‘N’ odd, the signal can be zero-padded to make the ‘N’ even. 
Similar to the approach for 1D FKMT computation presented in section 
IV, eq.(28) can be computed as follows 
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This approach first pre-operates the input sequence 
)0,....,1()( −= Nxxf  to obtain the new sequence 

)0,....,1
2

()( −= Nxxg  then xψ  is recursively generated from the 

new input sequence. At the 
thN

2
 step, the transform pQ  is computed. 

The recursive structure for this case is same as shown in figure1 with 
)(xf replaced by )0,....,1

2
()( −= Nxforxg  which can be 

computed by using pre-operation given by eq.(29). In the above 
method, pre-operation requires N/2 additions. Hence, a total of (N+1) 
multiplications and (N+N/2) = 3N/2 additions are required for 
computation of each transform element pQ . Number of 

multiplications are reduced by ‘N’ and the number of additions are 
reduced by N/2 when compared with the proposed approach with out 
symmetry considerations. Hence, the proposed method with symmetry 
property consideration can provide faster results than the approach with 
out considering the symmetry property of weighted Krawtchouk 
polynomials. We extend the above presented approach to 2D case for 
the computation of FKMT of image ),( yxf . First we compute the 

coefficients )(qwx  for each 0,1,....,1
2

−= Nx  using the above 

presented method for 1D case. Then )(qwx  are used to evaluate  

pqQ . The number of multiplications and additions required for 

computation of 1D and 2D FKMT using symmetry property is also 
given in table1.  

To know the cpu time used for the calculation of FKMT,  ‘cputime’ 
function available in MATLAB is used. The programs are run on 
3GHz, Pentium 4 processor. The computed cpu time for calculation of 
various orders (40, 80, 120) of FKMT for Lena image using the 
straightforward method without and with symmetry and proposed 
recursive method without and with symmetry property consideration 
are (9.31, 26.78,60.40), (6.78,26.67, 60.03), (11.09,24.50,40.85) and 
(3.71,8.67,14.93) seconds respectively. It is found that proposed 
recursive computation of FKMT with symmetry property consideration 
takes lesser computation time. 

Table.1. Computational complexity comparison for a single 1D FKMT 
( pQ ) and 2D FKMT ( pqQ )

6. CONCLUSIONS 

This paper proposed a simple recursive method for fast computation of 
FKMT using Clenshaw’s recurrence formula. It is shown that the 
number of computations  can still be  reduced by considering the 
symmetry property of weighted Krawtchouk polynomials. The 
proposed approach is simple and modular in structure and hence, 
suitable for low cost parallel VLSI implementation. 
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Method Multiplications 
1D        :            2D 

Additions 
1D    :       2D 

Straightforward method (3N-4) : (3MN-N-4) (2N-3) 
:(2MN-  N-3)     

Proposed recursive 
method 

(2N+1):(2MN+3N+       
1) 

(2N):(2MN+2
N)

Straightforward method 
with 
symmetryconsideration 

(3N/2-4):(3MN/4-
N/2-4) 

(3N/2-3): 
(5MN/4-N/2-
3) 

Proposed recursive 
method with symmetry 
property consideration 

(N+1):(MN/2+3N/2+1
)

(3N/2):(5MN/
4+N) 
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