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Abstract— Parallel manipulators are widely used in industrial
applications due to their rigid structures and ability to perform
automated tasks at high speeds. However, because the links on a
parallel manipulator are mechanically coupled, solving its
kinematics and dynamics equations can be more difficult than for
its serial counterpart. Nevertheless, the inverse kinematics and
inverse dynamics models are a critical component of a
manipulator’s controller. Specifically, a more computationally
simple formulation of the inverse kinematics and dynamics is
necessary to achieve efficient and fast manipulator control. In
this paper, both the inverse kinematics and dynamics equations
for the Omega-3, a three degree-of-freedom (3-DOF) parallel
manipulator, are developed. For the inverse kinematics problem,
the concept of loop closure equations is used to simplify the
analysis. The virtual work principle is used to create a
numerically simple inverse dynamics model. Using the inverse
kinematics and dynamics model, a trajectory tracking controller
is implemented on the manipulator and the resulting experiments
reveal good tracking behavior. (4bstract)
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modeling,

1. INTRODUCTION

Over recent years the interest in parallel manipulators has
been on the rise. These manipulators play a vital role not only
in industrial automation but other applications as well. For
example, there have been studies that suggest the use of parallel
manipulators for cardiopulmonary resuscitation (CPR) [1],
flight simulators, shakers — used in the study of earthquakes
[2], and even image-guided orthopedic surgery [3]. These are
just a few applications of parallel manipulators, [4] and [5]
provides an extensive list of other parallel manipulators and
their applications. The versatility of the parallel manipulator, as
highlighted by some of its applications mentioned previously,
is innately due to its architecture. Parallel manipulators have
more than one link directly coupled to the end-effector creating
a closed-loop. This closed-loop architecture, allows for a more
rigid structure, therefore, making the parallel manipulator
quicker, more accurate, more energy efficient [6], and having a
higher load carrying-capacity when compared to its serial
counterparts.

Although parallel manipulators possess a high dexterity, the
presence of its closed-loop structure and redundant joints make
it difficult to develop an inverse dynamic model, which is

essential in creating a model-based control scheme for the
manipulator. Several approaches have been proposed in
developing an inverse dynamic model for parallel
manipulators, amongst them is the Newton-Euler’s method [7,
8, 9] and the Lagrangian formulation [10, 11, 12, 13].
Unfortunately, the numerous constraints and nonlinear
relationship between the actuated joints and end-effector,
renders both the Newton-Euler and Lagrangian method
computationally laborious. In order to perform dynamic
analysis with less complexity, a technique known as the
principle of virtual work is employed [14]. This method has
been applied to the development of inverse dynamic models of
the Stewart-Gough manipulator [16], the DELTA manipulator
[15], and other special parallel manipulators [17, 18].

In this paper, a computationally simple inverse dynamic
model is developed for the Omega-3 parallel robot — a progeny
of the DELTA parallel robot [19]. The model is developed
using the principle of virtual work, taking advantage of the fact
that this technique does not require the explicit knowledge of
constraint equations in order to obtain the manipulator’s
dynamics. To reduce the complexity of the dynamic analysis, a
simplifying hypothesis [15] is employed. The opening section
of the paper provides an adequate description of the Omega-3
robot. In subsequent sections, the inverse kinematics, Jacobian,
and acceleration analysis are discussed. The latter sections
focus on the simplifying hypothesis and derivation of the
inverse dynamic model. Eventually, using the model developed
a proportional-derivative (PD) trajectory tracking controller is
incorporated and trajectory tracking results are revealed.

II. DESCRIPTION OF THE OMEGA-3 PARALLEL ROBOT

Fig. 1 shows a diagram of the Omega-3 parallel
manipulator used in this research. The manipulator’s structure
is based on that of the DELTA manipulator developed by
Clavel [19]. The Omega-3 has three identical kinematic chains,
all linked at the triangular traveling plate. Each kinematic chain
consists of a semi-circular arm and a pair of parallel light-
weight rods that connects the semi-circular arms to the
triangular traveling plate and payload. The motors of the
manipulator are housed at the base and actuate the semi-
circular arms. Just like its predecessor (the DELTA
manipulator), the kinematic chains of the Omega-3 are of type
RRPaR, where R and Pa represent revolute joint and
parallelogram respectively.
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Figure 1.

The Omega_3 Parallel manipulator.

Only the revolute joints at the base of the device are actuated,
all other joints are considered passive. Fig. 1 shows the axis of
rotation for the actuated semi-circular arm and the two
orthogonal axis of rotation for the passive parallel rod joints.
The resulting motion of the manipulator is purely translational,
due to the presence of its parallel rods.

III. MANIPULATOR KINEMATICS

Before we begin the inverse kinematics analysis, certain
geometric parameters have to be defined. Fig. 2 provides an
appropriate description of all parameters referred to in this
section of the paper, while Table I describes the values of each
parameter.

TABLE L KINEMATIC PARAMETERS FOR THE OMEGA-3
MANIPULATOR
Parameter Length (mm)
Ly 70.00
Lp 146.00
Ry 75.00
Rp 35.25

L, and Ly are the radius of the semi-circular arm and the length
of the parallel link respectively. The absolute reference frame
{O} is located at the center of the circular base of the
manipulator, with each i chain fixed at an angle @; = 2m(i —
1)/3 where i= 1, 2, and 3. The actuated angle located at joint
A; is defined as 6, and is measured as illustrated in fig. 2(b).
Although there have been inverse kinematic models expressed
using passive joint angles [20, 21], the kinematic analysis
discussed here would only involve actuated joint angles, 6;. By
leaving out the passive joint angles, a less complicated
formulation of the inverse kinematics model can be developed
with fewer unknowns to solve. To solve for the inverse
kinematics, the following loop-closure equation is considered:

B,C, = A,C, — AB,. (1)

This loop-closure equation is intentionally selected as a basis
for solving the inverse kinematics of the parallel manipulator in
question because of its compact form. The more general form
of the loop-closure equation is shown below:

OP + PC, = 04, + A,B, + B,C,. 2)

Note that (1) is a simplified version of (2) and can be
derived by simple vector algebraic manipulation of (2).
Because the traveling plate is always parallel to the base of the
manipulator, each kinematic chain can be translated by a
distance R=R,-Rp as shown in fig. 2(b). Therefore, allowing
frame {C;} to coincide with the end-effector frame {P}, {B;}
becomes {B"}}, and {4,} becomes {4'}.
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Figure 2. Front and side view of the Omega-3 manipulator.

This translation simplifies the analysis a great deal without
affecting the results as shown in [15]. With this in mind, (1)
can now be written as:

B P=AP-AB, 3)

Taking the magnitude of (3) and squaring both sides we obtain,
IB":PII> = [|A";P|I> + ||A";B"I> =2 A" P.A"\B",, (4)

where,
IB":PIl = Lg, ®)
lA";B il = Ly, (6)
A'B, = A,OiR [Lysin® 0O L,cos6;]7, (7
AP = 0P — ,PROA’,, (®)
where,
1 0 0
A,OiR =0 cos® —sin (Z)i], )
0 sin®; cos®;
0A',=[0 0o RI", (10)
m5=[Px P, BT an

The rotational matrix, A? R, specifies the orientation of frame
L

{A"} relative to the absolute reference frame {O}, note both

A'\B’, and A’,P are described relative to frame {O}. P,, P,, and

P, are the end-effector position, and R=R,-Rp as defined
previously.

With the parameters defined above and the end-effector
position, P,, P,, and P, known, all three kinematic chains can
be solved from (4) to obtain the actuated angles: 0;, 0,, and 0;.
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A. Velocity

The Jacobian, J, provides a linear mapping between end-
effector velocities and joint velocities. Equation (12) illustrates
this relationship:

X =Jjo, (12)

where, @ is an m-dimensional vector of joint rates, X is an #-
dimensional vector of the end-effector velocity, and J is an
n X m Jacobian matrix. In the case of the Omega-3
manipulator, the Jacobian matrix is a 3 X 3 square matrix. To
begin the velocity analysis, the equation below is chosen for
each ith chain:

IB";P||? — Lg* = 0. (13)

This equation can be interpreted physically as meaning the
length of the manipulator’s parallel rods are the same for all
three kinematic chains. Replacing B',P with u;, we can rewrite
(13) as:

u” - u; - Lp* =0, (14)
u;can be rewritten as:
u; =W—APiR(0A'L+A'lB'l). (15)

After making necessary substitutions as defined by (7),
(10), and (11) we get:

Px 0 LASinei
u; = | B, —A,OiR( o + 0 D (16)
P, R L, cos6;

Taking the time derivative of (14), leads to:

u” o, -, u; = 0. 17)

Due to the dot product’s commutative property (17) can be
rewritten as,

w," 1, =0, (18)
U, is given by,

Vy —L, cos 6;
u, =%+ 7R <[ 0
V;

L4 sin 6;

>(i) =X+b0. (19

Equation (19) is multiplied by u;” to give a similar result as
(18),

uiT . 'lil = uiTX + uini('.‘) = 0, (20)
where,
—L, cos 6;
b; = Afj,R( 0 D 1)
L4 sin 6;

Equation (20) can be written in vector form, with the values for
ias 1,2, and 3, substituted to obtain the following expression,

T

uy u;Thy 0 0 0
w'|X+| 0 wb, 0 |[06=[0], (2
ug” 0 0 u3'hg 0

where,  is the actuated joint velocities, [6; 6, 03], and X
is the end-effector velocity, [V ¥, V;]T. Rearranging (22) to
look like (12), the Jacobian becomes:

w, "1 u,7hy 0 0
J=—|u," 0w, 0 | (@3
ug” 0 0  u3Thg

From the expression obtained for the Jacobian, a major
difference between serial and parallel manipulators is observed.
Unlike the Jacobian of serial manipulators which is dependent
only on joint positions, the Jacobian of parallel manipulators
depends on both joint positions and the end-effector position.

B. Acceleration

Next, an expression for the derivative of the Jacobian
matrix, J, is obtained. In order to calculate the derivative of the
Jacobian matrix, the relationship between the manipulator’s
joint accelerations and end-effector acceleration is examined.
This relationship is expressed in its general form in (24) by
differentiating (12),

X=jo+jo. (24)

Equation (22) is an explicit form of (12), therefore, the
derivative of (22) can be taken to obtain an explicit form of
(24). Differentiating (22) and rearranging the equation results
in the following:

w" "
w,"|X=—|u,"| X - KO - L6, (25)
u3T u'3T
where,
u,Thy + 1y by 0 0
K= 0 u,"h, +1," b, 0 ,
0 0 usThs + 15" by
u,Thy 0 0
L= 0 u, b, 0
0 0  u3Ths

Substituting (12) for X and (23) for the coefficient of ®, we
get’

u1T - ulT
X=-|w"| [|u|/+K|06+]6. (26)
u3T 11:3T

Comparing (26) with (24) we see both equations are similar
and it is obvious that, J, is the term being multiplied by ©.
Hence,

u, 7 A
J=—|u" u, "] +K (27)
usT 11:3T
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IV.  MANIPULATOR DYNAMICS

For a manipulator with » actuated joints, its rigid body
dynamics, assuming no user force applied on the end-effector,
is governed by the following equation:

1=M(©)0+V(0,0) + G(0) (28)

where M (0) is the n X n mass matrix of the manipulator and a
function of the joint angles O, V(G), G)) is ann X 1 vector of
centrifugal and Coriolis terms and a function of both joint
angles ® and joint velocities @, G(@®)is an n X 1 vector of
gravity terms and a function of joint position ®, and T is an
n X 1 vector of joint torques. Table II provides the masses of
the different members of the Omega-3 manipulator.

TABLE II. MASSES ASSOCIATED WITH THE OMEGA-3 MANIPULATOR
Parameter Mass (g)
MPpaYLOAD 70.00
mp 110.00
mp 34.93
msc 100.00

A. The Principle of Virtual Work

In order to obtain (28) we employ the principle of virtual
work. The principle states that at equilibrium, the virtual
work, W, done by all external forces, F, acting on a body
during any virtual displacement, 6, consistent with the
structural constraints imposed on the body is equal to zero.
This principle is illustrated mathematically below:

oW = ZIiV=1 Fi . 67}- =0 (29)

In (29), only external forces are considered, all internal
forces, i.e. constraint and reaction forces are ignored because
no virtual work is done by these forces. The virtual work
principle is traditionally used to solve static problems.
However, for a system that is not at rest, the force (inertia
force) as a result of the body’s mass, m, accelerating at rate, a,
is included in (29). This extension of the principle of virtual
work for dynamic cases is known as D’Alembert’s principle
[22]. Equation (30) is an extension of (29) with the inertia force
included:

W = XL (F —mia;) - 81, = 0. (30)

For a rigid body that is capable of both translational and
rotational motion (30) is generally written as:

W = XL, [(F; — mya;) - or; + (z, — 16)86] = 0, (31)

where, T is the external torque acting on the body, / is the
moment of inertia, 6 the angular acceleration, and 66 is the
virtual angular displacement.
B. Simplifying Hypothesis

The Omega-3 parallel manipulator, just like its DELTA
predecessor, consists of parallel rods. These parallel members
add to the complexity of the dynamic model. However, because
these rods are built from lightweight aluminum alloy, it is
possible to simplify the dynamic problem by applying
propositions discussed in [15] which neglects the rotational
inertia of the parallel rods and divides their masses into two

portions concentrated at the two joint extremities. Therefore,
half of the rod’s mass is centered at the upper extremity (i.e. the
joint where the semi-circular member meets the parallel rods),
while the other half is centered at the lower extremity (i.e. the
joint where the parallel rods meet the moving triangular
platform). With this simplifying hypothesis applied to the
system, the manipulator is reduced to only two members — the
three semi-circular arms and the end-effector plate.

C. Dynamics Analysis

1) The End-Effector: The end-effector portion consists of
the travelling plate, the payload, and the concentrated masses
of the parallel links. The mass of this portion, mg, is expressed
as follows:

mg = Mpyypoap Tmp+ 3(1/2mpy) (32)

where, mpqy04p 1S the mass of the payload, mp is the mass of
the travelling plate, and my, is the mass of a pair of parallel rods.
Due to the architecture of the Omega-3 manipulator, the
orientation of end-effector frame is always parallel to the
reference frame {O}. Therefore, we can neglect rotational
motion terms for the end-effector in (31). The only forces
acting on the end-effector are the force due to gravity, F, and
the inertia force, F;, due to the acceleration of the end-effector.
The principle of virtual work equation for the end-effector can
then be written in its vector form as:

(Fg —mgag) - 6rg = 0, (33)

where, F; =mg[0 0 —g]7, g is the acceleration due to
gravity, a is the acceleration vector of the end-effector, and
Ory is the virtual displacement of the end-effector.

2) Semi-Circular Arms: This member consists of the
semi-circular sector and the concentrated point masses of the
parallel rods. Three torques act on the semi-circular arms at
any point in time: the torque tcy due to gravity acting on the
center of mass, the torque t, due to the actuator, and the
torque due to the moment of inertia / about the axis of rotation.
The virtual work equation of the semi-circular arm is then
expressed as follows:

(t4 +Tcm — 18)86 = 0. (34)

To obtain the torque due to gravity, the center of mass of the
composite semi-circular arm, which includes the concentrated
point masses of the parallel rods, first has to be calculated. Let

Rey represent the location of the center of mass of the
composite member:

= _ mscfsc+1/2mR7R

Rem , (35)

msc+1/2mpg
where, mg. is the mass of the semi-circular sector (without the
concentrated parallel rod mass), 1/2mpgis the concentrated
point mass of the parallel rods, 7sc and 7% is the location of
their center of mass respectively relative to the center of
rotation. Taking into consideration the fact that the semi-
circular arm rotates about its y-axis by 60, as shown in fig. 2(b),
the vector ﬁCM is rotated accordingly. Also due to the
difference in orientation of the individual semi-circular arms
from the reference frame {O} by @; as shown in fig. 2(a), the
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gravity acting on each semi-circular arm is expressed by
multiplying the gravity vector defined in the reference frame by
the transpose of the rotation matrix defined in (9). Therefore,
the torque due to gravity on the semi-circular arm is calculated
as shown:

Tem = Ry (0)Rew X (msc + 1/2mp)[ ,PRI"Z . (36)

The moment of inertia of the composite semi-circular arm can
be calculated by adding the moment of inertia of the semi-
circle (without the point mass of the parallel rods) to the
moment of inertia of the point mass. Considering the axis of
rotation is not coincident with the center of mass of the semi-
circle, the parallel axis theorem is used to calculate the inertia
of the semi-circle, Ig.:

Isc = I, + mged?, (37

where, I, is the moment of inertia at the center of mass of the
semi-circle, mgcis the mass of the semi-circle (excluding the
point mass of the rods), and d is the distance from the point of
rotation to the center of mass. Adding the moment of inertia,
Ipg, of the concentrated point mass of the parallel rods, the
inertia of the composite semi-circular arm is defined as:

I = Igc + Ipg. (38)
D. Complete Manipulator Dynamics
With the dynamic parameters for the individual

components of the manipulator calculated, the complete
manipulator dynamics can now be developed. Recall from
(31), the sum of all virtual work done on the system by all
external forces and torques must be equal to zero. Therefore,
adding (33) to (34) we have,

(Fc —mgag) - 8rg + (Ty + Ty — 10)80 = 0, (39)

where, T is a vector of actuator torques, [Ta1 Taz Taz]7,
for all three joints, I'cy; is a vector of torques due to the
gravity, [Tcm1  Temz  Tems]T, for all three semi-circular
arms, and ® is a vector of angular accelerations,
[0, 6, 8,]7. Taking the dot product of the translation force
terms, (F; — mgag), and translational displacement, 6rp,
(39) is rewritten as shown:

(F¢" —mgag")8ry + (Ty + Tom — 10)80 = 0. (40)

By substituting (12) and (24) for 8 and ag respectively, (40)
becomes,
(Fe™ = mg(j6 +76)") 160 + (Ts + Tey — 16)50 = 0.
(41)

Further simplification and rearrangement of (41) yields,
Ty = +]"mg))0 + ] mpjO — Ty —J"Fg,  (42)

comparing (42) with (28), the following dynamic parameters
can be extracted,

M(©) =1+]"mg],

v(8,0) =J"mgje,

G(®) = —(Tem + ) F).

V. TRAJECTORY TRACKING RESULTS

A trajectory tracking controller is implemented using a
Proportional-Derivative (PD) feedback scheme and the
manipulator’s dynamics, as illustrated in fig. 3. The desired
task-space trajectory is described by (43) and its parametric
plot in the y-z plane is shown in fig. 4(a).

[

k7 1502 -1-|7 @) |50 Manipulator| q .
L b I i
4 i T
N N . |
e s %

Figure 3. PD feedback controller scheme.

x(t) = 0.1,
y(t) = 0.06 cos(mt), (43)
z(t) = 0.06 sin(2mt).

The desired task-space trajectory is converted to joint-space,
and its position and velocity in joint space are shown in fig.
4(b) and (c) respectively.
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Figure 4. (a) Parametric plot of desired task-space trajectory, (b) desired
joint positions, and (c) desired joint velocities

Fig. 5(a) shows a parametric plot of the desired and actual task-
space trajectory path in the y-z plane and fig. 5(b) shows the
task-space position error plot. The actuated joint torques are
also shown in fig. 5(c). It is observed that the task-space error
converges to a value less than 3mm of the desired trajectory
position after about 0.3 seconds.
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Figure 5. (a) Position error plot, and (b) parametric plot of actual and desired

task-space positions, and (c) joint torques

VI. CONCLUSION

In this paper, a computationally simple and compact form
of the inverse dynamic model of the Omega-3 parallel
manipulator was developed using the principle of virtual work.
In order to create the model a simplifying hypothesis proposed
in [15] was applied. A simplified solution for the inverse
kinematics was also provided by applying the concept of the
loop closure equation to the problem. Using the compact form
of the inverse dynamic model, we created a trajectory-tracking
controller, which provided good tracking results with task-
space position errors of less than 3mm. Our further work will
focus on creating a telerobotic interface between the Omega-3
robot and a user controlled robotic manipulator.
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