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Abstract—Based on the grey system direct modeling method, 
we give an approach for fitting Gompertz curve under the 
criteria of minimized the mean absolute percentage error 
(MAPE) in this article, case analysis shows that the fitting 
accuracy in traditional modeling has been significantly improved 
by the approach we proposed. 

Keywords—grey system direct modeling method, fitting 
Gompertz curve, MAPE. 

I. INTRODUCTION

Grey system theory has already been widely used in many 
fields since 1982 [1-2],  grey modeling method is an important 
component of the grey system theory, as one of the grey 
modeling methods, direct modeling method has been presented 
[3], the characteristics of the direct modeling method are 
studied [4-7]. 

In this paper, we consider the fitting problem for 
Gompertz function 

( ) Racbetx
ctbea ∈>=

−− ,0,,                                            (1)

which is a solution of the so-called Gompertz growth rate 
model [8] 
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Gompertz curve occurs in various of applied research, for 
example, for fitting  seedling emergence [9], continuous 
heterogeneous mortality [10], forestry product value 
forecasting model [11], forecasting Shanghai composite index 
[12], establish the model which reflect the relationship between 
the development expenses and the development time of a 
missle [13]. 

Although Gompertz function had been widely adopted, its 
fitting performance still could be improved. Up to the present, 
there are many scholars proposed new method to improve the 
fitting precision of the Gompertz function. Jukic et al gave 
necessary and sufficient conditions which guarantee the 
existence of least square estimate Gompertz curve parameter 
and suggest a choice of a good initial approximation [8]. 
Uniqueness theorems for estimation of the age-dependent 
parameter in the Gompertz survival model with a mortality 
deceleration rate had been proven [14]. The coordinates and 
differential coefficients of the Gompertz function inflection 
points and its parameters can be uniquely determined each 

other , according to this property, the initial value of its single 
non-linearized parameters can be searched during the model is 
fitting in the meaning of least square by means of GNL method 
which can fit the curve of implicit function [15]. In all the cases 
above, the adopted approach includes fitting the Gompertz 
curve to the data by means of a well-known estimation 
procedure, such as least squares, least squares method requires 
an initial approximation which is as good as possible, if we 
chose the initial approximation is not good, the fitting accuracy 
is not high after the iterations [8]. In this paper, we suggest a 
somewhat different approach, which consists of expressing the 
curve through its differential equation and searching for the 
coefficient ba , and  c under the criteria of minimized the 
mean absolute percentage error, this  approach dose not require 
an initial approximation, parameters optimization problem of 
Gompertz curve is formulated as the linear programming 
problem. 

II. DIRECT MODELING METHOD OF GM(1,1)

Let ( ) ( ) ( ){ }nxxxX ,,2,1=  be a raw sequence, using 

these data to direct modeling GM(1,1), the steps are as follows 
[3]: 

A. Ascertain data matrixe Δ,B
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B.  Calculation 

( ) Δ=
−

∧
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TT BBB

u

a 1

we obtain the estimated value
∧∧
ua, of  the parameters ua,  of 

the differenial equation model uax
dt
dx =+ , solve differenial 

equation 
∧∧

=+ uxa
dt
dx , we obtain

                             ( ) bcetx ta +=
∧

−                              (3) 

where cb, is  unknown parameters.   

C. Using the least squares method to obtain the estimated 

value
∧∧
cb, of  parameters ,b ,c
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this method can be described as follows:  firstly,  estimating the 
development coefficient ( )a−  by whitening the grey 
differenial equation 

( ) ( ) utxa
dt

txd =⊗+⊗

then estimating the parameters b and c  of equation (3) by 
least squares method once again. 
         However, in most references, estimating the parameters 
of the grey model by least squares method, evaluating the error 
by mean absolute percentage error, in other words, method of 
optimization goal function is not consistent with test method of 
model accuracy, so in order to solved this consistency problem. 
Liu and Zhang set the absolute of mean relative error as 
objective function, then obtaining parameters of GM(2,1, )
use the particle swarm optimization [16]. Zhou et al set MAPE 
as objective function and obtain its parameters of grey 
Bernoulli mode by the particle swarm optimization [17]. In the 
two cases above, the particle swarm optimization is stochastic 

algorithm. We set MAPE as objective function and adopt linear 
programming to fit Gompertz curve by using the grey direct 
modeling method.                       

III. FITTING GOMPERTZ CURVE USING GREY DIRECT 
MODELING METHOD

Let ( ) ( ) ( ){ }nxxxX ,,2,1=  be a raw sequence, we 

have the following differential equation of Gompertz curve: 

.,0,ln Rac
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the steps of fitting Gompertz curve using grey direct modeling 
method are as follows: 

A. According to the grey direct modeling method, so we can 
obtain  

( ) ( ) ( ) ( ),ln1 kzcxkaczkxkx −≈−−
where  

( ) ( ) ( )
2

1−+= kxkxkz .,2 nk =

a and c is unknown parameters, therefore, the problem of 
parameter optimization can be formulated as the following 
optimization problem: 
min MAPE 
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assume sac = , then 
( ) ( ) ( )( )
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 is linear concerning s and c ,

the problem (5) can be formulated as linear programming 
problem [18]. 
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, id is the 12× matrix, .2,1=i

1−nI  is a unit matrix of (n-1)-order. 
We can obtain the global optimal solution of the problem 

(6) in mathematical software Lingo environment, then the 

estimated value 
∧
s  and

∧
c  of parameters s and c  is 

21 dd
c

s
−=

∧

∧

B. By substituting 
∧
c  into 
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we obtain that
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using the logarithmic transformation to obtain that 
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a and b is unknown parameters, therefore, the problem of 
parameter optimization can be formulated as the following 
optimization problem under the criteria of minimized the mean 
percentage absolute error: 

min MAPE 
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 is linear concerning a  and b, the problem 

(7) can be formulated as linear programming problem [18]. 
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we can obtain the global optimal solution of the problem (6) in 
mathematical software Lingo environment, then the estimated 

value 
∧
b  and

∧
a  of  parameters b  and a  is 

21 qq
a

b
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C.  By substituting 
∧
c ,

∧
b and

∧
a into (1), we obtain that 
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IV. EXAMPLE 
We use the example came from paper [15] to explain the 

validity of this kind of fitting method, using the method of 
paper [15] and the method we put forward to simulate, 
respectively, and then compare each result. we will simulate 
the datum values from 1 to 7 using this paper method, then we 
have 

( ) .,2,1,
4300680.0572319.8032443.4 ntetx

te ==
−−

Refer to table I (raw series and simulation value) and table 
II (simulation precision), where tR  is raw data at time t , tS  is 
simulated data at time t , error = tt SR − .
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TABLE I. RAW  SERIES  AND SIMULATION VALUE

number tR    tS
paper[15] 

tS
this  paper 

1 0.16 1.224 0.214 

2 1.5 3.137 1.500 

3 3.61 6.627 5.329 

4 14.24 12.007 12.156 

5 22.59 19.256 20.785 

6 26.47 28.03 29.463 

7 37 37.777 36.970 

TABLE II. RAW  SERIES  AND ERROR

number tR error 
paper[15] 

error 
this  paper 

1 0.16 -1.064 -0.054 

2 1.5 -1.637 0.000 

3 3.61 -3.017 -1.719 

4 14.24 2.233 2.084 

5 22.59 3.334 1.805 

6 26.47 -1.560 -2.993 

7 37 -0.777 0.030 

V. CONCLUSIONS AND ANALYSIS 
It is difficult to estimate the parameters of the Gompertz 

curve, to solve this problem, we give a method for estimating 
its parameters based on grey direct modeling, this method is 
very easy to implement in mathematical software Lingo 
environment, comparisons of the obtained results with the 
results of existing algorithm demonstrate that this method can 
improve fitting accuracy of Gompertz model. 
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