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ABSTRACT

In this paper, the concept of the discrete unitary transforms in-
duced by given signals or input signals is modified and developed.
The basic transformations composing such transforms are parame-
terized and the energy (or its partial part) of signals is transferred
to one of their components in different paths. We focus on the
case when all basic transformations themselves represent Givens
rotations of the inputs or modified inputs. The consideration of
these transformations is of much interest in the unique angular
forms, which allows us to consider signals and their transforms in
the very compact region of 2π. Applications of proposed angular
transforms for image enhancement are described.

1. INTRODUCTION

Together with the Fourier transform, many other discrete unitary
transforms are used widely in different areas of signal and image
processing [1, 2]. We can mention the Hadamard, Hartley, Haar,
cosine, and wavelet transforms [3]-[8]. In applications to discrete-
time signals or discrete images, these transforms are determined by
different complete systems of basis functions. Some of these sys-
tems have been derived or chosen based on certain properties of
signals under consideration. It is very important to define a system
of basic functions that carry much information of processed sig-
nals. Such an example is the system of eigenfunctions of the auto-
correlation function of the random image for the Karhunen-Loeve
transform which, however, does not have fast algorithms. On the
other hand, the Hartley and Haar transforms have preassigned sys-
tems of functions. In works [9]-[11], a simple model of composing
the discrete signal-induced heap transforms (DsiHT) has been in-
troduced. These transforms are fast for any order and are defined
by consequent heaping of the energy of a generator-signal in one
or a few specified locations of the signal. The complete systems
of basis functions of heap transforms are referred to as waves ge-
nerated by input signals, or the waves with their specific motion in
the space of functions.

In this paper, we describe modified DsiHTs, when the deci-
sion equations are parameterized in order to transfer the energy
of the generator-signal to one heap in different proportions depen-
ding on the arrangement of components of the signal. Each DsiHT
can be represented in the unique angular form, and each signal can
be described as an inverse angular transform. Our preliminary ex-
perimental results show that the angular transforms can be used in
signal and image processing, such as image enhancement.

Address all correspondence to Artyom M. Grigoryan. E-mail: am-
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2. PARAMETERIZED DSIHTS

Given a vector-generator x = (x0, x1, ..., xN−1)
′, the N -point

discrete signal-induced heap transform (DsiHT) of a signal z =
(z0, z1, ..., zN−1) is defined by N − 1 basic transformations

T (ϕk) : z → (z0, ..., zk1−1, f(zk1 , zk2 , ϕk), zk1+1, ...,

zk2−1, g(zk1 , zk2 , ϕk), zk2+1, ..., zN−1)
(1)

where the pair of numbers (k1, k2) is uniquely defined by k, and
0 ≤ k1 < k2 ≤ (N − 1). We consider the case, when k1 = 0 and
values of k2 are equal k; in other words, the path P of processing
components of the signal starts from k2 = 1 and consequently
continues until N − 1. The value of z0 is renewed on each stage
of calculation. The parameter ϕk is defined from the second equa-
tion, which we call the angular equation of the system of decision
equations {

f(x0, xk2 , ϕk) = y0

g(x0, xk2 , ϕk) = ak
(2)

for a given parameter ak. Then, the value of y0 is calculated and
considered to be a new value of x0 for the next stage of calcu-
lations. System of equations (2) is solving for a vector-generator
x = (x0, x1, ..., xN−1). It is assumed that the angular equation
has solutions ϕ = r(x, y, ak) for given parameters ak.

We now recall the composition of the DsiHT, then consider
examples of parameterized DsiHTs.

Example 1 The four-point DsiHT by the vector-generator x =
(x0, x1, x2, x3)

′ is defined in matrix form as follows:

y = Tx = T3T2T1x

=

⎡
⎢⎣

c3 0 0 −s3

0 1 0 0
0 0 1 0

s3 0 0 c3

⎤
⎥⎦
⎡
⎢⎣

c2 0 −s2 0
0 1 0 0

s2 0 c2 0
0 0 0 1

⎤
⎥⎦×

×

⎡
⎢⎣

c1 −s1 0 0
s1 c1 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎦
⎡
⎢⎣

x0

x1

x2

x3

⎤
⎥⎦ ,

where the cosine and sine coefficients are calculated from x by
ck = cos(ϕk), sk = sin(ϕk), ϕk = − tan−1 (xk/y0) , for
k = 1, 2, 3. Here we consider that y0 = x0, for k = 1, and
y0 = y

(2)
0 = (T1x)0 and y0 = y

(3)
0 = (T2T1x)0. For instance,

the vector x = (1, 2, 3, 4)′ induces the four-point DsiHT whose
matrix is composed as
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T =

⎡
⎢⎣

0.6831 0 0 0.7303
0 1 0 0
0 0 1 0

−0.7303 0 0 0.6831

⎤
⎥⎦
⎡
⎢⎣

0.5976 0 0.8018 0
0 1 0 0

−0.8018 0 0.5976 0
0 0 0 1

⎤
⎥⎦

×

⎡
⎢⎣

0.4472 0.8944 0 0
−0.8944 0.4472 0 0

0 0 1 0
0 0 0 1

⎤
⎥⎦

and the output y = (5.4772, 0, 0, 0)′ is calculated as

y = Tx =

⎡
⎢⎣

0.1826 0.3651 0.5477 0.7303
−0.8944 0.4472 0 0
−0.3586 −0.7171 0.5976 0
−0.1952 −0.3904 0.5855 0.6831

⎤
⎥⎦
⎡
⎢⎣

1
2
3
4

⎤
⎥⎦.

Angles of rotations of the vector-generator equal ϕ1 = −1.1071,
ϕ2 = −0.9303, and ϕ3 = −0.8188 (in radians). The number
5.47722 = 30 is the energy of the signal x. It is important to
note that the normalized vector-generator lies in the first row of
the matrix T of the heap-transform

[0.1826, 0.3651, 0.5477, 0.7303] · 5.4772 = [1, 2, 3, 4].

In general, up to the normalized coefficient, the first basis func-
tion of the heap-transform coincides with the vector-generator. As
shown in [10], there are three stages which can be separated dur-
ing the process of motion and transformation of one basis function
into another one, when starting from the wave-generator. In the
first stage, the statical stage, the generator itself is lying as the
basis function. The second stage, the evolution stage, is related to
the formation of a new wave. The last stage is the dynamical stage,
when the new established wave is moving to the end of the path.
This wave is composed by two parts. The first part resembles the
generator and the second part, or a splash, is a static wave increas-
ing by amplitude. For example, Figure 1 shows the eight waves
defining the matrix of the heap transform, when the generator is
x = (1,−1, 1,−1, 1,−1, 1,−1)′. One can note that the genera-
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Fig. 1. Non-normalized basis functions of the 8-point DsiHT

tor in the last stage is trying to restore itself, while moving the large
splash to the end. The maximum reconstruction of the generator is
in the last movement, when it gives the much power to the splash,
whose amplitude increases linearly. The generator ”induces” some
field and then tries to pass through it, and that is fulfilled with the
loss which occurs in the form of a high but narrow splash moving
to the end of the path.

The DsiHT is described completely in angular representation,
or transform x → A[x] = (||x||, ϕ1, ϕ2, . . . , ϕN−1). As an ex-
ample, we consider the DsiHT of a sine signal with two noise-pikes

z(t) = x(t) + n(t) = sin(πt/L) + n(t),

where L = 32, and the noise-pikes are sine half-waves of lengths
L1 = 2 and L2 = 8. Figure 2 shows the original sampled 501-
point signal x in part a, along with the noisy signal z in b, the
500-point angular DsiHT (generated by x) in c, and the 500-point
angular DsiHT (generated by z) in d. One can see the location of
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Fig. 2. (a) Sine wave of half-period L, (b) noisy signal, and the
angular representations of (c) the sine wave and (d) noisy signal.

the noise and its length in the angular transforms. This is a time-
length, or time-frequency analysis of these signals.

Let α be a positive number, and let A be a set of numbers ak

which are defined by

ak = g(xk−1, xk, ϕk) = α−1f(xk−1, xk, ϕk), (3)

where k = 1 : (N − 1). For instance, we can consider α to
be an integer number n ≥ 1. To describe the N -point transform
corresponding to such a parameterized case, we analyze the basic
two-point transformation, Tα(ϕ), in matrix form[

cos ϕ − sin ϕ
sin ϕ cos ϕ

][
x0

x1

]
=

[
y0

α−1y0

]
. (4)

The angle ϕ and the component y0 are calculated respectively by

tan(ϕ) =
x1 + αx0

x0 − αx1
, y0 = ± α√

1 + α2

√
x2

0 + x2
1 . (5)

Thus, y2
0 < x2

0 + x2
1 and less energy is transferred to the first

component but more to the second component, if α < 1, and vice
versa, if α > 1. Figure 3 shows the graph of the basic transfor-
mation along with the example when α = 1/2 and the generator
(x0, x1) = (4, 3). The transform of (x0, x1) equals (

√
5, 2

√
5) =

(2.236, 4.472), and the angle ϕ = tan−1(2) = 63.4349◦. This
transform can be applied now to any vector z = (z0, z1)

′.
We now construct an N -point transform which is induced by a

vector x = (x0, x1, . . . , xN−1)
′. To find values of angles ϕk, k =

1 : (N−1), the decision equations are used. Let C be the square of
the normalized coefficient in (5), i.e. C = C(α) = α2/(1 + α2).
The first pair of components x̄0 = (x0, x1)

′ is rotated to the vec-
tor (y

(1)
0 , α−1y

(1)
0 )′. Then, on the next kth stage of calculations,

where k ≥ 1, similar rotations are accomplished over the vector
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Fig. 3. Graphs of the 2-point transform Tϕ which is defined by the
input (x, y) = (4, 3) and α = 0.5 and, then, applied to (z0, z1).

x̄k−1 = (y
(k−1)
0 , xk)′, where y

(k−1)
0 denotes a new value of the

first component on the (k − 1)th stage, and y
(0)
0 = x0. On this

stage of composition, the basic transform is calculated by[
y
(k)
0

α−1y
(k)
0

]
=

[
cos φk − sin φk

sin φk cos φk

][
y
(k−1)
0

xk

]
, (6)

where

tan(φk) =
xk + αy

(k−1)
0

y
(k−1)
0 − αxk

. (7)

The first component y0 = y
(k−1)
0 is renewed as

y
(k)
0 = ±

√
Cx2

k + C2x2
k−1 + · · · + Ckx2

1 + Ckx2
0 ,

and the kth component equals α−1y
(k)
0 , k = 1 : (N − 1). The

N -point discrete transform defined by the vector x such as

T : x →
(
y0, α

−1y
(1)
0 , α−1y

(2)
0 , . . . , α−1y

(N−1)
0 , α−1y0

)
is called the modified DsiHT (MDsiHT). On the final stage of cal-
culations when k = N−1, we obtain the following transformation
of energy of the generator to the first component

y2
0 =

(
y
(N−1)
0

)2

= CN−1x2
0 +

N−1∑
k=1

CN−kx2
k . (8)

The energy of the first component x0 is transformed with the fac-
tor of CN−1; and for remaining components xk, their energies
are transformed with factors of CN−k, k ≥ 1. Since C < 1,
the smaller the number of the component, the smaller the incre-
ment of energy is transferred to the first component. The term
”energy” of the vector is referred to as the norm to the square, i.e.
E2(x) = x2

0 + x2
1 + ... + x2

N−1, or x2
k when only one component

xk is mentioned. In the α = 1 case, C = 1/2 and the energy is
distributed equally between the outputs of basic transforms. In the
limit α = ∞ case, C = 1 and the energy of the signal is trans-
ferred fully to the first component of the transform; this is the case
of the DsiHT. The above example is a deviation from the original
method of construction of the DsiHT, when the second component
of the basic transform is always considered to be zero.

Example 2 We consider the case when the energy of components
of the signal is collected along a specified path and transferred

with the same factor that does not depend on the distance of com-
ponents from the origin point. Given a number λ > 0, we define
the parameterized two-point basic transformation, Tλ(φ), by[

cos φ −λ sin φ
sin φ λ cos φ

] [
x0

x1

]
=

[
y0

0

]
.

The values of φ and y0 are defined respectively by tan(φ) =

−λx1/x0 and y0 =
√

x2
0 + λ2x2

1. The determinant of the trans-
form matrix equals λ. The transformation Tλ(φ) is reduced to the
original λ = 1 case, by changing x1 by λx1.

The N -point MDsiHT based on such basic transformations
transfers to the first sample the energy which equals

y2
0 = x2

0 + λ2(x2
1 + x2

2 + . . . + x2
N−1) = (1 − λ2)x2

0 + λ2E2
N .

The transferred energy is increasing when λ > 1. When λ varies
in the interval (0, 1], the amount of energy transformed to the first
component y0 varies from x2

0 to E2(x).

Example 3 We now consider the transform which is associated
with the case when energies of components of the signal are trans-
ferred with factors that increase as the distance of components
from the original increases. A parameterized two-point basic trans-
formation, Tλ(φ), with λ ∈ (0, 1), is defined as[

λ cos φ − sin φ
λ sin φ cos φ

] [
x0

x1

]
=

[
y0

0

]

where tan(φ) = −x1/(λx0) and y2
0 = λ2x2

0 + x2
1. The determi-

nant of the transform matrix equals λ and the transform is reduced
to the original λ = 1 case, when changing x0 by λx0.

The N -point MDsiHT based on such transformations transfers
to the first component the energy which is equal to

y2
0 = x2

N−1 + λ2x2
N−2 + λ4x2

N−3 + · · · + λ2(N−1)x2
0.

The energy of each component xk is added to y0 after being mul-
tiplied by factor of λ2(N−k−1), k ≥ 0, which tends to zero for
large k. If λ < 1, the energies of the first components go out; the
longer the signal, the faster they go out, and y2

0 ≤ E2
N (x). As an

example, Figure 4 shows the graph of calculation of the 5-point
MDsiHT of a vector z = (z0, z1, z2, z3, z4)

′.
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Fig. 4. Signal-flow graph of calculation of the five-point MDsiHT
of a vector z.
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To smooth the second components of basic transformations
T (ϕk) in the decomposition of N -point discrete heap transform,
we consider the following angular equations

ak = g(xk−1, xk, ϕk) =
xk−1 + xk

λk
, k = 1 : (N − 1), (9)

in the case when all λk = 2. The two-point basic transformation,
T (ϕ), is defined in matrix form as follows:

[
cos ϕ − sin ϕ
sin ϕ cos ϕ

] [
x
y

]
=

[
y0

1
2
(x + y)

]
. (10)

The angle ϕ is calculated by

ϕ = tan−1
( y

x

)
+ arccos

(
x + y

2
√

x2 + y2

)
, (11)

and y0 = x cos ϕ − y sin ϕ. If we assume the conservation of
energy, then y2

0 = x2 + y2 − (x + y)2/4 > 0.

3. EXAMPLES AND APPLICATIONS OF THE DSIHT

In this section, we describe a few examples of the heap transform
applied to 1-D signals and 2-D images. In all examples, the heap
transform T is composed by basic transformations Tϕ defined as

Tϕ :

[
x0

x1

]
→

[
y0

0

]
=

[
cos ϕ − sin ϕ
sin ϕ cos ϕ

][
x0

x1

]
.

If x = (x0, x1, ..., xN−1) is the generator of the transform T, then

(T [x])k = ||x||δk, k = 0 : (N − 1),

where δk is the delta symbol defined as δ0 = 1 and δk = 0 if
k �= 0. The heap transform is described in the angular form as

x → A[x] = (||x||,AN−1[x]) = (||x||, {ϕ1, ϕ2, ..., ϕN−1})

where ϕk are the angles of rotations of basic transformations Tk =
Tϕk composing T. The first component is the energy of the sig-
nal and stands separately. It may take large values, especially for
long length signals. All other components are angles and lie in the
interval (−π, π), or (0, 2π). The heap transformation in angular
representation is thus a unique transformation of the vector space
RN of N -dimensional signals into the subspace R× [−π, π]N−1.

As an example, Figure 5 shows a signal x of length 256 in part
a, along with the angular transform in the form A255[x] + π in b.
The signal is row number 64 of the clock-and-moon image (which
is shown in Figure 6(a)). We now consider application of the heap
transform generated by this signal to the next row of the image.
Row-signal number 65 is shown in c, and the heap transform on
this signal in d. The heap transform shows the interval, where the
second signal differs greatly because of the noise.

Certain operations over the angular transforms can be develo-
ped and used in practice in order to obtain some useful properties
of signals processed through their angular transforms. It is desired
thus to study the angular transform in detail and understand how
to manipulate the rotation angles ϕk of basic transformations com-
posing the heap transformation.
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Fig. 5. (a) Signal-generator, (b) the angular transform of the signal,
(c) another signal, and (d) the heap transform of the signal.

3.1. Heap transforms and 2-D images

The concept of the angular transform can be used and generalized
for 2-D signals and images. We first consider the case when the
1-D heap transforms are generated by each row of an image and
then represented in their angular forms. We call such a set of 1-D
heap transforms the 2D-row heap transform and the set of corres-
ponding angular forms the 2D-row angular transform. Similarly
the concepts of the 2D-column heap and angular transforms are
defined. As an example, Figure 6 shows the clock-moon image
(256 × 256) in part a, along with the mesh of the 2D-row angular
transform in b, the energy curve of all rows in c, and the mesh of
the image in d. The picture in b resembles the light field of the

Fig. 6. (a) The image, (b) the mesh of the 2D-row angular trans-
form of the image, (c) the energy curve of all row-signals (which
has been normalized by 256), and (d) the mesh of the image.

angular transform with a 3-D copy of the original image on the
surface of that field. Many details of the image can be observed
on such a surface. The picture of the ordinary mesh in d does not
provide us with such a compressed information of the image.

There are many ways in the 2-D case to define paths P for
heap transforms. The transforms can be performed block-wise
with different starting points and along specified directions and
paths to complete 1-D heap transforms within blocks. These trans-
forms can also be generated by selected rows or columns and ap-
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plied to other ones, and so on. We consider the case when the heap
transforms are sequentially generated by rows and applied to the
next ones. As an example, Figure 7 shows the image (256 × 256)
in part a, and the curves of energies of all 128 rows xk with odd
numbers k = 1, 3, ..., 255 in b, the image of angular transforms
A255[xk] generated by these row-signals in c, and the heap trans-
forms Txk [xk+1] applied to rows with even numbers k + 1 in d.
The 2D-row angular transform in c is of size 255 × 128; and to-
gether with the energy curve of length 128 in b, it allows for recon-
structing the original image in all odd rows. The image in d allows
for reconstructing the remaining rows of the original image.

Clock−on−moon image

(a)

50 100 150 200 250

50

100

150

200

250
0 50 100

6

8

10

12

14

(b)

(d)

50 100 150 200 250

20

40

60

80

100

120

(c)

50 100 150 200 250

20

40

60

80

100

120

Fig. 7. (a) The image, (b) energy curve of all even row-signals,
(c) image of the angular transforms generated by odd-row signals,
and (d) the image of the 1-D DsiHTs applied on even-row signals.

3.1.1. Image enhancement

The presentation of the image in an angular form can be used for
image enhancement. Our preliminary results show that many de-
tails can be observed better through angular forms defined by diffe-
rent paths P. Such paths can be defined to obtain desired properties
of processed images. As an example, we consider the girl image
(256 × 256) shown in Fig. 8 in part a. This image is presented in
b in the form of the 2D-row angular transform (2D-R AT), i.e. 1-D
angular transforms are generated by rows of the image with the
natural path P and the direction from left to right for each. Similar
image, when the 1-D angular transforms of rows are defined from
right to left, is given in c. The angles of rotations for the 1-D heap
transforms change greatly in the beginning of their paths; this is
why we can notice zones with very bright first and last columns in
the image in b and c, respectively. The average of these two images
is given in d. Many details of the girl image can be observed in the
processed images. The 2D-column heap transform of the image,
when the path P of each 1-D heap transform is defined from the
top to bottom, is shown in e. The average of three obtained angular
transforms is given in f. It is also possible to process the image by
1-D heap transforms which are defined by paths along diagonals
and other directions as well.

Figure 9 shows results of the similar processing of the tree
image (256 × 256) by rows. It is interesting to notice in c that

(a) (b) (c)

(e) (f)(d)

Fig. 8. (a) Girl image, the 2D-R ATs with the (b) left-to-right and
(c) right-to-left directions, (d) average of images in b and c, (e) 2D-
R ATs with the top-to-bottom direction, and (f) average of images
in b, c, and e.

a part of the ground in shadow in front of the big stone becomes
more visible. This example shows that, by performing the angular
transformations along specified directions, we are able to enhance
images along the directions. We can also apply the concepts of the

(a) (b) (c)

Fig. 9. (a) Tree image, the 2D-R ATs with the (b) right-to-left and
(c) left-to-right directions.

2D-column and 2d-row heap transforms for processing the image
block-wise, for instance by blocks 8 × 8 or 16 × 16.

3.2. Inverse angular transform

In image enhancement, other methods based on the heap and an-
gular transforms can be developed. We dwell upon the following
concept of the inverse angular representation. Every 1-D signal
x = {x0, x1, ..., xN−1} can be considered in the angular form
of the heap transform (3) generated by x. At the same time, this
signal itself can be considered as the angular transform, or repre-
sentation of an (N + 1)-point signal, which we denote by y =
{y0, y1, ..., yN},

y → A[y] = {||y||,AN [y]} = {||y||,x}. (12)

In other words, we assume that x0 = φ1, x1 = φ2, ..., xN−1 =
φN , where φk, k = 1 : N, are rotation angles of the heap trans-
form generated by signal y. Thus, we define the inverse angular
transformation by x → A−1

N [x]. In order to avoid ambiguity of
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the inverse transform, we assume that ||y|| = 1. In other words,
the input signal is considered to be equal {1,x} and the signal x
normalized before applying the inverse transform,

x →
{

1,
x0

||x|| ,
x1

||x|| , . . . ,
xN−1

||x||
}

.

As an example, Figure 10 shows the 256-point sine signal x of
period 128 in part a, along with the angular transform A255[x] in
b, the inverse angular transform y = A−1

256[x] of this signal in c,
and the second inverse angular transform A−1

256[y] in d. The simi-
lar graphs for the sine signal of period 32 are given in (e)-(h). One
can note the damped oscillations of the sine waves in b and f. In
contrast, the inverse angular transforms of these sine waves change
the sign and oscillate with increasing amplitudes. The sine waves
x considered in a and e as the functions of angles are represented
in c and g as sine-type increasing functions y of time. Consequent
rotation of the signals y by the angles of the corresponding sine
waves x result in the unit impulse. This is a time-to-time trans-
formation x → y. We can continue and calculate next inverse
angular transforms over signals y; however, these transforms will
be changed very little, as shown in d and h.
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Fig. 10. (a) The sine signal of period 128, (b) angular transform of
the signal, (c) inverse angular transform of the signal, and (d) the
second inverse angular transform. (e) The sine signal of period 32,
(f) angular transform of the signal, (g) inverse angular transform
of the signal, and (h) the second inverse angular transform.

To achieve image enhancement by inverse angular transforms,
we can manipulate, for instance, values of the inverse angular
transforms along rows or columns and then perform the recon-
struction of row- or column-signals. For instance, for the image
shown in Fig. 11(a), the following simple operations have been
used. The inverse angular transforms y = {yn} of normalized
row-signals have been amplified slightly by the linear function
(1 + αn), where α = 0.005 and n = 0 : 255. Then, the an-
gular transforms applied to modified inverse angular transforms
{(1 + αn)yn} have been performed and multiplied by the corres-
ponding normalized coefficients to compose a new image. In parts
b and c, the results of such operations are given for the cases when
the paths P of all transforms are defined in directions from left to
right and right to left, respectively. The result of the similar image
which is processed by column-signals when the paths of the angu-
lar transforms are defined from the top to bottom is shown in d. In
above examples, the 1-D DsiHTs defined with angular equations
g(x, y, ϕ) = a = 0 have been used; however, other angular equa-
tions can also be considered and applied for image enhancement.

(a) (b) (c) (d)

Fig. 11. (a) Girl image, (b) 2D-row left-to-right, (c) 2D-row right-
to-left, and (d) 2D-column top-to-bottom inverse angular trans-
forms of the image.

4. CONCLUSION

Examples of composing parameterized discrete unitary transforms
generated by signals have been described. The composition of
such transforms is based on solving decision equations which de-
termine the angles of rotations of basic transformations which are
then used to transform the input signals. Parameters were intro-
duced in order to collect and transfer the energy of signals in diffe-
rent ways to one of the components of the generator-signals. The
application of the proposed transforms in the angular forms for
image enhancement has been described.
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