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Abstract—This paper presents stability analysis of polynomial
fuzzy control systems using Sum-Of-Squares (SOS) approach. To
take continuous form of membership functions into the stability
analysis, based on the Lyapunov stability theory, stability condi-
tions in the form of fuzzy summations are derived where each
term contains product of polynomial fuzzy model and polynomial
fuzzy controller membership functions. Then each product term is
approximated by polynomials in the partitioned operating domain
of membership functions. Regarding to the derived conditions
in all sub-regions, SOS-based stability conditions are formed.
The proposed approach can be utilized for stability analysis
of polynomial fuzzy control system in which fuzzy model and
fuzzy controller do not share the same membership functions
named non-PDC design technique. The solution of the SOS-
based stability conditions can be found numerically using the
SOSTOOLS which is a free third-party MATLAB Toolbox.
Numerical example is given to illustrate the effectiveness of the
proposed stability conditions.

Index Terms—Polynomial fuzzy control system, stability, sum
of squares, membership functions shape-dependent stability con-
ditions.

I. INTRODUCTION

Fuzzy Model-Based (FMB) control system offers a sys-
tematic way in handling control problems for nonlinear con-
trol systems. Considering the most common stability analysis
approach for nonlinear control systems that is the Lyapunov
stability theory [1], sufficient conditions to guarantee stability
of the T-S FMB control system are investigated. Convex
optimization techniques, such as Linear Matrix Inequality
(LMI) approach [2], have played an important role in obtain-
ing numerical solutions for the derived stability conditions.
The well-known design technique named Parallel Distributed
Compensation (PDC) [3], plays an important role to relax
the stability analysis results. For the non-PDC approach, the
membership functions of T-S fuzzy model and fuzzy controller
are not necessarily the same and even it can be possible to
employ different number of fuzzy controller rules from those of
fuzzy model. Compared with PDC approach, design flexibility
and robustness property for controller can be achieved [4]-[6].
Consequently, the cost of implementation would be reduced.

One of the sources of conservativeness is lack of mem-
bership functions in the stability analysis. When membership
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functions are not considered in the stability analysis, then the
stability conditions are valid for any arbitrary membership
functions. In [4]-[8], it was shown that the shape of the
membership functions plays an important role for relaxation
of stability conditions. Some relaxed shape-dependent stability
conditions for non-PDC cases have been addressed in [4]-[6].
However, due to the limitation of the LMI MATLAB toolbox,
which can only deal with the LMIs with constant matrices and
variables, in the aforementioned approaches full information of
membership functions have not been brought into the stability
analysis. Then, finding solution for LMI systems containing
continuous functions means setting infinite number of LMIs
(in all points of continuous functions) which is not possible
practically using convex programming techniques. This defect
of the LMI-based approaches, motivates us to investigate the
system stability via alternative computation approach so that
it can hurdle the existing drawback.

Recently some attempts have been done to employ SOS
approach for stability analysis and guaranteed cost control of
the polynomial fuzzy control systems in [9], [10] respectively,
for which the system and input matrices can be polynomial
functions of system states. In both addressed works polynomi-
als are allowed to be taken in the system and input matrices.
Additionally, some preliminary attempts have been made to
introduce shape-dependent SOS-based approaches [11]-[13].

In this paper, to investigate the system stability analysis of
the polynomial fuzzy control system, the continuous form of
membership functions are brought into stability analysis. Based
on the Lyapunov stability theory, stability conditions in the
form of fuzzy summations are derived. To construct SOS-based
stability conditions, product terms of the fuzzy model and
fuzzy controller membership functions are approximated with
some polynomials. In order to obtain better approximation,
the operating domain of membership functions is partitioned
to sub-regions. Furthermore, the proposed approach can be
employed to relax stability conditions for polynomial fuzzy
control systems in which fuzzy model and fuzzy controller
do not share the same membership functions under the non-
PDC design technique. The solution of the SOS-based stability
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conditions for the polynomial FMB control systems can be
found numerically using the SOSTOOLS which is a free third-
party MATLAB Toolbox [14].

The rest of this paper is organized as follows. In section II,
the polynomial FMB control system are presented. In section
III, stability analysis for polynomial FMB control system is
carried out. In section IV, simulation example is given to verify
the analysis results. In section V, a conclusion is drawn.

II. POLYNOMIAL Fuzzy CONTROL SYSTEMS

In this section, state dependent linear matrix inequality
approach used as a computational method called Some of
Squares and a recently introduced type of fuzzy control system
containing polynomial fuzzy model and polynomial fuzzy
controller whose consequent parts can be polynomials are
recalled [9].

A. Sum of Squares

Here, sum of squares decomposition and its application
in solving state dependent LMIs and some related concepts
addressed in [9] are recalled. A multivariate polynomial
F(x(t)), is a sum of squares (SOS), if there exist polynomials

m

FrX(8));s ooy fn(X()) such that f(x(#)) = Y f7(x(t)) where
x(t) € R™. Furthermore, a monomial intx%t) is a function
of the form z{" (¢)x5?(t)...x%(t) , where aq,ag,...,q;, are
nonnegative integers. In this case, the degree of the monomial
is given by a3 + as + ... + «,,. To utilize the concepts of
SOS in the quadratic form, the following proposition has been
proposed.

Proposition 1: [9] Let F(x(¢)) be an N x N symmetric
polynomial matrix of degree 2d in x(t) € R™. Furthermore,
let X(x(t)) be a column vector whose entries are monomials
in x(t) with degree no more than d. If v7 (£)F(x(¢))v(t) is a
sum of squares, where v(t) € RY, then F(x(t)) > 0 for all
x(t) € R™.

B. Polynomial Fuzzy Model

Consider a nonlinear system described by

x = f(x(t)) + g(x(t)u(®), M

in which u(t) € R™ is the input vector. According to the
sector nonlinearity concept [15], the nonlinear system (1) can
be represented by the following polynomial fuzzy model [9],

Plant Rule i :
IF 2z (x(t)) is M{ AND ... AND z,(x(t)) is M,
THEN x(t) = Aq(x(t))X(x(t)) + B;(x(t))u(t) )

for which z,(x(t)) is the premise variable and M} is a fuzzy
term corresponding to i*" rule and A;(x(t)) € R™*Y and
B;(x(t)) € R™™™ are the polynomial systems and polynomial
input matrices respectively, for ¢ = 1,...,7, a = 1,...,p. In
addition, X(t) = (#1(t), #2(t), ..., 2x(t)) € RY is a vector of
monomials in x(¢) with assumption that x(¢) = 0 iff x(¢) = 0.
The overall system dynamics is represented by

> wiz(x(0){Ai(x(£)X(x()) + Bi(x(t) u(t)}
x(t) = =

3 wi(a(x(t)

= ma2(x(){Ai (x(1))X(x(£)) + Bi(x(t))u(t)},
i=1
3)
C. Polynomial Fuzzy Controller

The structure of the polynomial fuzzy controller is similar
to the T-S fuzzy controller, with the consequent parts as
polynomials represented as in the following.

Control Rulej :
IF s1(x(t)) is N{ AND ... AND s,(x(t)) is N2
THEN u(t) = F;(x(0))x(x(¥)) j=1,..c &
where sq(x(t)) is the premise variable and N is a fuzzy term
corresponding to j** control rule 5 = 1,....c, § = 1,...,q.
F,(x(t)) € R™*¥ is the polynomial feedback gain of the j"

rule to be determined.
The overall polynomial fuzzy controller is defined as

> vi{s(x(1) ) (x()R(x(1))

v;(s(x(t)))

j=1

=) N (s(x(t))F; (x(£))x(x(1)), (5)

u(t) =

Considering the polynomial fuzzy model of (3) and the poly-
nomial fuzzy controller of (5) connected in a closed loop, the
FMB control system is obtained as follows.

x(t) = 305 pi(a(x(t) A (s(x(1)))

% (Ailx(t) + Bix()F (x() )(x(). (©)

Remark 1: Considering X(x(¢)) = x(¢), A;(x(¢)), Bi(x(t))
and F;(x(t)) as constant matrices for all ¢, the polynomial
FMB control system represented by (6), is reduced to the
traditional T-S FMB control system [16] represented as

X(t) = D> wia(x(£)A;(s(x(t)) (A; + BiF;) x(t). (7)
i=1 j=1
In addition, if » = ¢ and p;(z(x(t))) = A;(s(x(t))), for i =
1,..r, 5 = 1,...,¢c, then (7) becomes the T-S FMB control
system with PDC design technique [3], [17].
In the rest for brevity, x(t), X(x(¢)), w1 (2(x(t))), A;(s(x(t)))
are denoted as X, X(x), 1;(X), A;(x) respectively.
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ITI. STABILITY ANALYSIS OF POLYNOMIAL FUZZY
CONTROL SYSTEMS

To investigate the quadratic stability of the polynomial
fuzzy control system (6) with the Lyapunov stability theory, the
following polynomial quadratic Lyapunov function candidate
addressed in [9] is employed

V(x) = x(x)" X7 (R)x(x), ®

where X7'(X) € R™ " is a symmetric positive definite
polynomial matrix and X = (x,,Zk,, ..., Tk,) 1S a vector to
be chosen such that K = {kq, ko, ..., kq} denotes the indices

of the corresponding zero rows in B;(x)s for all i. As a result
0X71(x)

— =0 for k ¢ K 9

- ork ¢ K, ©)

also considering A¥F(x), BF(x) denoted the k' row in
A;(x), B;(x) respectively we have

BF(x)=0 forkecK (10)

The aforementioned assumption are considered to avoid intro-
ducing non-convex conditions to the stability conditions. For
more details reader is referred to [9], [18]. According to the
Lyapunov stability theory, if X(X) and X~ *(X) are positive
definite matrices in X and V (¢) < 0, then the polynomial fuzzy
control system (6) is asymptotically stable. Then we have

V(x) = x" (x)XHR)X(x) + %7 (X)X (X)x(x)
17X (®R)x(x)
=xT®7 (x)X 1 (X)X(x) + X7 (X)X (X)®(x)%

+ 17 (%) (Z La;k(i) xk) &(x),

where @(x% € RN X" is a polynomial matrix defined as follows
®,;(x) = =L Regarding to (6), (9) and (10)
J

Na2

Y

ox

V) =" 30D (02 (x) (A3 + Bi(F; (x)
i=1 j=1
x ®T (X)X (%) + X (X)®(x) (As(x) + B;(X)F; (x)))f;
(12)

N

In order to cast equation (13) so that the existing numerical
computation technique would be employed, it can be shown

that X(i)aXT(NX)X(i) = OX(X)

k Xz
referred to [9]. In addition, F; (x)X(jk) is replaced with M;(x).
Then (13) is rewritten as follows.

for details reader is

70 =700 Y 3 (10 (0 (409X + B

i=1 j=1
% M; (%) BT (x) + B(x) (A ()X(X) + Bi(x)M; (x)) )

oX(x .
-2 ( )Af(x)x<x))y(x>, (14)
Tk,
keK
in which the local feedback gains are
F; = M;(x)X (%) j=1,..c (15)

and (14) is denoted as

V) =Y mxNEy (0)T;x)y(x),  (16)

i=1 j=1

where

Ty(x) =¥ (0 > (m(xm () (A (0X () + Bi(x)
i=1 j=1

-3 DAk w00 v an)

keK
To take the continuous form of product terms p;(x)A;(x),
1=1,...r, 7 =1,...,c, into stability analysis, the membership
functions should be represented in the form of polynomials.
Hence each product term p;(x)\;(x) is approximated with
polynomials. However rewriting the product terms with one
polynomial in the whole operating range may not result in
an accurate estimation. To hurdle this problem, the operating
domain of membership functions is partitioned to sub-regions
so that corresponding to each sub-region we can find a suitable
polynomial as the approximation term for each p;(x)\;(x) in
that sub-region. Hence we define

18)

in which 7;;, (x) is the approximated polynomial for
pi(X)A;(x) in the sub-region s, and An;; . (X) is the error
term, for ¢ = 1,...,r, 7 = 1,...,¢c, 7 = 1,..., D, where D
denotes the number of sub-regions.

Consequently (16) in the sub-region s, can be written as

V(x) = i i i G (x) (nus (X) + Aijis, (X))

T=1i=1j=1
x y7 (%) Ty (x)y(x), (19)

in which (;(x) is a scalar function which takes 1 if x is inside
the sub-region 7, and otherwise O.

Hi(X)A; (X) = nij,s, (X) + Anijos, (X),
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Assume that the lower and upper bounds of the error terms
are defined as

Vij,sr < Anijs. (X) < Bijs,s (20)

then consider the following equation

(Anijs, (X) = Yijs, ) (A (X) = Agj(x)) =0, (1)

(Bij,s, = Dnigis, (%)) (i (x) = Qi5(x)) =0, (22)

where A;;(x) and Q;;(x) € R™*" are polynomial matrices
and

Aij(x) = Afj(x) >0, (23)

Qi(x) = Q}(x) > 0 24)

From (19), (21) and (22), we have

3 )t

7=11i=1 j=1
Xy ()T (x)y (%)
(D515 (0 = iz, ) ¥ (%) (A5 (%) = Ay (%)¥(x)
+mm—mwﬂWWW%w—%wm@
D r
= Z@
7=11i=1 j=1
+ %(A’f}”’g,r (X) + ’Yij,s., - 71]57>yT(X)T17 (X)Y(X)
(B, (6) = Yo, )37 (A (x) = Agy (X))¥(%)
—+ %(An{,jvsq’ (X) + /Bij,s., - Bij,s.,)YT(x)Tij (X)Y(X)
+(ﬁm%AfAmm,@DywanU@>—nU@»wm)

S » R PA

((7]” e (X) 4+ Anijs, (X))

(UZJ,ST ) T (X)TH (X)y(X)

1 1
((771] Sr ) + 5711]',.9, + 5572]’,3,)

r=1i=1 j=1
x y7 (%) Ti; (x)y(x)
+ (Amj,ST — i s,>yT y(x)
+ (ﬂ"?j,éf Anu 87 )yT X)
+ (A"?U,sf — Yij, éT)yT ( (x) — Ay (X))Y(X)
+ (ﬁz‘j,s, Anijis. ( )yT ( Tij(x) — Qi (X))
X y(X))- (25)

The boundary information of the error terms in (20) is rep-
resented in two parts as Anjs (X) > Yijs., Onijs, (X) <
Bijs.. Regarding to (23) and (24), —An;;s. (X)2;; <

A

—Yij,s. $ij Amj s, (X)Ay; < Bij,s, Aij. Then

B33 ST ((FRSEESIN

T=11i=1 j=1
1
+ §5ij,sT)Tz’j (x) + (ﬁz‘j,sr - %’j,sf) (Aij (x)

+ € (X)) + (Anijs, (X) = Yij,s,) (%Tij (x) — Ayj (X))
+ (ﬂij,s, — Anijis, (X)> < - %Tij(x) - Q”(x)>)y(x)
(26)

According to the Lyapunov stability theory, the FMB control
system is asymptotically stable if the following inequalities are
satisfied

ZZ ( Nij,s, (X) + ;%J s, T ﬁw,») i (x)

i=1j=1
+<5ij,sT - %‘j,s,> (Aij (x) + Q5 (X))> <0, 27

for all sub-regions 7 = 1,...,D and $T;;(x) — A;;(x) < 0,
—2T5(x) — Q45(x) <0, fori=1,..,r, j=1,..,c
The achieved results can be proposed as the following theorem.
Theorem 1: Consider pre-defined polynomial 7;; s (X) as
the approximation for product term p;(x)\;(x) in the sub-
region s, for all ¢ = 1,...,r, j = 1,...,¢, 7 = 1,...,D,
satisfying (18) in which Arn;; s (x) is the error term where
according to (20), the lower and upper bounds are represented
by 7ij.s.» Bijs, respectively. The polynomial FMB control
system of (6) is asymptotically stable if there exist symmetric
polynomial matrices X(x) € RNVXN = A.(x) € RNXN,

Q,;(x) € RM*N " and polynomial matrices M;(x) € R¥*N,
such that the following SOS conditions are satisfied.
v (X(X) — e (x)D)v s SOS, (28)
v A (x)v  is SOS, (29)
UTQM( Yo is SOS, (30)
1
((772] St + 272] ,S7 + 623 sr> ij (X)
i=1 j=1
+(mmff%wJ(MAw+nM@0+«uxwﬂv

is SOS,
T 1 .
—v <§T1] (X) — Ai]‘ (X) + €3ij (X)I)’U 1S SOS7 (32)

Vs, =1,...,D, 31)

_ UT< _ %Tu‘ (x) — Q45(x) + €aij (X)I)’U is SOS  (33)

Vi=1,...,mr, j=1,...,¢c,

where v(t) € R™ is a vector independent of x and €;(x),
€25, (X), €3i;(X), €13;(x) > 0 for x # 0 are pre-defined
polynomial scalars and the local feedback gains can be derived
from (15).

Remark 2: In the proposed approach, to approximate
each product term of membership functions g, (x)\;(x) by
polynomials, the operating domain of membership functions
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is divided to sub-regions s; to s;, 7 = 1,..., D, such that
it can facilitate better approximation. Hence each stability
condition in (31), should be only satisfied in the sub-region
where 1;; . (X) is presented as the approximated membership
function. To release conservativeness resulting from consider-
ation global operating range for polynomials during finding
numerical solutions via SOSTOOLS, concepts of S-procedure
[2] is considered to introduce some slack expressions denoted
as Ly (x) where L, (x) <0, VX € s, then we have

,UTZz((m]s, +;vm,+ 5 Biss. ) Tig (%)

i=1 j=1

Y

(B = 00) (50904 9550) + ca (01 )0
- ’UTZZ ((m; s (X) + ;’Yz] st [7’” s,)Tij(X)

(B = 00) (5094 2550) + 0 (01 )0

+ w(x) vT Ly (x)v, VX € s, (34)
where x(x) € R is SOS. Positivity of the right hand side of
the (34) satisfies that of (31).

For example suppose that the membership functions are
function of x; and the operating domain for sub-region s,
is Tmin,s, < x; < Tmaz,s, - Then Lsp (xl) = (xl -
Tmin,s,)(T1 = Tmaa,s,)- The relaxed conditions are proposed
as the following theorem.

Theorem 2: Consider pre-defined polynomial 7;; 5 (X) as
the approximation for p;(x)A;(x) in the sub-region s, for
all ¢ = 1,...,r, j = 1,...,¢, 7 = 1,..., D, satisfying (18)
in which An;;, (x) is the error term where according to
(20), the lower and upper bounds are represented by ;s ,
Bij,s, respectively. The polynomial FMB control system of
(6) is asymptotically stable if there exist symmetric polynomial
matrices X(X) € RV*N A, (x) € RV*N | Q. (x) € RVXN,
polynomial matrices M;(x) € R™*N and polynomial scaler
k(x) such that the following SOS conditions are satisfied.

v (X(X) — e (x)I)v  is SOS, (35)
v A (x)v  is SOS, (36)
vTQ,;(x)v is SOS, (37)

T c

’UTZ ((nu,sT
i=1 j=1

+ (ﬁij,-» - %’jm) (Aij (x) + 5 (X)) + €25, (X)I>U

1 1
§’Yij,s, + i/Bij,sT>Tij (x)

+ r(x) v Ly (x)v  is SOS, Vs, =1,..,D, (38)
k(x) is SOS, (39
— UT (%ng (X) - Aij (X) + €3ij (X)I)U is SOS, (40)

— UT( — %T”(X) — Q”(X) + 647;]‘(X)I)U is SOS7 (41)

Vi=1,..,r, j=1,..,¢

where v(t) € R™ is a vector independent of x and e€;(x),
€25, (X), €3i;(X), €13;(x) > 0 for x # 0 are pre-defined
polynomial scalars and the local feedback gains can be derived
from (15).

Remark 3: If x = x, A;(x) = A; and B,;(x) = B,,
then the polynomial fuzzy control system (3) is reduced to the
T-S FMB control system (7). Hence investigation of system
stability for T-S FMB control systems is considered as a special
case of the proposed approach.

IV. SIMULATION EXAMPLE

The effectiveness of the proposed stability analysis
approach is illustrated by the following simulation example.
Consider a polynomial fuzzy model with three rules as in the
following,

— 2 _ 2
AI(X) = ( ! * o * 1;1:_ o = *16 ) ’
_ 2 _ 2
Ag(x):( 1+x1+z6+z1m2 5 _16)7
1tz t it mae—a 1
As(x) = ( 0.2172a -6 )
B (x) = By(x) = Bs(x) = ( i ) : 42)

where a and b are parameters in the proposed fuzzy model.
A three-rule polynomial fuzzy controller in the form of (5)
is employed to close the feedback loop. Then the polynomial
FMB control system in the form of (6) is obtained.

The membership functions for the polynomial fuzzy model
are chosen as

1 1

pa(zy) = SEDE pa(w1) = D)
EETE] 1 [ETE)

+ e
pa(z1) =1 — pi(21) — ps(z1), (43)

and for the polynomial fuzzy controller are chosen as follows.

1 —15<z1 <-10
— 2
A (z1) = 7% —10<2 <2,
0 15 <z <=2
2
M) ={ 2<a <10, (4
1 10 <2, <15

)\2(1‘1) =1 Al(xl) — /\3(1’1).

The plots of membership functions of (43) and (44) are
shown in Fig. 1. Then each product term g, (z1)A;(z1) is
approximated by a polynomial. In this way, the operating
region of fuzzy membership functions is divided to 11 sub-
regions, si,...s11. Then corresponding to each sub-region, a
polynomial is derived as an approximated term. To release con-
servativeness resulting from consideration of whole operating
domain for all regionally approximated polynomials via SOS-
TOOLS, the conditions in Theorem 2, containing some slack
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expressions, are employed for which corresponding to each
sub-region s; to s11, slack expressions L, (1) to L, (1)
are introduced. Due to lack of space, the approximated mem-
bership functions, boundaries of the error terms and slack
expressions have been omitted. For comparison purposes the
stability conditions proposed in Theorem 2 [9], is employed to
investigate stability analysis for 2 < a <9, 7.4 < b < 9. Due
to using PDC design techniques reported in [9], the member-
ship functions of both fuzzy model and fuzzy controller have
been chosen as in (43). Consequently, this design technique
causes much more complicated implementation. The stability
region is demonstrated in Fig. 2. It is shown that compared to
the stability conditions in [9], the proposed SOS-based stability
conditions in Theorem 1 and Theorem 2 are able to offer larger
stable regions. In this example the following assumptions are
considered €1(X), €25, (X), €3,i;(X) = €4,45(x) = 0.001 for all
i, J, T.

V. CONCLUSION

This paper has presented relaxed SOS-based stability con-
ditions for the polynomial FMB control systems. Continuous
form of membership functions have been taken to the stability
analysis leading to release conservatism. Furthermore, the
proposed approach can be applied to the polynomial FMB
control systems in which fuzzy model and fuzzy controller
do not share the same membership functions under non-
PDC design technique. With the free third-party MATLAB
toolbox, SOSTOOLS, the solution for the SOS-based stability
conditions could be found numerically. Simulation example
has been given to illustrate the effectiveness of the proposed
approach.
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Fig. 2. Stability regions given by [9] (e), Theorem 1 (x) and Theorem 2
(o) for Simulation Example.
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