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Abstract—In this paper, we propose a general decomposition
method for transition firing sequence problems for first order
hybrid Petri Nets. The optimal transition firing sequence problem
for first-order hybrid Petri Nets is formulated as a mixed integer
programming problem. We propose a Lagrangian relaxation
method for solving optimal transition firing sequence problems.
The hybrid Petri Net is decomposed into several subnets in which
the optimal firing sequence for each subnet is easily solved. The
optimality of solution can be evaluated by duality gap derived by
Lagrangian relaxation method. The proposed method is applied to
a small-scale example. Computational experiments demonstrate
the validity of the proposed formulation.

Index Terms—first-order hybrid Petri Nets, optimization, La-
grangian relaxation, firing sequence problem, decomposition

I. INTRODUCTION

Petri Nets have been used as a mathematical modeling tool
for optimization problems with a wide variety of applications.
It is possible to set up state equations, algebraic equations and
other mathematical models governing the behavior of the sys-
tems. In order to use Petri Nets as a general optimization tool,
it is required to develop the optimization algorithms for general
purpose. Recently, hybrid system modeling techniques are
promising for simulation, control, and optimization[6][7][8].
First-order hybrid Petri Net (FOHPN) is the formalism with
discrete and continuous dynamics described by Alla and
David[1][9] with the addition of algebraic analysis techniques
that was first presented by Balduzzi et al.[2][3][4]. FOHPN is
widely applied to distributed manufacturing systems[10], urban
traffic control[11][12] etc. The objective of this paper is to
propose a decomposition method for optimal firing sequence
problems for FOHPN to avoid state explosion. A decompo-
sition method for optimal firing sequence problems for timed
Petri Nets have been studied[15][17][18][19]. For the simula-
tion of FOHPN, linear programing technique is used to find
admissible firing speed vector for each macro-period[4][5].
However, the optimization of firing vector and firing speeds
for entire time horizon has not been considered in previous
works. In this paper, we study the optimization method for
firing sequence problem for FOHPN to determine a feasible
firing vector and firing speed for total planning horizon to
minimize cost function. The Petri Net decomposition approach
with Lagrangian relaxation is used to derive a near-optimal
solution effectively. The effectiveness of the proposed method
is demonstrated for example problem. The paper consists of the

following sections. Section II introduces FOHPN. Section III
defines optimal firing sequence problem for FOHPN and Petri
Net decomposition procedure is explained. Section V intro-
duces Lagrangian relaxation to solve the problem efficiently.
Section VI demonstrates the effectiveness of the proposed
method. Section VII concludes the paper.

II. FIRST-ORDER HYBRID PETRI NETS

A. Definition of FOHPN

N is set of natural numbers, R is set of real numbers, R
+ is

non-negative real numbers, R
+
0 = R

+∪{0}, R
+
∞ = R

+∪{∞}.
For a set of A, B, and C . AB represents a set of vectors of A
with its dimension is |B|. AB×C represents a set of matrices
of A whose dimension is |B| × |C |. AT is transpose of A.
The first-order hybrid Petri Net (FOHPN) is defined as N =
(P, T,Pre,Post,D, C). P = Pd∪Pc is a finite set of places, Pd

is a finite set of discrete places, Pc is a finite set of continuous
places. T = Td ∪ Tc is a finite set of transitions, Td is a finite
set of discrete transitions, and Tc is a finite set of continuous
transitions. Td is further partitioned into a set of immediate
transitions TI , a set of deterministic timed transitions TD and
a set of stochastic timed transitions TE . We denote •t as a
set of input places for transition t, and t• as a set of output
places for transition t. A set of discrete places of •t is denoted
as (d)t =• t ∩ Pd, a set of continuous places is represented
as (c)t =• t ∩ Pc. The pre- and post-incidence functions that
specify the arcs are:

Pre :
{

Pd × T → N

Pc × T → R
+
0

(1)

Post :
{

Pd × T → N

Pc × T → R
+
0 .

(2)

D : Tt → R
+ is associated with firing duration time for

discrete transitions. For ti ∈ TD, δi = D(ti) is firing duration
time. For ti ∈ TE , λi = D(ti) is the average firing rate, i.e. the
average firing delay is 1/λi, where λi is the parameter of the
corresponding exponential distribution. C : Tc → R

+
0 × R

+
∞

specifies the firing speeds associated with continuous transi-
tions. C(ti) = (V ′

i , Vi)(V ′
i < Vi) for any continuous transition

tj ∈ Tc. V ′
i represents the minimum firing speed (mfs) and Vj

represents the maximum firing speed (MFS). In the following,
unless explicitly specified, the mfs of a continuous transition
ti is V ′

i = 0. The incidence matrices for FOHPN is defined
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as A = A+ − A− where (A+)ij = Post(pi, tj), A−
ij =

Pre(pi, tj). Especially, AXY = Pre(pi, tj) − Post(pi, tj) for
pi ∈ PY , tj ∈ TX ,X, Y ∈ {c, d}). It is assumed that Adc = 0.
A marking

m :
{

Pd → N

Pc → R
+
0

(3)

is a function that assigns to each discrete place a non-negative
integer number of tokens, represented by black dots, and
assigns to each continuous place a fluid volume; mp denotes
the marking of place p. The value of the marking at time τ
is denoted as m(τ). The restriction of m to Pd, and Pc is
denoted as md,mc, respectively.

B. Marking and enabling

The enabling of a discrete transition depends on the marking
of all its input places both discrete and continuous. A discrete
transition t is enabled for all p ∈• t, mp ≥ Pre(p, t). The
firing of a discrete transition t yields the marking m′ = m +
A(p, t) (∀p ∈ P ). A continuous transition is enabled only by
the marking of input discrete places. A continuous transition t
is enabled for all p ∈(d) t, mp ≥ Pre(p, t), however, it is used
to distinguish between strongly and weakly enabling. We say
that an enabled transition t ∈ Tc is:

• strongly enabled for all places p ∈(c) t, mp ≥ 0;
• weakly enabled for some p̄ ∈(c) t, mp̄ = 0.

The instantaneous firing speed (IFS) of a continuous transition
ti ∈ Tc be denoted by vi. The enabling state of a continuous
transition ti defines its admissible IFS vj .

• If ti is not enabled then vi = 0.
• If ti is strongly enabled, then it may fire with any firing

speed vi ∈ [V ′
i , Vi].

• If ti is weakly enabled, then it may fire with any firing
speed vi ∈ [V ′

i , V̄i], where the upper bound V j on the
firing speed V̄i ≤ Vi.

Let the IFS of a continuous transition ti ∈ Tc at time τ is
vi(τ ). The marking evolution in time of a place p ∈ Pc can
be written as

dmp(τ )
dτ

=
∑

ti∈Tc

A(p, ti) · vi(τ ) (4)

Equation (4) holds assuming that at time τ no discrete transi-
tion is fired and that all speeds vj(τ ) are continuous in τ .

C. Marking and transition

A macro-event occurs (a) when a discrete transition fires,
thus changing the discrete marking and enabling (or disabling)
a continuous transition, or (b) a continuous place becomes
empty, thus changing the enabling state of a continuous tran-
sition from strong to weak. Let τk and τk+1 be the occurrence
times of two consecutive macro-events as defined above. It is
assumed that within the interval of time [τk, τk+1), we call
macro-period k, Δk = τk+1 − τk is constant and the IFS
vector is constant during macro-period k. τ0 is an initial time,
τk(k > 0) is the occurrence time of macro-event, and v(τk)
is the IFS vector during Δk periods of macro-period k. The

firing of a discrete transition yields the marking m(τk) for
each place k. Thus the behavior of FOHPN can be written
as {

mc(τk) = mc(τ−
k ) + AT

cd · σ(τk)
md(τk) = md(τ−

k ) + AT
dd · σ(τk)

(5)

where σ(τk) is the firing vector associated with the firing of
time τk .

The continuous behavior of an FOHPN for τ ∈ [τk, τk+1)
is described by{

mc(τ ) = mc(τk) + AT
cc · v(τk) · (τ − τk)

md(τ ) = md(τk). (6)

In order to define the optimal transition firing problem
for FOHPN , we consider that the time can be discretized
into several time periods where the duration of unit time for
continuous transition is ε.

A firing vector στ : T → {0, 1} represents whether
transition at time τ ∈ R

+ is fired or not. A firing vector
σ′

τ : T → {0, 1} represents whether the firing duration
is completed or not at time τ whose elements takes 1 if
the firing duration is completed and 0 otherwise. A marking

Mτ :
{

Pd → N

Pc → R
+
0

represents the vector comprising the

number of tokens on each place at time τ . The firing vector
vτ : Tc → R

+
0 is the IFS vector for continuous transition

at time τ . These equations are denoted by column vectors as
follows.

(Md,τ )i = Md,τ (pd,i) (∀pd,i ∈ Pd) (7)

(Mc,τ )i = Mc,τ (pc,i) (∀pc,i ∈ Pc) (8)

(σd,τ )j = σd,τ (td,j) (∀td,j ∈ Td) (9)

(σc,τ )j = σc,τ (tc,j) (∀tc,j ∈ Tc) (10)

(vτ )j = vτ (tc,j) (∀tc,j ∈ Tc) (11)

For each continuous transition tj ∈ Tc, the minimum and
maximum firing speed is given as v(tj) ∈ [V ′

j , Vj ].

III. OPTIMAL FIRING SEQUENCE PROBLEM FOR FOHPN
AND PETRI NET DECOMPOSITION

In this section, we define the optimal firing sequence
problem for FOHPN . A Petri Net decomposition approach
using Lagrangian relaxation for FOHPN is developed.

A. Definition of optimal firing sequence problem

For an FOHPN , we denote the problem to determine
the firing sequence of transitions to minimize J as an
optimal firing sequence problem defined as Given N =
(P, T,Pre,Post,D, C), initial marking M0(p), final marking
Mf (p)

M0 :
{

Pd → N

Pc → R
+
0

, Mf :
{

Pd → N

Pc → R
+
0

(12)

, time horizon NT ∈ N − {0}, and the cost function
to be minimized J : ({0, 1}T )NT → R, the
problem is to find an feasible set of firing vectors
(σd,0, σd,1, . . . , σd,NT−1, σc,0, σc,1, . . . , σc,NT−1) ∈
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({0, 1}Td∪Tc)NT and the set of firing speed vectors
(v0, v1, . . . , vNT−1) satisfying MNT (p) = Mf (p)(∀p ∈
Pc ∪ Pd) to minimize the cost function J . To formulate the
problem, the total time horizon NT is divided into Nt steps
with an interval ε. The problem can be formulated as:

min J =
NT∑
k=0

∑
τ∈Tk

εδτ (13)

s. t. Md,τ+1 = Md,τ + (A+
dd)Tσ′

d,n − (A−
dd)Tσd,τ (14)

Mc,τ+1 = Mc,τ + (A+
cd)Tσ′

d,τ − (A−
cd)Tσd,τ + (Acc)Tvτ ε

(15)

Md,τ − (A−
dd)

Tσd,τ − (A−
cd)Tσc,τ ≥ 0 (16)

Mc,τ − (A−
dd)

Tσd,τ ≥ 0 (17)

V ′(t)σc,τ (t) ≤ vτ (t) ≤ V (t)σc,τ (t) (18)

vτ ′ = vτ (∀τ ′, τ ∈ Tk,∀k = 0, . . . , NT ) (19)

δτ =

⎧⎪⎪⎨
⎪⎪⎩

1 {(Md,τ 
= Md,f ) ∨ (Mc,τ 
= Mc,f )}
∧(δτk−1 = 1)

0 {(Md,τ = Md,f ) ∧ (Mc,τ = Mc,f )}
∨(δτ−1 = 0)

(20)

(∀τ ∈ Tk,∀k = 0, . . . , NT ).

(13) is the objective function of total transition time where the
time counting variable δτ defined as (20) indicates whether
the marking is the final marking or not at time τ . δτ takes 0
if the marking is the final marking, and 1 otherwise, then the
total sum of δτ is the total transition time from initial marking
to final marking. (14) is the marking evolution constraints for
discrete places and (15) is the marking evolution constraints for
continuous places. (16) and (17) ensure the enabling condition
for discrete transitions, continuous transitions, respectively.
(18) and (19) defines the IFS firing speed vector. Tk is the
set of discretized time periods in macro-period k.

IV. DECOMPOSITION OF FOHPN AND LAGRANGIAN

RELAXATION

It is extremely difficult to solve firing sequence problem
for FOHPN optimally when the number of transitions are
increased. In order to solve the problem efficiently, we propose
a decomposition method for FOHPN by using Lagrangian
relaxation. In the proposed method, Petri Net is decom-
posed into several independent subnets by the idea of place
duplication[18][19]. The shared places are removed and the
entire Petri Net is decomposed into independent subnets. The
subproblem is defined as the subnets and shared places with
appropriate connection. The subproblem for each decomposed
subnets are solved repeatedly until the firing condition for the
entire subnets is satisfied.

A. Decomposition procedure

In order to use Petri Net decomposition approach, the
following condition must be satisfied.

• The objective function J is represented as J =
∑m

i=1 Ji,
the sum of the objective function Ji for the decomposed
subnets.

• The final marking is not specified for the duplicated places
for decomposition.

The decomposition procedure is explained here. The set of
transitions are decomposed into the set of transitions for each
subnet i. The set of transitions Ti is defined as (21).

T =
m⋃

i=1

Ti (Ti ∩ Tj = 0, i 
= j) (21)

Then the set of places for subnet i is defined as:

Pi = {p | p• ⊆ Ti,
•p ⊆ Ti} (22)

PR is the set of places that satisfies (23).

PR = P\
m⋃

i=1

Pi = ∅ (i 
= j) (23)

The column vector with the elements of σ, v, D, C for t ∈ Ti

is denoted as σi, vi, Di, Ci, respectively. The column vector
with the elements of p ∈ Pi, p ∈ PR is denoted as Mi,MR,
respectively. The incidence matrices for p ∈ Pi are A+

i ∈
N

Ti×Pi , and A−
i ∈ N

Ti×Pi , and the incidence matrices for
p ∈ PR are B+ ∈ N

T×PR , and B− ∈ N
T×PR where B+, B−

is defined as:

B+ = [(B+
1 )T, . . . , (B+

m)T]T (B+
i ∈ N

Ti×PR)
B− = [(B−

1 )T, . . . , (B−
m)T]T (B−

i ∈ N
Ti×PR).

By using the decomposition procedure, the equations for
marking evolution can be given by (24) ∼ (27), the enabling
conditions are represented by (28) ∼ (31).

Mi,d,τ+1 = Mi,d,τ + (A+
i,dd)

Tσ′
i,d,τ − (A−

i,dd)Tσi,d,τ (24)

Mi,c,τ+1 = Mi,c,τ + (A+
i,dc)

Tσ′
i,d,τ − (A−

i,dc)
Tσi,d,τ

+(Ai,cc)Tvi,τ · ε (25)

MR,d,τ+1 = MR,d,τ + (B+
dd)

Tσ′
d,τ − (B−

dd)
Tσd,τ (26)

MR,c,τ+1 = MR,c,τ + (B+
dc)

Tσ′
d,τ − (B−

dc)
Tσd,τ

+(Bcc)Tvτ · ε (27)

Mi,d,τ − (A−
i,dd)Tσi,d,τ − (A−

i,cd)Tσi,c,τ ≥ 0 (28)

Mi,c,τ − (A−
i,dd)Tσi,d,τ ≥ 0 (29)

MR,d,τ − (B−
dd)

Tσd,τ − (B−
cd)

Tσc,τ ≥ 0 (30)

MR,c,τ − (B−
dd)

Tσd,τ ≥ 0 (31)

The optimization problem can be rewritten as:

minJ =
m∑

i=1

Ji

s. t. (24) ∼ (31).

Based on the decomposition for the set of transitions and
the set of places, the subproblem for each subnet i can be
decomposed into Ni = (Pi ∪ PRi, Ti,Prei,Posti, Ci,Di).
Here, PRi is the set of duplicated places which has one-to-one
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relationship between PR. The weight on arc can be defined as
follows by using bijection ζ : PRi → PR.

Posti(p, t) = Post(p, t) (∀p ∈ Pi; ∀t ∈ Ti) (32)

Prei(p, t) = Pre(p, t) (∀p ∈ Pi; ∀t ∈ Ti) (33)

Posti(p, t) = Post(ζ(p), t) (∀p ∈ PRi; ∀t ∈ Ti) (34)

Prei(p, t) = Pre(ζ(p), t) (∀p ∈ PRi; ∀t ∈ Ti) (35)

The marking evolution for MRi,k and the enabling condition
can be represented as (36) ∼ (39).

MRi,d,τ+1 = MRi,d,τ + (B+
i,dd)

Tσ′
i,d,τ − (B−

i,dd)
Tσi,d,τ

(36)

MRi,c,τ+1 = MRi,c,τ + (B+
i,dc)

Tσ′
i,d,τ − (B−

i,dc)
Tσi,d,τ

+(B+
i,cc)

Tvi,τ · ε (37)

MRi,d,τ − (B−
i,dd)

Tσi,d,τ − (B−
i,cd)

Tσi,c,τ ≥ 0 (38)

MRi,c,τ − (B−
i,dd)

Tσi,d,τ ≥ 0 (39)

B. Example of decomposition

Consider an optimal firing sequence problem for FOHPN
shown in Fig. 1. The initial marking is Md,0 = [1 0 0 0]T,
Mc,0 = [0, c0, 0]T, the final marking is Md,f = [0 0 1 0]T,
Mc,f = [0, 0, c0]T. The optimal firing sequence problem to
minimize the total transition time is treated as an example. In
this example, if the place p4 is removed and the duplicated
places p

′
4 and p

′′
4 for p4 are connected with the FOHPN can

be decomposed into independent subnets as shown in Fig. 2.

1p

2p

3p

4p 5p

6p

7p

1t

2t

3t 4t

0c

Fig. 1. An example of original FOHPN

subnet 1

subnet 2

1p
1t

2p

2t
3p

5p 7p

6p

3t 4t

0c

McMc

'
4p

''
4p

Fig. 2. Decomposed subnets for FOHPN

V. LAGRANGIAN RELAXATION

Lagrangian relaxation is used for obtaining lower bound of
the combinatorial optimization problem. Recently, the method
is widely applied to solve scheduling problems. The optimality
of solution can be evaluated by upper bound and lower bound
of the problem.

A. Lagrange function

The constraints for enabling condition for the set of places
PR represented by (30) and (31) are relaxed by Lagrange mul-
tipliers λd, λc, respectively and added to the objective function
multiplied by Lagrange multipliers. The relaxed probledm can
be rewritten as follows where Nt = NT /ε is the total time
horizon.

min L (40)

L =
m∑

i=1

Ji +
Nt∑

τ=0

λT
d,τ

{
(B−

dd)
Tσd,τ +(B−

cc)
Tσc,τ − MR,d,τ

}

+
Nt∑

τ=0

λc,τ{(B−
cc)

Tσd,τ − MR,c,τ} (41)

s. t. (18), (19), (20), (24), (25), (28), (29), (36) ∼ (39)

Using the marking evolution equation, MR,d,τ = MR,d,0 +∑τ−1
l

(
(B+

dd)
Tσ′

d,l − (B−
dd)

Tσd,l

)
, MR,c,τ = MR,c,0 +∑τ−1

l

(
(B+

dc)
Tσ′

d,l − (B−
dc)

Tσd,l + (Bcc)Tvl · ε
)

, the func-
tion L can be rewritten as:

L =
m∑

i=1

[
Ji +

Nt∑
τ=0

λT
d,τ

{
(B−

i,dd)
Tσ′

i,d,τ + (B−
i,cd)

Tσi,c,τ

−
k−1∑

l

(
(B+

i,dd)
Tσ′

i,d,l − (B−
i,dd)

Tσi,d,l

)}

+
Nt∑

τ=0

λT
c,τ

{
(B−

i,dc)
Tσi,d,τ −

τ−1∑
l

((B+
i,dc)

Tσi,d,l

−(B−
i,dc)

Tσi,d,l + (Bi,cc)Tvi,l · ε
}]

−
Nt∑

τ=0

(λT
τ MR,d,0 + λT

c,τMR,c,0) (42)

(42) can be rewritten as L =
∑m

i=1 Li −∑Nt

τ=0(λ
T
d,τ MR,d,0 + λT

c,τMR,c,0) when Li is defined

as Li = Ji +
∑Nt

τ=0

[
λT

d,τ

{
(B−

i,dd)
Tσ′

i,d,τ +

(B−
i,cd)

Tσi,c,τ − ∑τ−1
l

(
(B+

i,dd)
Tσ′

i,d,l − (B−
i,dd)

Tσi,d,l

)}
+

λT
c,τ

{
(B−

i,dc)
Tσi,d,τ −∑τ−1

l ((B+
i,dc)

Tσi,d,τ − (B−
i,dc)

Tσi,d,τ

+(BT
i,cc)vi,l · ε

}]
.

Therefore the relaxed problem with Larange multiplier λτ

for the minimization of L is decomposable into subproblem
for the minimization of Li.
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B. Optimization algorithm of Lagrangian relaxation

The optimization algorithm for Lagrangian relaxation is as
follows.
Step 1 Initialization
The number of iterations N := 1. The Lagrange multipliers
are set to an initial value (λ(N )

τ = {0}).
Step 2 Solving subproblems
Each subproblem RPi (i = 1, . . . ,m) is solved sequentially.
The derived solution provides a lower bound LB for the
original problem.

(RPi) minLi (43)

s. t. (18), (19), (20), (24), (25), (28), (29), (36) ∼ (39)

Step 3 Construction of feasible solution
The solution derived at Step 2 is not always feasible. Therefore
a feasible solution is constructed by the algorithm explained
in Section V-D. A feasible solution provides an upper bound
UB for the original problem.
Step 4 Evaluation of convergence
If the lower bound is not updated for a pre-determined number
of times, the algorithm is finished.
Step 5 Update of Lagrange multipliers
The value of Lagrange multipliers are updated by subgradient
optimization method. The subgradient can be given by:

gτ = (B−
i,dd)

Tσ̃d,τ + (B−
cc)

Tσ̃c,τ − MR,d,τ (44)

where σ̃d,τ , σ̃c,τ is the firing vector derived by solving sub-
problem derived at Step 2. The Lagrange multipliers are
updated by

λ(N+1)
τ = max{0, λ(n)

τ + α
UB − LB∑Nt

τ=0 |gτ |2
gτ} (45)

UB is upper bound, LB is lower bound, and α is the parameter
for the update of Lagrange multiplies. N := N + 1 and return
to Step 2.

C. Solving subproblem

The subproblem in Section V-B is formulated as a mixed
integer programming problem to determine firing vector and
firing speed. The problem can be solved by a commercial
solver. However, we propose an efficient algorithm to solve the
problem by state space search algorithm with the enumeration
of reachability graph[16]. The algorithm for solving subprob-
lem is as follows.
Step 1 For the optimization of subnet i, initial state ξ0 , the
number of steps n := 0, the initial marking Mi,0 are defined.
Let ξ = ξ0.
Step 2 Generate the successor state ξ′ from state ξ by the
following steps.

1) Select discrete transitions from the enabled discrete
transitions. M ′

n is the marking during the transitions.
2) Select continuous transitions from the enabled continu-

ous under the marking M ′
n.

3) For the selected continuous transition, determine a fir-
ing speed that can maximize 1Tv under the following
conditions.⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Vj − vj ≥ 0 ∀tj ∈ TE(M ′
n)

vj − V ′
j ≥ 0 ∀tj ∈ TE(M ′

n)
vj = 0 ≥ 0 ∀tj ∈ TN (M ′

n)∑
tj∈TE

A(p, tj) · vj ≥ 0 ∀p ∈ PE(M ′
n)

where TE (M ′
n) ∈ Tc is the subset of continuous transi-

tions enabled at marking M ′
n, and TN (M ′

n) ∈ Tc is the
subset of continuous transitions not enabled at marking
M ′

n. PE(M ′
n) is the subset of empty continuous places.

4) If at least one discrete transition is fired at 1), n′ :=
n+Δτ , otherwise n′ := n+1 and the time is determined
for ξ′. The state ξ′ is added to the list of states. If the
same states already exist in the reachability graph, the
cost function is compared. Then the state with larger
value of objective function is deleted.

Step 3. Repeat the procedure of Step 2 until all of states are
searched. The state with minimum cost is set to the next state
ξ.
Step 4. If the marking of state ξ is final marking, the search
is completed. Otherwise return to Step 2 and repeat the search
again.

D. Construction of a feasible solution

The solution derived by solving subproblem is not always
feasible for the entire FOHPN . In this section, the algorithm
to construct a feasible solution is explained in the algorithm ex-
plained in Section V-B. Before the execution of the algorithm,
the solution derived at each subnet is divided into multiple
macro-periods. The algorithm for the setting of solution for
each macro-period for subnet i is as follows.
Step 1. Time step n := 0. Set the period number k(i) = 0,
σp

i,0 = σi,0, v
p
i,0 = vi,0.

Step 2. If σ′
i,d,n(ta) = 1 at time step n for transition ta ∈ Td,

that is to say, the firing of transition ta is completed or
vi,n 
= vi,n+1, complete the period k(i), and σp

i,d,k(i)
(ta) =

1, k(i) := k(i) + 1.
Step 3. If the Step 2 is examined for all time steps, the
algorithm is completed. Otherwise n := n + 1, σp

i,d,k(i)
=

σi,d,n, vp
i,k(i)

= vi,n and return to Step 2.
where σp

i,k(i)
, vp

i,k(i)
is the firing vector for period k(i), and

firing speed for period k(i), respectively.
By dividing the solution of firing vector and firing speed

into multiple macro-periods, the algorithm to construct a
feasible solution is executed.
Step 1. Initialize n = 0, k = 0, k(i) = 0.
Step 2. For each subnet, derive the minimum time step nmin

when the macro-period is started. nmin is the occurrence time
of the next macro-event at macro-period k + 1.
Step 3. Check the conflicts of solution of subnets at time step
nmin. If there exists conflicts, they are resolved by delaying
the starting time of occurrence time of an event.
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Step 4. Determine the time step nmin when the next macro-
event is occurred. For the subnet i which completes the macro-
period at time step nmin, k(i) := k(i) + 1.
Step 5. If all of macro-events are completed, the algorithm is
finished.

VI. COMPUTATIONAL EXPERIMENTS

Computational experiments are demonstrated to show the
effectiveness of the proposed method for the example problem
in Fig. 1. The initial marking is M0(p1) = 1, M0(p6) = 45 and
final marking is Mf (p3) = 1, Mf (p6) = 45. The condition for
firing speed for continuous transition t3, t4 is [0, 15], [0, 10],
respectively. The unit discretization time is ε = 0.1. The results
derived by solving the optimal firing sequence problem are
shown in Fig. 3. Fig. 3 shows the firing speed for continuous
places t3 and t4. A Pentium D 3.4GHz processor with 1GB
memory is used for computation.
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Fig. 3. Computational results for firing speeds of continuous places

Table I shows the comparison between the performance
between the proposed method using Petri Net decomposition
and CPLEX without decomposition using the formulation of
(13)-(20). The upper bound and lower bound is almost the
same. The computation time is reduced by the decomposition.
The results demonstrate that the proposed method can derive an
optimal solution with less computational effort for the problem.

TABLE I
COMPUTATIONAL RESULTS FOR THE EXAMPLE

The proposed method CPLEX
UB 10.5 10.5
LB 10.45 10.5

DGAP[%] 0.45 0.0
Time[s] 0.007 0.42

VII. CONCLUSION

In this paper, we have proposed a decomposition method
for optimal firing sequence problem for first-order hybrid
Petri Nets. The Petri Net decomposition with Lagrangian
relaxation has been developed to solve the problem. In the
proposed method, the original FOHPN is decomposed into
several subnets by removing shared places and connecting

subnets with the duplicated places with appropriate connec-
tion. The subproblem for determining firing vector and firing
speed has been solved by Dijkstra algorithm with reachability
graph. The algorithm to construct a feasible solution has also
been proposed. Computational experiments demonstrate that
the proposed method can derive near-optimal solution with
less computational effort compared with commercial solver
before decomposition. Further research is to investigate the
effectiveness of the proposed method for large-sized problems.
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