
Tracking under the nonholonomic constraint using
cubic navigation laws

J. Vargas, S. Mendez and F. Belkhouche

Abstract—This paper deals with the problem of mobile robot
tracking an unpredictably moving target in the presence of
obstacles. We suggest a new family of navigation laws that consists
of cubic navigation functions. These laws depend on various
external parameters that can be used to adjust the robot’s path,
especially to avoid collision with obstacles. The suggested method
allows an easy combination between the global aspects of target
tracking and the local aspects of obstacle avoidance. A method
is suggested to tune and adjust the parameters of the navigation
laws and derive a locally optimal path. The method is illustrated
using an extensive simulation.

Index Terms—tracking, path planning.

I. INTRODUCTION

Wheeled mobile robots navigation in the presence of ob-
stacles is among the most important topics in the field of
robotics. The research on the problem of navigation to reach a
stationary object is substantial. However, less attention is given
to the problem of navigation to reach or track a moving target.
Tracking and reaching a moving target by using a wheeled
mobile robot is important in various applications, such as
soccer robotics, automated surveillance, and various military
applications. The problem of tracking-interception or pursuit is
studied in different environment contests: plane, grid, or graph
[22]. In a grid representation, the controls and the space are
discrete. In this paper, the problem is studied in the plane,
which represents a more realistic approach, since it uses a
continuous representation for the space and the control inputs.
The families of methods used for tracking-interception of a
moving target in the plane can be divided mainly into two
groups:

• Methods based on pursuit-like approach: In this approach,
the robot always tracks the path of the target. Thus the
velocity vector of the robot is always directed towards
the target’s position, and the robot is always heading
towards the target. In certain situations, there exist some
deviation angle, thus the robot follows the target’s path
with a certain deviation. This case corresponds to either
lead or lag pursuit. Many sensor-based methods use this
strategy. Most animals predators use the pursuit to catch
the prey.

• Methods based on rendezvous-like approach: In this ap-
proach the robot calculates a rendezvous point where both
the robot and the target will arrive at the same time, and
moves towards this point. This approach aims to keep the
visibility line robot-target parallel to the initial visibility
line. This strategy is used by players in certain games [1].

The authors are with TAMIU. This project is partially supported by an Award
from the U.S. Department of Education, Award # P031C080083 .

The suggested approach combines the various aspects of
the pursuit and a rendezvous in a single law. In this paper,
we consider the tracking-interception problem for accelerating
targets in the presence of obstacles. It is clear that the problem
in this case is more difficult and requires the integration of local
path planning for obstacle avoidance and global path planning
to track the target. When the target motion is known in advance
with a certain precision, the problem becomes easier, and the
motion of the robot can be pre-planned. The problem is more
interesting when the target’s motion is not a-priori known. This
kind of problems is discussed not only for wheeled mobile
robots, but also for robotic manipulators to achieve smooth
grasping of stationary and moving objects ([2], [3]). In ([2],
[3]), the authors used the proportion navigation and its variants.
The proportional navigation is widely studied in the aerospace
community [4]. Vision-based methods are widely used to
solve tracking-interception problems ([8], [7]). These methods
are among the most important feature-based methods, where
modeling the target’s motion is not necessary. In [6] the authors
suggest a method for tracking humans in real time based on
feature detection. In [12] the authors suggest an algorithm
for tracking humans from a moving platform by using a
camera. The problem of using multiple robots for cooperative
hunting behavior is studied in [9] and [10], where model-
based methods are used. In [10], the authors suggest to use
a rendezvous-like approach. The problem of pursuit-evasion
is widely considered in the artificial intelligence community.
In the pursuit-evasion problems, the goal is to plan the path
of one or more searchers (robots) moving in a given working
space so as to guarantee the detection of the a moving target.
In many situations, the target is also intelligent, where it
applies evasive control laws. Clearly, this renders the problem
more difficult. Pursuit-evasion problems are studied using two
different families of methods: (a) Continuous approaches that
are based on differential games and optimal control theory
and (b) discrete approaches that are based on graph theory.
Many authors consider the problem of pursuit evasion under
different constraints such as limited field of view [20], impre-
cise target location [18], and unknown environment [13]. In
[19] a hybrid control strategy that combines the continuous
and discrete approaches is used. In [14], the authors suggest
human navigational principles for robotic interception, where
the perceptual principles allow the robot to intercept the target
without the need for time consuming calculations to determine
the world coordinates of the robot and the target. Note that the
problem of target tracking and interception is also studied in
3D environments for air vehicles ([16], [17]) and underwater
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vehicles [15].
In this paper we consider a surveillance problem of inter-

cepting and maintaining the target at constant distance from
the moving observer. We suggest to solve this problems by
using a family of nonlinear kinematics functions [23]. These
navigation functions are based on the relative kinematics
equations combines with geometric rules. They are adequate
for tracking maneuvering targets. The navigation functions
suggested here are functions of one variable only, which can
be derived from the relative position. This paper is organized
as follows. In the next section, modeling and geometry are
discussed. In section III, the control law is introduced. Re-
sults concerning interception are introduced and proven. The
collision avoidance problem is discussed in section IV, and a
simulation study is shown in section V.

II. POSITION OF THE PROBLEM, MODELING AND
GEOMETRY

In this section we recall the geometry of the tracking
problem, and we write the relative kinematics equations of
motion. For more details about the derivation, the reader is
referred to [21]. The working space is attached to a global
reference frame of coordinates {W}. The goal of the robot is
to reach the target with a desired final orientation angle. This
is equivalent to driving the robot from an initial configuration
qi to a desired final configuration qf . The difficulty of the
problem comes from the fact that the desired final orientation
is not known and depends on the target motion. The target is
modeled as a circular object that is moving in an unpredictable
fashion in a two dimensional working space. The working
space is cluttered with convex polygonal obstacles. The robot is
a simple car-like robot with the nonholonomic constraint. With
reference to figure 1, the visibility line is the imaginary straight
line constructed from the robot to the target. The visibility
angle is the angle from the positive x-axis and the visibility
line. The visibility angle is denoted by ϕ. The range between
the robot and the target is denoted by r. The velocity ratio is
defined as k = vR/vT , where vR is the robots linear velocity
and vT is the targets linear velocity. In this paper, it is assumed
that k > 1. The closing velocity is denoted by �vC and given
by

�vC = �vT − �vR (1)

The closing velocity is a vector that can be resolved in
different ways. One particularly interesting way is to use polar
coordinates and resolve the closing velocity into components
along and a cross the visibility line, where �v

‖
C and �v⊥C represent

the tangential and normal components of �vC , respectively. It
is possible to prove that [21]

�v
‖
C = ṙ �U‖

�v⊥C = rϕ̇�U⊥ (2)

where �U‖ and �U⊥ represent the unit vectors along and across
the visibility line, respectively. The robots equations of motion
are given by

Fig. 1. Geometry of the tracking problem

ẋR = vR cos(θR) cos(φR)
ẏR = vR sin(θR) cos(φR)
Lθ̇R = vR sin(φR)
φ̇R = ωR

(3)

where (xR, yR) represent the position of the robot’s reference
point in the inertial frame of reference, θR is the robot’s
orientation angle with respect to the x-axis and φR is the
robot steering angle. ωR represents the angular velocity of
the robot. The configuration of the robot is given by qR =
(xR, yR, θR, φR). The target moves according to the following
kinematics

ẋT = vT cos(θT )
ẏT = vT sin(θT ) (4)

where (xT , yT ) represent the position of the target reference
point in the inertial frame of reference {W}. Note that the
visibility angle is given in terms of the robot and target
positions as follows

tanϕ =
yT − yR

xT − xR
(5)

The closing velocity �vC allows to write the relative kine-
matics equations in polar coordinates. In polar formulation,
the decomposition of the relative velocity gives the relative
kinematics equations between the robot and the target as
follows

ṙ = vT cos(θT − ϕ) − vR cos(θR − ϕ)
rϕ̇ = vT sin(θT − ϕ) − vR sin(θR − ϕ) (6)

This model represents a two-dimensional nonlinear system of
differential equations. The analytical solution is not possible in
general. However it is possible to solve for (r, ϕ) numerically.
The first equation in (6) gives the relative range. A negative
value for r means that the robot and the target are approaching
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from each other. The second equation gives the rate of turn of
the robot with respect to the target. Constant value for the
visibility angle means that the motion of the target seen by
the robot is a straight line. The boundary conditions associated
with system (6) are as follows

r(t0) = r0; ϕ(t0) = ϕ0

r(tf ) = c; θR(tf ) is free
θR(t0) = θR0 ; vR and vT are free
ϕ(tf ) is free; θT is free

(7)

where c is a constant number (c � 0 for interception), t0
is the initial time and tf is the final time. Note that, the pure
rendezvous is characterized by a constant value of the visibility
angle. The control law is discussed in the next section. We
assume the following

• The robot is faster than the moving target.
• The minimum turning radii for the robot and the target

are equal.

III. THE CONTROL LAW

A. Reaching the target

The goal here is to design a control law for the robots
orientation angle that allows to track and reach the target with
a desired final configuration. This is a real time problem, and
thus the control input must be calculated online. This problem
is substantially different from classical navigation problems.
The most classical approach used to track a moving target is
based on the pure pursuit, where the robot follows the path
of the target, thus θR = ϕ. Many animals predators use the
pure pursuit to catch their prey. This approach is quite simple
and works well; however, in most cases it is not optimal and
results in longer interception times. We will see that the pure
pursuit is just a particular case of the suggested method. The
goal of the suggested law is to drive the visibility angle to
a value for which the range is a decreasing function. This
principle is quite similar to the pure pursuit. However it will
result in various optimal paths. The navigation law must satisfy
certain conditions. The most important condition is that the
equation for the visibility angle rate has an asymptotically
stable equilibrium that results in a decreasing range. We
suggest to use the following form for the control law

θR = ϕ + Aϕ3 + Ciexp(−bt) + Cf (8)

where A > 0 is a real number called the navigation factor,
Ci and Cf are navigation parameters satisfying certain condi-
tions. Cf is a deviation term. b is a positive gain. The term
Ciexp(−bt) is a heading regulation term that goes to zero with
time as it can be seen from equation (8). The path of the robot
can be controlled by acting on the values of A; Ci;Cf . Note
the existence of the following particular cases:

• The navigation function given in (8) becomes equivalent
to the pure pursuit when A = 0; Cf = 0. This case
corresponds to ϕ → 0.

• In the case when A = 0; Cf �= 0, we have a deviated
pursuit.

The equations for the pure pursuit are give by

ṙ = vT cos(θT − ϕ) − vR

rϕ̇ = vT sin(θT − ϕ) (9)

In this particular case, it is obvious that ṙ < 0 and therefore
the range is a decreasing function since k > 1. The following
result deals with the general case.
Proposition
Under the control law given by

θR = ϕ + Aϕ3 (10)

The robot reaches the moving target successfully.
Proof

ṙ = vT cos(θT − ϕ) − vR cos(Aϕ3)
rϕ̇ = vT sin(θT − ϕ) − vR sin(Aϕ3) (11)

The asymptotically stable equilibrium solutions for the line of
sight angle is given by

ϕ3 =
1
A

arcsin(
vT

vR
sin(θT − ϕ)) (12)

By replacing the equilibrium position in the range equation,
we get

ṙ = vT cos(θT − ϕ) − vR cos(arcsin(
vT

vR
sin(θT − ϕ))) (13)

which implies that the range rate is negative, and therefore the
distance is decreasing until the robot reaches the target.

B. Tracking with constant distance

In many classic surveillance problems, the agent (robot)
tracks a moving target without catching it. In this case, the
robot keeps a constant distance from the target. The goal here
is to derive a control law for the robot speed to accomplish this
task. Clearly, a constant speed corresponds to ṙ = 0. Under
the cubic navigation law, this corresponds to

vT cos(θT − ϕ) = vR cos(Aϕ3 + Cf ) (14)

which gives for the robot speed

vR =
vT cos(θT − ϕ)
cos(Aϕ3 + Cf )

(15)

IV. COLLISION AVOIDANCE

In the presence of obstacles, the problem of interception
tracking becomes a difficult problem. In this case, the control
law must combine global path planning to reach/track the
moving goal, and local path planning that consists of collision
avoidance. Thus the robot moves in two modes: The collision
avoidance mode and the target tracking mode. Clearly, the
collision avoidance mode has the priority over the target
tracking mode. The collision cone approach is used to avoid
collision with obstacles. The kinematics equations between the
robot and obstacle Bi are given by

ri = −vR cos(θR − ϕi)
riϕi = −vR sin(θR − ϕi)

(16)

The first equation allows to determine whether the robot is
approaching from the obstacle. In order to avoid collision, the
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robot first constructs the collision diagram based on its sensory
information. The collision diagram shows free directions and
directions corresponding to obstacles.

The robot changes its path when a collision is detected.
This is achieved by changing the values of A and Cf . The
smoothness of the path is an important aspect that must be
taken into consideration. Let t1 be the time when the robot
begins changing its orientation angle. At this time, just before
deviation, the robots orientation angle is given by

θR1(t1) = ϕ(t1)+Aϕ3(t1)+Ci1exp(−b(t1−t0))+Cf1 (17)

The robot begins deviating by changing the values of its
parameters (or one of them). Thus the new value of θR at
time t1 is given by

θR2(t1) = ϕ(t1)+Aϕ3(t1)+Ci2exp(−b(t1−t0))+Cf2 (18)

Clearly, the smoothness of the path requires that

θR1(t1) = θR2(t1) (19)

The values of the navigation and deviation parameters are cho-
sen so that (19) is satisfied. The new deviation parameters are
used to reach the deviation point. After the robot reaches the
deviation point, it goes back to the tracking-interception mode.
The problem that may be posed here is to find the optimal
deviation. Since we are dealing with a tracking interception
problem. It is necessary to consider the path of the target.

V. SIMULATION

A. Illustration of the deviated pursuit

In the case of the pure pursuit, the robot orientation angle is
equal to the visibility angle, that is after the heading regulation
phase, we have

θR = ϕ (20)

It can be easily proven that ϕ → θT , and therefore θR → θT .
The deviated pursuit is characterized by

θR = ϕ + Cf (21)

where Cf indicates the direction of the deviation (lead or lag).
Two examples illustrating the deviated pursuit are shown in
our simulation. The target performs a sinusoidal motion with a
speed vT = 2m/s. The robots speed is vR = 3m/s. The robots
and targets initial positions are (1,1) and (12,12), respectively.
The initial orientation of the robot is 90o. Figure 2 shows a
lag pursuit with Cf = 50o, while figure 3 shows a lead pursuit
with Cf = −50o.

B. Illustration of the cubic navigation function

Different values of A and Cf are used by the robot to track
the target. Again the robots initial position is (1,1), and the
targets initial position is (12,12). The initial orientation of the
robot is 90o. Four scenarios are shown in figures 4-7. In all
cases the robot reaches the goal successfully.

Fig. 2. Tracking using the deviated pursuit law with Cf = 50o

Fig. 3. Tracking using the deviated pursuit law with Cf = −50o

VI. CONCLUSION

In this paper, we presented a method for robot tracking
interception of a target moving in a two-dimensional working
space with unknown maneuvers. An algorithm that allows
the robot to tune the navigation parameters is suggested. The
method uses cubic navigation functions, which belong to the
family of nonlinear navigation functions. These functions are
based on the combination of the kinematics and geometric
rules. The problem of trackinginterception is considered for
maneuvering targets, where the target frequently changes its
orientation angle or speed. In the presence of obstacles, the
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Fig. 4. Tracking using cubic navigation law with A = 10, Cf = −30o

Fig. 5. Tracking using cubic navigation law with A = 2; Cf = −20o

method is combined with a collision avoidance algorithm.
These navigation functions depend on various external parame-
ters. This property allows to change the robots path in realtime.
The richness of the method is illustrated using an extensive
simulation.
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