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Abstract—This paper proposes a Reinforcement Self-
Organizing Interval Type-2 Fuzzy System with Ant Colony 
Optimization (RSOIT2FS-ACO) method. The antecedent part in 
each fuzzy rule of the RSOIT2FS-ACO uses interval type-2 fuzzy 
sets in order to improve system robustness to noise. There are no 
fuzzy rules initially. The RSOIT2FS-ACO generates all rules 
online. The consequent part of each fuzzy rule is designed using 
Ant Colony Optimization (ACO). The ACO approach selects the 
consequent part from a set of candidate actions according to ant 
pheromone trails. The RSOIT2FS-ACO method is applied to a 
truck backing control. The proposed RSOIT2FS-ACO is 
compared with other reinforcement fuzzy systems to verify its 
efficiency and effectiveness. A comparison with type-1 fuzzy 
systems verifies the robustness of using type-2 fuzzy systems to 
noise. 

Keywords—Ant colony optimization, type-2 fuzzy systems, 
reinforcement learning, fuzzy control.  

I. INTRODUCTION

To ease fuzzy system (FS) design efforts, many automatic 
design approaches have been proposed. For some real-word 
control applications, precise input-output training data are 
usually difficult and expensive, if not impossible, to obtain. 
For these problems, there has been a growing interest in 
reinforcement learning algorithms for FS design [1]-[4].These 
approaches are mainly based on the temporal difference 
method (like adaptive heuristic critic and Q-learning) [1, 2] or 
Genetic Algorithms (GA) [3,4]. The authors of [1,2] proposed 
fuzzy Q-learning for FS design, where the consequent part of 
each rule is designed via Q-values. The antecedent part of a  
FS is assigned a priori in [1], while the antecedent part is on-
line generated using ε -completeness criterion in [2]. The 
authors of [3] proposed a symbiotic evolution method for 
fuzzy controller (SEFC) design. A combination of on-line 
clustering and Q-value based GA for FS design (CQGAF) is 
proposed in [4], where Q-values serve as fitness values for GA.  

In contrast to the reinforcement learning methods above, 
this paper proposes a new reinforcement FS learning method 
that uses Ant Colony Optimization (ACO) to improve 
reinforcement learning effectiveness and efficiency. Previous 
studies [5,6] have used ACO algorithms for FS design. 
However, in these studies, the antecedent part of a FS is 
partitioned in grid-type and the consequent part is designed 
using ACO with supervised learning. Furthermore, studies [5, 

6] and the aforementioned reinforcement learning methods 
only consider type-1 FSs, whereas this paper proposes 
reinforcement learning for interval type-2 FSs. Interval type-2 
FSs are extensions of type-1 FSs where the membership value 
of an interval fuzzy set is an interval [7]. Interval type-2 FSs 
appear to be a more promising method than their type-1 
counterparts in handling problems with uncertainties such as 
noisy data and changing environments [7]-[11]. For interval 
type-2 FS design, heuristic fuzzy rule derivation is often 
difficult and time-consuming, and requires expert knowledge. 
To overcome this challenge, researchers have proposed 
automatic interval type-2 FS optimization methods for 
supervised learning problems [10, 11], where correct target 
output value(s) for each input pattern helps guide system 
learning. In contrast to these supervised learning methods, this 
paper proposes a new reinforcement learning method for 
interval type-2 FS design.  

This paper is organized as follows. Section II introduces the 
designed interval type-2 FS structure. Section III first describes 
basic concepts of ACO, and then introduces the configuration 
of RSOIT2FS-ACO. Section IV introduces the rule generation 
approach for antecedent part learning followed by ACO for 
consequent part learning. Section V conducts RSOIT2FS-ACO 
simulations on truck backing control. Finally, Section VI draws 
conclusions. 

II. INTERVAL TYPE-2 FUZZY SYSTEM STRUCTURE 

This section introduces the structure of the interval type-2 
FS designed in this paper. Figure 1 shows the proposed system 
structure. The i th rule in the FS has the following form 

Rule iR :  IF 1x  is 1

iA  AND …  AND nx  is i

nA  THEN y

is ia , i =1, , M                                      (1) 

where i

jA , j =1, , n , is an interval type-2 fuzzy set, ia ∈ ℜ
is a crisp value, and M  is the number of rules. Detailed 
mathematical functions of each layer are introduced as follows.  

Layer 1 (Input layer): The inputs are crisp values. This 
layer performs input variable scaling, if necessary, so that all 
input variables have similar scale.  
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Fig. 1.  Structure of the interval type-2 fuzzy system. 
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Fig. 2. An interval type-2 fuzzy set with an uncertain mean. 

Layer 2 (Fuzzification layer): This layer performs the 
fuzzification operation. Each node in this layer defines an 
interval type-2 fuzzy set. For the i th fuzzy set i

jA in input 

variable jx , a Gaussian primary membership function (MF) is 
used which has a fixed standard deviation σ  and an uncertain 
mean that takes on values in 1 2[ , ]m m  (Fig. 2). The footprint of 
uncertainty of this MF can be represented as a bounded 
interval in terms of upper MF, i

jA
μ , and lower MF, i

jA
μ , where  
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That is, the output of each node can be represented as an 
interval [ i

jA
μ , i

jA
μ ]. 

Layer 3 (Firing layer): Each node in this layer is a rule 
node, and performs the fuzzy meet operation [7] using an 
algebraic product operation. The output of a rule node is a 
firing strength, iF , which is an interval type-2 fuzzy set. The 
firing strength is computed as follows  

[ , ]
i i i

F f f=                                    (4) 

where  

1

i
jA

j

n

if μ
=

= ∏  and 
1

i
j

n

i A
j

f μ
=

= ∏                           (5) 

Layer4 (Output processing layer):

The type-reduced set of the interval type-2 FS is an 
interval type-1 set [ ,  ]l ry y  where indices l  and r  represent 
the left and right limits, respectively. Each node in this layer 
computes this interval output. The consequent ia  represents 
link weights in Layer 4. As in fuzzy Q-learning [1, 2], the 
consequent part is selected from a predefined candidate action 
set 1{ , ..., }NU u u= . The consequent ia  is a crisp value. 
Instead of the most widely used center-of-sets type-reduction 
method [7], a simplified type-2 reduction operation is used. 
The simplified method considers only the two embedded type-
1 fuzzy sets with membership values i

jA
μ  and i

jA
μ . That is, the 

outputs ly  and ry  are computed as follows 

1

1

M i

ii
l M i

i

f a
y

f
=

=

=                                    (6) 

and

1

1

M i

ii
r M i

i

f a
y

f
=

=

=                                    (7) 

Layer 5 (Output layer): Each output node corresponds to 
one output variable. Each node in this layer performs a 
defuzzification operation. Because the output of Layer 4 is an 
interval set, nodes in Layer 5 defuzzify the output by 
computing the average of ly  and ry . Hence, the defuzzified 
output is 

                     
2

l ry y
y

+
=                                (8) 

III. RSOIT2FS-ACO CONFIGURATION 
This section first introduces the basic concepts of ACO, 

and then introduces the RSOIT2FS-ACO configuration.  

A. Ant Colony Optimization 
ACO is a meta-heuristic algorithm inspired by the behavior 

of real ants, and in particular how they forage for food [12]. 
ACO can be applied to combinatorial problems, where the  
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Fig. 3. The consequent value is selected by an ant according to pheromone 
trails, where the tour of an ant is marked by a bold line.

solutions to the optimization problem can be expressed in 
terms of feasible paths on a graph. Among these feasible paths, 
ACO tries to find the one with minimum cost though it may 
fail. In ACO, a finite size colony of artificial ants is created. 
Each ant then builds a solution to the problem. The 
performance measure is based on a quality function ( )F . The 
information collected by the ants during the search process is 
stored in the pheromone trails τ  associated to the connection 
of all edges. The ants cooperate in finding the solution by 
exchanging information via the pheromone trials. Once all ants 
have computed their tour (i.e. at the end of the each iteration), 
ACO algorithms update the pheromone trail using ( )F . The 
pheromone trail may be updated locally while an ant builds its 
trail or globally when all ants have built their trails.  Details of 
the whole ACO algorithm can be found in [12]. The 
RSOIT2FS-ACO uses ACO algorithm because the consequent 
part selection problem can be formulated as a discrete 
combinatorial problem.  

B. RSOIT2FS-ACO Configuration 

 In RSOIT2FS-ACO, rules are generated online. For each 
rule, the consequent is selected from the set 1{ , ..., }NU u u= .
Each rule with its competing consequent part may be written 
as

 Rule iR :  IF 1x  is 1

iA  AND …  AND nx  is i

nA  THEN y

is 1u  Or 2u  Or …. Or Nu , i =1, , M               (9) 

That is, there is a total of MN  combinations of consequent 
parts, and ACO selects one combination that satisfies FS 
performance constraint. In the ACO approach, the 
combination of selected consequent values functions as an ant 
tour. Figure 3 illustrates the case where three rules are 
generated and 1{ ,U u= 2u , 3u , 4u }. Selection of the 
consequent value is based on pheromone trails between each 
rule. The size of the pheromone matrix is M N×  and each 
entry in the matrix is denoted by ihτ , where 1, ...,i M=  and 

1, ...,h N= . As Fig. 3 shows, when the ant arrives at rule iR ,

then the probability ihp  that action hu  is selected from 

N candidate actions (denoted by nodes) of 1iR +  is dependent 
on 1i hτ + , 1, ...,h N= . The selection probability ihp  in ACO is 
defined by  

1

11

( )
( )

( )
i h

ih N

i zz

k
p k

k

τ

τ
+

+=

= 1, ...,i M= and 1, ...,h N=           (10) 

Figure 3 illustrates one tour of an ant (marked by a bold line), 
where an ant starts from the initial state, moves through 1R
and 2R , and stops at 3R . For each rule, the node visited by the 
ant is selected as the consequent part of the rule. Figure 3 
shows that the selected consequent part values in 1R , 2R , and 

3R  are 4u , 3u , and 1u , respectively. After a whole FS is 
constructed from an ant tour, it is applied to an environment, 
during which rules are generated online.  

IV. RSOIT2FS-ACO FOR FS LEARNING

A. Antecedent Part Learning 
There are no rules in the RSOIT2FS-ACO initially. The 

RSOIT2FS-ACO generates rules online upon receiving 
training data. Geometrically, a rule corresponds to a cluster in 
the input space, and a rule firing strength can be regarded as 
the degree to which an input data belongs to a cluster. The 
RSOIT2FS-ACO used the rule firing strength as a criterion for 
type-2 fuzzy rule generation. Since the firing strength in the 
RSOIT2FS-ACO is an interval (see Eq. (4)), the center of the 
interval is computed  

1
( )

2
i i

c if f f= +                              (11) 

The firing strength center then serves as a rule generation 
criterion. That is, for each piece of incoming data 

1( , , )nx x x=  find 

1
arg  max ( )i

c
i M

I f x
≤ ≤

=                          (12) 

where M  is the number of existing rules at time t. If 
( )I

c thf x φ< , then a new rule is generated and 1M M= + ,

where (0,1)thφ ∈  is a pre-specified threshold. The ( 1)M t + th
rule generates the ( 1)M t + th new interval type-2 fuzzy set in 

input variable jx .  The initial uncertain mean i

jm  and width 
i

jσ  for this new fuzzy set are  

       [ ,  ]i

j j jm x m x m∈ − Δ + Δ                          (13) 

                                0.4i
jσ =                                  (14) 

where the input data jx  is used as an uncertain mean center 
and mΔ  assigns the range of mean uncertainty.  
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B. Consequent Part Learning 
Suppose the reinforcement signal available is F , which 

serves as the quality value for ACO pheromone matrix update.  
For the control problem studied in this paper, the total number 
of time steps until failure is used as F . The pheromone matrix 
is updated after aN  FSs have been applied to an environment, 
i.e., at the end of iteration k  . This study uses the hyper-cube 
framework ACO (HCF-ACO) [13] for rule consequent part 
learning. In HCF-ACO, the pheromone trail values ijτ are all 
in the range of [0, 1]. The pheromone level is updated using 

1

( 1) (1 ) ( )
aN

j

ih ih ih
j

k kτ ρ τ ρ τ
=

+ = − + ,                (15) 

where (0,1)ρ ∈ is a parameter that represents the evaporation 
coefficient and 

1

( ) / ,  if ( , )  the th ant tour
aN

j

ih ih j j
j

k F F i h jτ τ
=

Δ = = ∈ . (16) 

V. SIMULATIONS AND EXPERIMENTS

This paper applies the RSOIT2FS-ACO to a truck backing 
control studied in [14, 15]. In the following examples, the 
uncertain mean parameter mΔ  in Eq. (13) is set at 0.08 for 
scaled inputs, the ant number aN  is set at 15. The parameter 
for pheromone levels updated in Eq. (15) is set at ρ =0.1.
Simulations are performed on a personal computer with an 
Intel Pentium® D CPU- 3.0G HZ processor.  

Example 1. (clean environment)

Figure 4 shows the simulated truck and loading zone. The 
position of the truck is exactly determined by the three state 
variables φ , x , and y , where φ  is the angle of the truck 
with the horizontal axis shown in Fig. 4,  and x  and y  are the 
horizontal and vertical positions, respectively. The truck is 
controlled by a steering angle θ , and only backing up is 
considered. The truck moves backward by a fixed unit 
distance every stage. For simplicity, enough clearance is 
assumed between the truck and the loading zone such that y
does not have to be considered as an input. The input ranges 
considered in this example are  φ ∈ [0 ,180 ]o o  and [0, 25]x ∈ ,

and the output range is [ 40 , 40 ]o oθ ∈ − . The truck simulation 
model is [14]                      

( 1) ( ) cos[ ( ) ( )] sin[ ( )]sin[ ( )]x t x t t t t tφ θ θ φ+ = + + +   (17) 

( 1) ( ) sin[ ( ) ( )] sin[ ( )]cos[ ( )]y t y t t t t tφ θ θ φ+ = + + −   (18) 

1 2 sin( ( ))
( 1) ( ) sin [ ]

t
t t

b

θ
φ φ −+ = +                                (19) 

where 4b =  is the length of the truck. The control objective is 
to back up the truck to a suitable position with a suitable truck 
angle.  

θ

φ

rear

(x, y)

Loading zone x=10, φ =90 

Fig. 4. The simulated truck model. 

Fig. 5. Truck backing control trajectories using RSOIT2FS-ACO. 

This example designs a fuzzy controller (FC) using 
RSOIT2FS-ACO, which requires neither expert knowledge 
nor supervised training data that were used in [14, 15]. The FC 
inputs are scaled values 0.03 ( )x k⋅  and 0.01 ( )kφ⋅ . The set 
of candidate actions is U = [ 40− , 35− , …, 35, 40], and there 
are 17 candidate actions in the set. The parameter thφ  for rule 
generation is set at 0.15. The design constraint defines that the 
position of the truck is [9,11]x ∈ and [80,100]φ ∈ after 80 
time steps of control. If the constraint is violated, the control 
fails, and the total number of control time steps is recorded as 
the quality value F . A control strategy is deemed successful if 
the constraint is met for 150 time steps for all of the three 
initial states ( (0), (0))x φ = (3,135 )o ,

( (0), (0))x φ = (12, 45 )o and ( (0), (0))x φ = (18, 30 )o . For 
statistical evaluation, this study simulates 50 runs. A run ends 
when a successful FC is found or a failure run occurs. A 
failure run occurs if a successful FC is not found after 7,500 
trials. Here, a trial means a control process by a FC. All 50 
runs in this study are successful. The average number of trials 
over these 50 runs is 284 for RSOIT2FS-ACO. The average 
number of fuzzy rules is approximately six. Table 1 shows the 
corresponding statistical values, including average trial 
numbers and standard deviation. Figure 5 shows the successful 
control results of the FC for the three initial states.  

For comparison, previous reinforcement type-1 FS design 
methods are applied to the same problem. These methods  
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Table 1. Comparisons Of RSOIT2FS-ACO With Different Reinforcement 
Type-1 FS Design Methods.  

Method Fuzzy-Q SEFC CQGAF RSOIT2FS-
ACO

Rule number 35 6 6 6 
Average trials 710 340 295 284 

Standard Deviation 405 401 280 270 
CPU time (sec) 8.4 1.81 2.74 0.85 

Failure runs 0 0 0 0 

Fig. 6. Truck backing control trajectories using RSOIT2FS-ACO, where the 
inputs contain noise. 

Fig. 7. Truck backing control trajectories using RSOT1FS-ACO, where the 
inputs contain noise. 

include fuzzy Q-learning [16], SEFC [3], and CQGAF [4]. In 
fuzzy Q-learning, the antecedent part of the FC is partitioned 
in grid type as in [14], and there are 35 rules. The candidate 
consequent actions θ  are selected from the same set U  in 
RSOIT2FS-ACO. Table 1 shows the results of these methods. 
The results show that the average trial number of the 
RSOIT2FS-ACO is smaller than those of the other methods.  

Example 2.  (noisy environment)  

This example determines the advantage of interval type-2 
fuzzy sets over type-1 fuzzy sets in RSOIT2FS-ACO. A 
Reinforcement Self-Organizing Type-1 Fuzzy System with 
ACO (RSOT1FS-ACO) that uses type-2 fuzzy set in the 
antecedent part of RSOIT2FS-ACO is conducted. RSOT1FS-

ACO is obtained by setting mean uncertainty mΔ  in Eq. (13) 
to zero so that each generated fuzzy set is of type-1. Therefore, 
in RSOT1FS-ACO, rule firing strength i i iF f f= =  is a 

crisp value in Eq. (5) and l ry y y= =  in Eq. (6)-(8). 

Assume that the inputs are noise free when FCs are 
designed using RSOIT2FS-ACO and RSOT1FS-ACO. 
Suppose there is noise in the measured inputs ( )x t  and ( )tφ
when a successfully designed fuzzy controller is used to back 
the truck. Assume that the noise is uniformly and randomly 
distributed in the intervals [ 2, 2]− m and [ 9 , 9 ]o o−  for original 
inputs ( )x t  and ( )tφ , respectively. This example backs the 

truck from the three initial states ( (0), (0))x φ = (3,135 )o ,

( (0), (0))x φ = (12, 45 )o and ( (0), (0))x φ = (18, 30 )o  to the 
desired loading zone for 150 time steps. Figures 6 and 7 show 
the RSOIT2FS-ACO and RSOT1FS-ACO control results, 
respectively. The RSOIT2FS-ACO controlled truck positions 
are all in the desired range [9,11]x ∈ . However, the 
RSOT1FS-ACO controlled truck occasionally moves out of 
the range. These simulations show that the RSOIT2FS-ACO is 
more robust than the RSOT1FS-ACO in this example.    

VI. CONCLUSIONS 
This paper proposes a new reinforcement learning method, 

the RSOIT2FS-ACO, for interval type-2 FS design. The 
RSOIT2FS-ACO generates fuzzy rules online and flexibly 
partition the input space, which reduces the number of rules 
and avoids the curse of dimensionality in high-dimensional 
state space. The simulation examples and comparisons with 
other reinforcement learning methods show that the ACO 
function for consequent part learning is effective and efficient. 
Simulations in noisy environments and comparisons with type-
1 counterparts illustrate the advantage of using type-2 fuzzy 
sets in RSOIT2FS-ACO. In the future, more simulations and 
comparisons will be conducted to verify the efficiency, 
effectiveness, and robustness of the RSOIT2FS-ACO.  
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