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Abstract—This paper presents a reactive algorithm for mul-
tirobot cooperative path planning. The algorithm integrates
the real-time collision detection process with linear navigation
functions. The collision detection strategy is based on an improved
version of the swept volumes method that uses the relative
kinematics of the robots in addition to the geometric consid-
erations of the paths. The swept volumes determine the collision
conditions, which are written in terms of the relative velocities and
orientations. Speed and orientation collision intervals are then
derived based on the swept volumes. A collision histogram is then
constructed as a collection of the speed and orientation collision
intervals. The collision histograms show the free directions and
the direction corresponding to collision. The desired orientation
and speed are chosen using the collision histograms. The strategy
is illustrated using an extensive simulation study.

Index Terms—multi-robot systems, path planning, collabora-
tion.

I. INTRODUCTION

Multi-agent robotic systems are used in various appli-
cations, such as industrial and home applications, military
applications, etc. Cooperation between robots is necessary in
various situations, in order to accomplish tasks which are
difficult or time consuming for single robots. Examples of ap-
plications where multi-robot systems are used to accomplish a
cooperative task include soccer robotics ([1], [2]), surveillance,
exploration and tracking ([3], [4]), demining robots etc. During
the last decade, the topic of cooperation between robots has
seen important developments. Multi-robot formation control,
where the aim is to establish and maintain some predetermined
geometric shape is among the most important areas in multi-
robot systems. Various techniques were suggested for this
purpose. Reactive behaviors formation control for multi-robot
systems is integrated with other navigational behaviors in [5].
Behavior-based formation control was also used in ([1], [6]).
In [7], a global behavior for robot formation is achieved
using local sensing and minimal communication. Modeling
and controlling of multi-robot formation using graph theory
is discussed in [8] for non-holonomic robots. Graph theory for
multi-robot formation is also discussed in [9]. Various tech-
niques from control theory, such as receding horizon control
[10], Lyapunov theory [11] and multi-objective optimization
control [12] were suggested for decentralized formation con-
trol. Other techniques based on geometric approaches [13], ant
algorithms [14] and communication [15] were used for multi-
robot formation and control.

Other important applications of multi-robot systems are tar-
get tracking using a team of robots [4] and dynamic coverage
([16], [17]). In dynamic coverage, the aim is to maximize the
area covered by the sensors of the robots team. In [18], a

multi-robot system for hunting a single target is discussed,
where a model-based method is used. Multi-robot navigation is
another important topic in multirobot systems, since navigation
and collision avoidance are among the most important and
elementary functions in robotics. In our opinion, multi-robot
navigation with collision avoidance between robots has not
received enough attention. In [19], local navigation strategies
in unknown environment for a team of mobile robots are
suggested based on line of sight communication capabilities.
The paper by Fujimori et al. [20] is among the most important
papers dealing with cooperative collision avoidance between
robots, where collision is detected using the geometric consid-
erations of the paths. The authors defined a priority function,
based on which one robot acts. A similar approach to avoid
moving obstacles is suggested in [21].

Our aim in this paper is to introduce a strategy for cooper-
ative avoidance between mobile robots. Our strategy combines
the swept volumes method for collision detection with the
relative kinematics of the robots. The swept volume method is
among the most discussed methods in the collision detection
literature. The swept volume method presents the necessary
conditions for collision, but not the sufficient conditions. To
solve this problem, the swept volumes are expressed in terms
of the kinematics equations. This allows to construct collision
windows for the speeds and the orientations of the robots.

The paper is organized as follows: In section III, the
navigation modes, the geometry and kinematics equations are
discussed. In section IV, the collision course equations are
derived based on the kinematics equations. In section V, we
discus the control commands for the linear velocity and the
orientation angle of the robots. In section VI, simulation study
is suggested to illustrate the method.

II. POSITION OF THE PROBLEM

Consider N wheeled mobile robots R = {R1, R2, ..., RN}
moving in the horizontal plane as shown in figure 1. The
workspace contains a given number of stationary obstacles. In
order to express the robots coordinates in a common reference
frame of coordinates, we define a global system of coordinates
WO. O is the origin of WO. Each robot starts from a given
initial position Si, (i = 1, ..., N) and aims to reach a given
final goal Gi, (i = 1, ..., N ) without collision with obstacles
or other robots. The position of Ri, (i = 1, ..., N) in the
global Cartesian system of coordinates is given by (xi, yi).
The orientation angle of Ri is θi ∈ [0, 2π]. vi is the linear
velocity of Ri. The following assumptions are made

1) The control inputs of Ri are (vi, θi).
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Fig. 1. An illustration of the geometry of the navigation problem

2) Every robot is characterized by a coverage area of its
sensory system. The sensory system allows to measure in
real time the speed and orientation of the objects moving
in the coverage area.

The goal in this paper is to design local and global path
planning methods that allow the robots to reach their final
destination safely. The next section discusses the relative
kinematics models.

III. KINEMATICS MODELS

The cooperative collision avoidance mode is activated when
the robots are in a collision course within a given distance l0.
l0 is the switching distance to the collision avoidance mode.
Consider the geometry between robots Ri and Rk as shown
in figure 1.

1) The relative distance between Ri and Rk is rik = rki,
with

rik =
√

(yi − yk)2 + (xi − xk)2 (1)

2) �Lik is the imaginary straight line joining Ri and Rk.
3) The polar coordinates of robot Ri are (ri, σi),(i =

1, ..., N), where ri is the radial variable and σi is the
angular variable.

4) The direction angle σik between Ri and Rk is the angle
from the positive x-axis to Lik. The direction angle is
given by

tanσik =
yi − yk

xi − xk
(2)

The polar kinematics model describing the motion of Ri

are given by
ṙi = vi cos(θi − σi)

riσ̇i = vi sin(θi − σi)
(3)

�vi and �vk are the velocity vectors for Ri and Rk, respectively;
and �vik is the relative velocity vector given by �vik = �vi −
�vk. The relative velocity vector can be decomposed into two
components along and across �Lik as follows

�vik = vr
ik�er + vσ

ik�eσ (4)

where �er and �eσ are the unit vectors along and across �Lik. vi

and vk can also be decomposed into two components along
and across �Lik. By using the robots equations of motion in
polar coordinates, we get

vr
i = vi cos(θi − σi), vr

k = vk cos(θk − σk)
vσ

i = vi sin(θi − σi), vσ
k = vk sin(θk − σk) (5)

where vr
i and vr

k are the components of the velocity vectors
of Ri and Rk, respectively, along �Lik. vσ

i and vσ
k are the

components of the velocity vectors of Ri and Rk, respectively,
across �Lik. The values of vr

ik and vσ
ik can be easily obtained

as follows
vr

ik = ṙik = vr
i − vr

k

vσ
ik = rikσ̇ik = vσ

i − vσ
k

(6)

By considering systems (5) and (6), we get

ṙik = vi cos(θi − σi) − vk cos(θk − σk)
vσ

ik = vi sin(θi − σi) − vk sin(θk − σk) (7)

This kinematics model gives the motion of Ri as seen by Rk.
The range rik(t) is decreasing on the time interval [t0, ti] when
ṙik < 0. The robots are approaching from each other but they
are not necessarily in a collision course. Similar to the swept
volumes intersection, a negative sign of ṙik is not a sufficient
condition for collision.

A. Backstepping control

Collision is avoided by controlling the linear velocity and/or
orientation angle. For these commands, we use feedback
linearization [22] in combination with backstepping or block
control ([23], [24]), which gives for the linear velocity

vi = −kv(vi − vdes
i ) (8)

and for the orientation angle

θi = −kθ(θi − θdes
i ) (9)

where vdes
i and θdes

i are the values for the linear velocity and
orientation angle that allow to avoid the collision. kv and kθ

are positive gains.

B. Global path planning

To reach its final goal, Ri applies the following control
strategy ([25])

θ̇i = Mσ̇gi +
df(t)
dt

(10)

where σgi is the final goal’s direction angle. f(t) is a deviation
function, and M is a positive number that represents the nav-
igation parameter. M is used to tune the robots path to avoid
collisions. This property offers very important flexibility, which
is highly desired for path planning in dynamic environments.
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IV. SWEPT VOLUMES AND COLLISION COURSE

The swept volumes method is one of the most powerful
methods used for collision detection ([26], [27]) in robotics
and computer graphics. Unfortunately, the swept volumes
intersection is not a sufficient condition for collision. The
goal in this section is to improve this aspect, and deduce the
collision course condition between Ri and Rk. We define the
swept volumes intersection and the collision course as follows

• Swept volumes intersection: It means that the swept
volumes of the paths traced by Ri and Rk intersect in
the future.

• Collision course: Ri and Rk are in a collision course if
they will reach the intersection area at the same time.
Swept volumes intersection is a necessary condition for
the collision course.

The kinematic conditions for the swept volumes intersection
and the collision course conditions are discussed in the next
section based on the geometry of the paths and the robots
kinematics equations.

A. Swept volumes intersection

The goal here is to establish a mathematical formulation for
the kinematics conditions for the swept volumes intersection.
The result will be used for the collision course detection.
Consider the configuration of figure 2. Any other geometric
configuration can be easily obtained from this configuration.
The swept volumes intersection requires that θi − σik and
θk − σik belong to the same interval (−π, 0) or (0, π). This
means that the velocity vectors for both robots are above
the line of sight (as shown in figure 2a) or below the line
of sight (as shown in figure 2b). In figure 2a, we have
θi − σik ∈ (0, π) and θk − σik ∈ (0, π) and in figure 2b,
we have θi − σik ∈ (−π, 0) and θk − σik ∈ (−π, 0). The
swept volumes intersection condition is stated as follows

• In the case when θi − σik ∈ (0, π), the swept volumes
intersect when the orientation angle for Rk satisfies

θk ∈ (σik, θi) (11)

Clearly, θk in (11) satisfies θk − σik ∈ (0, π). This case
is shown in figure 2a.

• In the case when θi − σik ∈ (−π, 0), the swept volumes
intersect when the orientation angle for Rk satisfies

θk ∈ (θi, σik) (12)

Clearly, θk in (12) satisfies θk −σik ∈ (−π, 0). This case
is shown in figure 2a.

The particular cases when θi − σik = 0 or ±π correspond to
the pure pursuit or the pure escape. In the case when Ri is
to the left of Rk, the swept volumes intersection conditions
are obtained by switching the subscribes in equations (11) and
(12).

B. Collision course

The collision course requires the swept volume intersection
conditions to be satisfied. The result concerning the collision

Fig. 2. An illustration of the kinematic conditions of the swept volumes
intersection

course is stated as follows.
Proposition 1: Ri and Rk are in a collision course if the
intersection conditions (given by (11) or (12)) are satisfied and

σ̇ik ≤ ε (13)

which gives

vk sin(θk − σik)− ε ≤ vi sin(θi − σik) ≤ vk sin(θk − σik) + ε
(14)

where ε is a positive number that depends on the size of the
robots. Systems (13) and (14) state that the turning rate of
Ri with respect to Rk stays within given limits. The proof of
proposition 1 is beyond the scope of the paper and is based
on the relative kinematics equations. The collision course can
also be expressed in terms of the robots orientation angles as
follows.

Proposition 2: For given values of θi, vi and vk, with
vk > vi, robots Ri and Rk are in a collision course when

θk = σik + sin−1(
vi

vk
sin(θi − σik)) (15)

Proof:
The inverse sine function maps the interval [−1, 1] to
[−π/2, π/2] , and since vk > vi, we have

sin−1(
vi

vk
sin(θi − σik)) ∈ (−π/2, π/2) (16)

as a result, the tangential velocity of Rk along �Lik is always
positive

vr
k = cos(sin−1(

vi

vk
sin(θi − σik))) > 0 (17)

and since the relative range varies as follows

ṙik = vr
i − vr

k (18)

by replacing vr
i and vr

k by their formulae, it follows that vr
i <

vr
k, and thus ṙik < 0, ∀θi, ∀σik, ∀vk > vi. �

Note that it is possible to express the collision course in
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Fig. 3. Illustration of the limit angles

terms of the orientation angle of Ri instead of Rk. The result
is similar to equation (15). Now, consider figure 3, where Rk

is reduced to a single point and Ri is augmented in the size.
We define the direction angles σkA and σkB as shown in the
figure. We also define

va
k = vi

sin(θi − σkA)
sin(θk − σkA)

(19)

and
vb

k = vi
sin(θi − σkB)
sin(θk − σkB)

(20)

Assuming that va
k < vb

k. The speed collision interval (SCI) is
characterized by

SCIi
k = [va

k , vb
k] (21)

Collision with Ri takes place when vk ∈ SCIi
k. The collision

course can be also expressed in terms of the orientation angles.
We define

θa
k = sin−1(

vi

vk
sin(θi − σkA)) + σkA (22)

and
θb

k = sin−1(
vi

vk
sin(θi − σkB)) + σkB (23)

Assuming that θa
k < θb

k, the orientation collision interval (OCI)
can be expressed in terms of the orientation angle of Rk when
vi < vk as follows

OCIi
k = [θa

k , θb
k] (24)

Collision with Ri takes place when θk ∈ OCIi
k. When vi >

vk, the collision course is expressed in terms of the orientation
angle of Ri instead of Rk. The equations are similar. The speed
and orientation collision intervals given by (21) and (24) are

Fig. 4. Robots paths

combined together to form the collision histograms, defined as
follows

SHk =
⋃

i �=k

SCIi
k (25)

OHk =
⋃

i �=k

OCIi
k (26)

where SH stands for the speed histogram and OH stands for
the orientation histogram. The collision histograms consider
all moving robots in the coverage area.

Example: The goal from this example is to illustrate the
SCI and the OCI. This example shows 3 robots sharing the
workspace. The initial positions for R1, R2, and R3 are
given by (0, 0), (−20,−10) and (−25,−25), respectively.
v1 = 2m/s and θ1 = π. Figure 4 shows the paths traveled by
the robots. Figure 5 shows the direction angles corresponding
to the collision course between R1 and R2. Figure 6 shows
the SCI of R1 with R2, and figure 7 shows the OCI for R1

with R2. The shaded area corresponds to collision. At time
t = 14s, v1 ∈ SCI and θ1 ∈ OCI , this means that R1 is in
a collision course with R2. To avoid collision, the velocity or
the orientation has to be chosen outside the SCI or the OCI,
respectively.

V. COLLISION AVOIDANCE MODE: LINEAR VELOCITY AND
ORIENTATION ANGLE COMMANDS

Proposition 1 gives the collision course conditions. The
robots can use two different strategies to avoid the collision,
namely, velocity control and path deviation. Both strategies are
discussed below.

A. Collision avoidance priorities

Two priorities are defined as follows
— Which robot must act? There exit different possibilities

to assign priorities to the robots. In this paper, we give the
higher priority of action to the fastest robot. In the reciprocal
action approach, both robots perform the same task.
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Fig. 5. SCI of R1 with R2

Fig. 6. Maximum and minimum direction angles for the collision course

Fig. 7. OCI of R1 with R2

— Which action must the robot perform? The robot with
higher priority action must choose between two actions: path
deviation or velocity control.

B. Velocity control

When the robots are in a collision course, the robot with
higher priority action (say Rk) must increase or decrease its
velocity to avoid the collision. The switching control law
satisfies (39), with 0 < vdes

k < vmax, vmax is the robots
maximum speed. kv is a positive constant that depends on
the dynamics constraints of the robots. In fact, kv accounts
for the linear acceleration of the robots, and thus it gives how
fast the robot speed will reach its asymptotically stable desired
value. Clearly, vdes

k is calculated so that

vdes
k /∈ [va

k , vb
k] (27)

Robot Rk slows down when vdes
k < va

k , and accelerates when
vdes

k > vb
k.

C. Path deviation

The other approach to avoid collision is to use path devi-
ation. When the collision course is detected, the robot with
higher priority action deviates from its nominal path. The
orientation angle command satisfies (28) where θdes

k is the
orientation angle that allows avoiding the collision. kθ depends
on the robot turning radius and must be chosen carefully to
give the appropriate convergence to the desired value of kθ.
The desired value θdes

k is calculated as follows

θdes
k /∈ [θa

k , θb
k] (28)

D. Reciprocal action

Reciprocal collision avoidance has been suggested recently
[28]. Under this approach, both robots perform the same
reasoning to avoid collision. For example if robot Ri deviates
5 degrees to the right, then Rk also deviates 5 degrees to the
right to avoid collision.

E. Controlling the limit speeds and angles

As it can be seen from equations (19), (20), (22), and (23),
the collision limit orientation angles θa

k and θb
k and speeds

va
k and vb

k depend on the speeds and orientation of Ri (i.e.
θi, vi). One possibility to avoid collision is by changing SCIk

or OCIk. This can be easily accomplished by changing θi or
vi so that (27) or (28) are satisfied. VI.

VI. SIMULATION EXAMPLE

Four robots are moving in this scenario. All robots are
moving at the same speed but different orientations. Their
initial positions are R1(0, 0), R2(−24,−24), R3(−30, 10),
R4(−10,−10). It turns out that there is a collision course
between R1 and R2. In order to avoid collision, R1 changes
its orientation using the OCI approach as shown on figure 8.
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Fig. 8. An illustration of collision avoidance using the OCI

VII. CONCLUSION

We described a model-based strategy for path planning
in multiagent systems. An integrated collision detection and
navigation algorithm is suggested. The collision detection al-
gorithm uses an improved version of the swept volume method,
where the swept volume method is combined with the relative
kinematics equations. Global path planning is accomplished
by using linear navigation laws. The collision is characterized
by the speed and orientation collision intervals, from which
collision histograms are constructed. The appropriate values
for the speeds and orientations are chosen from the collision
histograms. Simulation is used to illustrate the method.
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