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Abstract—In this study, we propose a new chaotic global
optimization method using the Lagrangian method to solve a
nonlinear constrained optimization problem. Firstly, we explain
the convergence behavior of the first order method regarding
convexity of the Lagrangian with respect to decision variables
in terms of linear stability theory. Further, we propose a new
optimization method in which the convergence behavior of the
first order method is improved by two techniques. One is
the introduction of a coupling structure. The second is the
introduction of objective function weighting. Then, we apply a
multipoint type chaotic optimization method so that global search
is implemented to find feasible global minima. We then confirm
the effectiveness of the proposed method through applications to
the coil spring design problem and benchmark problems used in
the special session on constrained real parameter optimization in
CEC2006.
Index Terms—Constrained Optimization, Global Optimiza-

tion, Lagrangian Method, Chaos, Gradient Dynamics, Coupled
Dynamics

I. INTRODUCTION

The development of the global optimization method, which
is able to obtain global minima without being trapped at local
minima, has been investigated extensively. In [1], we proposed
a multipoint type chaotic optimization method, which is called
the “Elite Coupling type Chaotic Optimization Method (EC-
COM)”, for unconstrained optimization problems. EC-COM
is an unconstrained global optimization method in which
multiple search points which implement global search driven
by a chaotic gradient dynamic model are synchronized to
their elite search points by using a coupling model. EC-COM
successfully achieves diversification and intensification, which
are reported to be important strategies for global optimiza-
tion in the Meta-heuristics research field. Its superior global
capability has been confirmed through applications to several
unconstrained multi-peaked optimization problems with 100
variables and 1000 variables. However, actual optimization
problems often have constraint conditions.

In this study, we propose a new chaotic global optimization
method using the Lagrangian method to solve a nonlinear

constrained optimization problem:

min
x

f(x) (1a)

s.t. g(x) ≤ 0 (1b)
h(x) = 0 (1c)

where xl
i ≤ xi ≤ xu

i , (1d)

where the vector of decision variables x = [x1, · · · , xN ]T ∈
RN . The objective function f(x), the inequality constraint vec-
tor g(x) = [g1(x), · · · , gM (x)]T , and the equality constraint
vector h(x) = [h1(x), · · · , hQ(x)]T are each twice contin-
uously differentiable. The gradient of the objective function
∇f(x) is a column vector, and n = 1, · · · , N , m = 1, · · · , M ,
and q = 1, · · · , Q unless otherwise stated. Eq. (1d) is the
bounded search space. The feasible region which satisfies
Eq. (1b) and Eq. (1c) is located within the bounded search
space, and optimization methods perform within the space.
Generally, an equality constraint cannot be satisfied exactly
using computational optimization. Consequently, in this study,
a solution x is regarded as feasible if gm(x) ≤ 0 and
|hq(x)| − ε ≤ 0. Specifically, ε is set to 0.0001.

The Lagrangian method is a standard constrained optimiza-
tion method [2]. In this method, a Lagrangian, which consists
of the objective function f(x) and constrained conditions
g(x) and h(x) in the original problem Eq. (1) is used as
an augmented objective function to solve the original problem
Eq. (1). It is known that an optimal solution of the original
problem is a saddle point of the Lagrangian. However, exis-
tence of a saddle point is not necessarily guaranteed for all
problems. It is known that a local saddle point exists if the
second order sufficiency condition [2] is satisfied, in other
words, convexity with respect to the decision variables x is
assumed adjacent to an optimal solution [3], [4]. For a number
of optimization methods that utilize gradient dynamics, such
as the “first order method” [2], which is a primitive gradient
based method used to explore a solution satisfying the first
order necessary condition, and chaotic optimization methods
that utilize the Lagrangian method [5]–[7], convexity of the
Lagrangian with respect to decision variables is a necessary
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assumption for their application or to guarantee convergence
of their search trajectories. In addition, these methods do not
have effective global search capability.

In this study, we explain the convergence behavior of
the first order method regarding convexity of the Lagrangian
with respect to decision variables in terms of linear stability
theory. Furthermore, we propose a new optimization method
in which the convergence behavior of the first order method
is improved by two techniques. One is the introduction of a
coupling structure. The other is the introduction of objective
function weighting proposed in [8], [9]. Then, we apply EC-
COM, which has been proposed in [1] so that global search is
implemented to find feasible global minima. We then confirm
the effectiveness of the proposed method through applications
to the coil spring design problem [10] and the benchmark
problems used in the special session on constrained real
parameter optimization in CEC2006 [11], [12].

II. LAGRANGIAN METHOD AND GRADIENT DYNAMICS

A. Lagrangian Method
The Lagrangian method is known as a classical method

for constrained optimization [2]. In the Lagrangian method,
a Lagrangian for the original problem Eq. (1) is considered,
and the original problem is solved using the Lagrangian as an
augmented objective function for Eq. (1). In this study, we use
an augmented Lagrangian [2], which is given by

L(x, λ, φ) =f(x)

+
1
2

M∑
m=1

[
(max{0, λm + gm(x)})2 − λ2

m

]

+
Q∑

q=1

φqhq(x) +
1
2

Q∑
q=1

h2
q(x), (2)

where λ ∈ RM and φ ∈ RQ are Lagrangian multipliers. Let
us write X = [x, λ, φ] for simpler notation. We choose the
augmented Lagrangian because it provides better numerical
stability [8].

It is known that the following “first order necessary condi-
tion” and “saddle point theorem” hold regarding local minima
of the constrained optimization problem and Lagrangians [2].

Theorem 1 (First order necessary condition). Let xo be a
local minimum of Eq. (1). Then, there exists λo ∈ RM and
φo ∈ RQ, and the following equations hold:

∇xL(Xo) = 0, ∇λL(Xo) = 0, ∇φL(Xo) = 0, (3)

where ∇xL(X), ∇λL(X), and ∇φL(X) are gradients of
L(X) w.r.t. x, λ, and φ respectively.

Theorem 2 (Saddle point theorem). Let us define xo, λo, φo to
be a saddle point of the Lagrangian of Eq. (2), if the following
inequalities hold:

L(xo, λ, φ) ≤ L(Xo) ≤ L(x, λo,φo). (4)

Then, if there exists λo, φo such that Xo constitutes a saddle
point of the Lagrangian L(X), then xo is a local minimum of
the original problem given by Eq. (1).

B. First Order Method and Its Convergence Behavior
A saddle point that satisfies Eq. (4) is a solution of the

following saddle point problem:

min
x

L(X), max
λ,φ

L(X). (5)

Therefore, one natural way to find saddle points is to descend
in the x space and ascend in the λ space and the φ space;
that is, we can consider the following gradient dynamics:

dx(t)
dt

= −∇xL(X(t)) (6a)

dλ(t)
dt

= ∇λL(X(t)),
dφ(t)

dt
= ∇φL(X(t)). (6b)

Then, let us consider the following discrete gradient dynamics,
generated by using Euler’s differentiation technique:

x(k + 1) = x(k) − ΔT∇xL(X(k)) (7a)
λ(k + 1) = λ(k) + ΔT∇λL(X(k)) (7b)
φ(k + 1) = φ(k) + ΔT∇φL(X(k)), (7c)

where ΔT > 0 is the sampling parameter which appears in
Euler’s differentiation procedure. Obviously, an equilibrium
point of the dynamics of Eq. (7) satisfies the first order
necessary condition (Theorem 1). Therefore, the optimization
method using the dynamics of Eq. (7) is called the “first order
method” [2]. Its convergence behavior has been studied using
a merit function under the assumption of positive definiteness
of the Hessian of L(X) w.r.t. x in [2], [7]. In this study, we
explain its convergence behavior in terms of linear stability
theory.

Let us consider the orbital stability of an equilibrium point
X∗ (which satisfies the first order necessary condition). Let
the dynamics of Eq. (7) be expressed as⎛

⎝x(k + 1)
λ(k + 1)
φ(k + 1)

⎞
⎠=γ(X(k))=

⎛
⎝x(k) −∇xL(X(k))

λ(k) + ∇λL(X(k))
φ(k) + ∇φL(X(k))

⎞
⎠ . (8)

Then, the Jacobian of γ(X) is given by

Dγ(X) = I − ΔTA(X) (9a)
where A(X) =⎛

⎝ ∇2
xxL(X) ∇2

λxL(X) ∇2
φxL(X)

−∇2
xλL(X) −∇2

λλL(X) −∇2
φλL(X)

−∇2
xφL(X) −∇2

λφL(X) −∇2
φφL(X)

⎞
⎠ . (9b)

∇2
xxL(X), ∇2

λxL(X), ∇2
φxL(X),∇2

xλL(X), · · · ,∇2
φφL(X)

are the Hessians of L(X) w.r.t. x and x, λ and x, φ and
x, x and φ, · · · , and φ and φ respectively. For example,
∇2

λxL(X) is given by

∇2
λxL(X) =

⎛
⎜⎜⎜⎜⎜⎝

∂2L(X)
∂λ1∂x1

· · · ∂2L(X)
∂λM∂x1

...
. . .

...
∂2L(X)
∂λ1∂xN

· · · ∂2L(X)
∂λM∂xN

⎞
⎟⎟⎟⎟⎟⎠ . (10)
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Let the eigenvalues of Dγ(X∗) and A(X∗) be μ1(X∗), · · · ,
μN+M+Q(X∗) and μa

1(X∗), · · · , μa
N+M+Q(X∗) the corre-

sponding absolute values in descending order, and l =
1, · · · , N + M + Q unless otherwise stated. According to
linear stability theory, if |μl(X∗)| < 1, then the trajectory of
the gradient dynamics of Eq. (7) converges to the equilibrium
point stably. It is required that μa

l (X∗) > 0, that is, A(X∗) is
a positive definite matrix so that the trajectory of the gradient
dynamics converges to the equilibrium point stably, because

μl(X∗) = 1 − ΔTμa
l (X∗). (11)

We can derive the following theorem regarding positive defi-
niteness of A(X∗).

Theorem 3. If ∇2
xxL(X∗) is a positive definite matrix and

∇2
λλL(X∗) and ∇2

φφL(X∗) are semi-negative definite matri-
ces, then A(X∗) is a positive definite matrix.

Proof: Let a ∈ RN , b ∈ RM , and c ∈ RQ. Suppose
∇2

xxL(X∗) is a positive definite matrix and ∇2
λλL(X∗) and

that ∇2
φφL(X∗) are semi-negative definite matrices. Then

(
aT bT cT

)
A(X∗)

⎛
⎝a

b
c

⎞
⎠

= aT∇2
xxL(X∗)a + aT∇2

λxL(X∗)b + aT∇2
λxL(X∗)c

− bT∇2
xλL(X∗)a − · · · − cT∇2

φφL(X∗)c

= aT∇2
xxL(X∗)a − bT∇2

λλL(X∗)b − cT∇2
φφL(X∗)c > 0

Furthermore, ∇2
λλL(X∗) is a semi-negative definite matrix,

because

if max{0, λi + gi(x)} = 0 , then
∂2L(X)

∂λ2
i

= −1,
∂2L(X)
∂λjλi

= 0,

if max{0, λi + gi(x)} = λi + gi(x) , then
∂2L(X)

∂λ2
i

= 0,
∂2L(X)
∂λjλi

= 0,

(i = 1, · · · , M, j = 1, · · · , M) .

In addition, ∇2
φφL(X∗) is a semi-negative definite matrix,

because

∂2L(X)
∂φ2

i

=
∂2L(X)
∂φj∂φi

= 0

(i = 1, · · · , Q, j = 1, · · · , Q) .

Therefore, we can easily obtain the following result.

Theorem 4. If ∇2
xxL(X∗) is a positive definite matrix and

ΔT is sufficiently small1, then the trajectory of the gradient
dynamics of Eq. (7) converges to the equilibrium point X∗.

Positive definiteness of ∇2
xxL(X∗) is guaranteed for gen-

eral convex quadratic programming problems [2]. However,

1Specifically, ΔT is given as ΔT <
2

λa
1(X∗)

, please see the article [1].

positive definiteness of ∇2
xxL(X∗) is not always guaranteed

for general nonlinear optimization problems. In this case,
it is expected that the trajectory will not converge to any
solution. This is a shortcoming of the optimization method
using gradient dynamics of Eq. (7).

III. THE PROPOSED METHOD

In this section, we propose a new constrained optimization
method in which the convergence property of the gradient
dynamics of Eq. (7) is improved by two techniques. One
is the introduction of a coupling structure. The other is the
introduction of an objective function weighting method. The
improved method does not have global search capability.
Therefore, we apply the multipoint type chaotic optimization
method (EC-COM) that was proposed in [1] so that global
search can be implemented to find feasible global minima.

A. Coupled Gradient Dynamics
Let us consider the following coupled gradient dynamics:

x(k + 1) = (1 − c) {x(k) − ΔT∇xL(X(k))}
+ cxtg(k) (12a)

λ(k + 1) = λ(k) + ΔT (1 − c)∇λL(X(k)) (12b)
φ(k + 1) = φ(k) + ΔT (1 − c)∇φL(X(k)), (12c)

where c > 0 is a coupling coefficient. The coupling structure
of Eq. (12) is a stable coupling structure for a chaotic discrete
time system [13]. In this coupling dynamics, a search point
driven by the gradient dynamics of Eq. (7) is strongly advected
to a coupling target xtg(k).

We discuss the dynamical characteristics of the coupled
gradient dynamics of Eq. (12). The coupled dynamics can be
rewritten as

x(k + 1) = x(k) − CΔT
{
∇xL(X(k))

− c

CΔT
(xtg(k) − x(k))

}
(13a)

λ(k + 1) = λ(k) + CΔT∇λL(X(k)) (13b)
φ(k + 1) = φ(k) + CΔT∇φL(X(k)) (13c)
where C = 1 − c. (13d)

Let the equilibrium point of the dynamics of Eq. (13) be X∗.
Then, the following equations hold at the equilibrium point:{∇xL(X∗) = 0, (x∗ = xtg)

∇xL(X∗) − c

CΔT
(xtg − x∗) = 0 (x∗ �= xtg)

(14a)

∇λL(X∗) = 0, ∇φL(X∗) = 0. (14b)

Obviously, the first order necessary condition (Theorem 1) is
satisfied in the former case in Eq. (14a). In the latter case, the
first order necessary condition is not satisfied. However, the
latter case occurs rarely, especially if

c

CΔT
is variable w.r.t.

k. Therefore, we suppose that the former case holds from now
on. Let us consider the orbital stability of an equilibrium point
of the coupled gradient dynamics Eq. (13). Let the right-hand
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side of the dynamics of Eq. (13) be written as γ2(X) as per the
discussion in section II-B. Then, the Jacobian of γ2 is given
by

Dγ2(X) = I − CΔTA2(X) (15a)
where A2(x,λ) = (15b)⎛
⎜⎝∇2

xxL(X) +
c

CΔT
I ∇2

λxL(X) ∇2
φxL(X)

−∇2
xλL(X) −∇2

λλL(X) −∇2
φλL(X)

−∇2
xφL(X) −∇2

λφL(X) −∇2
φφL(X)

⎞
⎟⎠ . (15c)

As described in section II-B, if A2(X∗) is a positive definite
matrix, then a trajectory of the gradient dynamics of Eq. (13)
converges to the equilibrium point stably. By Theorem 4, it
is necessary that ∇2

xxL(X∗) +
c

CΔT
I be a positive definite

matrix. Clearly, if
c

CΔT
is set to an appropriately large

value, then ∇2
xxL(X∗) +

c

CΔT
I becomes a positive definite

matrix. Hence, we expect that the coupled gradient dynamics
of Eq. (13) stably converges to its equilibrium point, given
that the first order necessary condition (Theorem 1) is satisfied
when

c

CΔT
is made appropriately large.

B. Objective Function Weighting
Let us consider the following Lagrangian, in which the

objective function is weighted:

L′(X; w) =wf(x)

+
1
2

M∑
m=1

[
(max{0, λm + gm(x)})2 − λ2

m

]

+
Q∑

q=1

φqhq(x) +
1
2

Q∑
q=1

h2
q(x), (16)

where w > 0. The objective function weighting method
was proposed in [8], [9] in order to improve the speed of
convergence of the gradient dynamics. Let us consider the
positive definiteness of ∇xxL′(X; w) in order to consider
the convergence behavior of a gradient dynamics using the
Lagrangian with objective function weighting Eq. (16). Let us
define

η(X) =
1
2

M∑
m=1

[
(max{0, λm + gm(x)})2 − λ2

m

]

+
Q∑

q=1

φqhq(x) +
1
2

Q∑
q=1

h2
q(x) (17)

Then, ∇xxL′(X;w) is given by

∇2
xxL′(X; w) = w∇2f(x) + ∇2

xxη(X). (18)

Let y ∈ RN , then

yT∇2
xxL′(X; w)y = wyT∇2f(x)y + yT∇2

xxη(X)y. (19)

Hence, if ∇2f(x∗) is not a positive definite matrix at an
equilibrium point X∗, then setting w to a small value (w < 1)
improves the positive definiteness of ∇2

xxL′(X; w), and the

convergence behavior of the gradient dynamics is improved.
Meanwhile, if the search trajectory does not converge stably
in spite of the positive definiteness of ∇2f(x∗), then w should
be set to a large value (w > 1) in order to eliminate a negative
effect arising from ∇2

xxη(X). When neither ∇2f(x) nor
∇2

xxη(X) are positive definite matrices, we cannot expect the
objective function weighting method to be effective. However,
we have not encountered such a case in our experience, except
when the Hessian of the objective function cannot be defined.

C. Elite Coupling Type Chaotic Optimization Method
We apply the notion of EC-COM proposed in [1] to the

proposed method so that global search can be implemented to
find feasible global minima.

Let us consider the following multipoint type optimization
model in which P search points are driven by the gradient
dynamics of Eq. (7):

xp(k + 1) = xp(k) − ΔT∇xL(Xp(k)) (20a)
λp(k + 1) = λp(k) + ΔT∇λL(Xp(k)) (20b)
φp(k + 1) = φp(k) + ΔT∇φL(Xp(k)) (20c)

where p denotes the index of a search point, and p =
1, · · · , P unless otherwise stated. Search trajectories generated
by Eq. (20) are confined to the following bounded search
spaces which are set expediently2:

xl
n ≤ xn ≤ xu

n, λl
m ≤ λm ≤ λu

m, φl
q ≤ φq ≤ φu

q , (21)

and then, we expect that search trajectories will be destabilized
by setting the sampling parameter ΔT to a large value and
chaotic search trajectories by which global search can be im-
plemented will be generated as with the gradient dynamics for
unconstrained optimization. We use toroidalization of search
spaces [1] (see Eq. (23h)) in order to confine the search
trajectories to the bounded search spaces. Next, we introduce a
coupling structure to the multipoint type gradient dynamics of
Eq. (20). As for coupled targets at each search point, we use
the pbest and gbest defined by DOCHM [14]. In this method,
the pbest xp

pb(k) is defined by

xp
pb(k) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

if F p(k) �= ∅ then
argmin

xp(κ)

{f(xp(κ)) | xp(κ) ∈ F p(k)}

if F p(k) = ∅ then
argmin

xp(κ)

{Φ(xp(κ))} ,

(22)

where Φ(x) =
∑M

m=1(max{0, gm(x)})2 +
∑Q

q=1 h2
q(x),

F p(k) consists of the set of feasible solutions obtained up to
time k at the pth search point, and κ = 1, · · · , k. The gbest
xgb(k) is the best of the pbest among all search points at time
k.

The proposed model, which is a multipoint type chaotic op-
timization model in order to solve the constrained optimization

2Note that the bounded search space for x in Eq. (21) is equal to the
bounded search space of Eq. (1d).
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problem, is given by

x̃p(k + 1) = C {xp(k)−ΔT (k)∇xL′(Xp(k); w)}
+ c1x

p
pb(k) + c2x

gb(k) (23a)

λ̃p(k + 1) = λp(k) + CΔT (k)∇λL′(Xp(k);w) (23b)
φ̃p(k + 1) = φp(k) + CΔT (k)∇φL′(Xp(k);w) (23c)
xp

n(k + 1) = τ(x̃p
n(k + 1), xl

n, xu
n) (23d)

λp
m(k + 1) = τ(λ̃p

m(k + 1), λl
m, λu

m) (23e)
φp

q(k + 1) = τ(φ̃p
q(k + 1), φl

q, φ
u
q ) (23f)

where

ΔT (k) =

⎧⎪⎪⎨
⎪⎪⎩

ΔTmax cos2
(

πk

T

)
(k ≤ kmax − T

2
)

0.5 × ΔTmax cos2
(

πk

T

)
(k > kmax − T

2
)

(23g)

τ(ỹ, a, b) =

⎧⎪⎨
⎪⎩

ỹ (a < ỹ < b)
(ỹ − a)mod(b − a) + a (ỹ ≥ b)
(ỹ − b)mod(b − a) + b (ỹ ≤ a)

(23h)

C = 1 − c1 − c2. (23i)

In Eq. (23g), the sampling parameter ΔT is given as a time
varying coefficient using trigonometric functions. This aims at
implementation of repetition of local and global searches.

IV. NUMERICAL SIMULATIONS

In this section, we confirm the effectiveness of the proposed
method through applications to various benchmark problems.

A. Benchmark Problems
We use the coil spring design problem [10] and benchmark

problems used in the special session on constrained real
parameter optimization in CEC2006 [11], [12]. In Table I and
Table II, the former problem is labeled “coil” and the later
problems are labeled “gxx” (xx is a problem number). We do
not use g20 because it has no feasible solution.

B. Local Search
We implement local searches with Sequential Quadratic

Programming (SQP) to find local minima exactly when
ΔT (k) = 0 (this holds every T/2 steps) and k = kmax. Each
local search starts from the gbest. The result of each local
search is “not” fed back into the search points. In this study,
we use the SQP function in Octave 3.0.3 [15] for the SQP
implementation. For g10, line searches for x are not used.

C. Gradient Scaling
In some problems, since the range of search spaces or

the sensitivity of the gradient varies considerably among
different decision variable components, search trajectories
of the proposed method keep diverging, even if ΔT ap-
proaches zero. Consequently, in these cases, we use a mod-
ified method in which the relevant component of the gradi-
ent is scaled. In this study, 0.000001 is multiplied by the
relevant component of the gradient. This scaling procedure

is applied to ∂L′(X; w)/∂x3 and ∂L′(X;w)/∂x4 in g05,
∂L′(X; w)/∂x6 in g17, ∂L′(X; w)/∂xi(i = 2, · · · , 7) in g21,
∂L′(X; w)/∂xi(i = 2, · · · , 22) in g22, and ∂L′(X; w)/∂x9

in g23.

D. Brake Function
In the proposed method, we assume feasible global minima

(we hereinafter refer to feasible global minima as “optimal
solutions”) are located within the bounded search space. How-
ever, optimal solutions are on or adjacent to the boundary in
several problems. In these cases, we need to evaluate solutions
that are on or adjacent to the boundary, therefore, we cannot
obtain the optimal solution only using the toroidalization of
search spaces. Consequently, in these cases, we use a modified
method in which a brake function

b(xn) =
(xn − xl

n)(xu
n − xn)

xu
n − xl

n

(24)

is multiplied by ∇xL′(Xp(k);w) in Eq. (23a) in order to
evaluate such solutions. The brake function is applied to coil,
g01, g02, g04, g10, g14, g16, g19, g21, and g23.

E. Parameter Settings
We tune the following parameters for each problem:
• xl, xu : They are given preliminarily for each benchmark

problem.
• λl, λu, φl, φu : λu and φu are set to suitable positive

values which are much larger than prospective Lagrangian
multipliers of local minima. λl = −λu and φl = −φu.

• ΔTmax : This is set to a large value with which global
searches are implemented.

• w : They are selected experimentally from 0.01, 1.0, or
10.0. Generally, w = 1.0 is suitable.

The other parameters are fixed for all problems. P =
20, kmax = 5000, T = 1000. Coupling coefficients are set to
0.01, if they are used.

F. Computational Cost
In order to compute the gradient, we use automatic differ-

entiation (AD) with the ADOL-C tapeless forward mode [16],
[17]. Automatic differentiation computes the target function
and its gradient simultaneously. Therefore, computational cost
is evaluated using the amount of AD calls. In SQP, line
searches are implemented only using objective function calls.
However, these function calls are counted as AD calls for
simplicity.

G. Results
We apply three different versions of the proposed method in

terms of the use of coupling and the use of objective function
weighting (see the “Method” in the following explanation).
The proposed method is performed 100 times, randomly re-
setting the initial points. The results are shown in Table I and
Table II. Each column in the results denotes

• PB : the name of the problem.
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TABLE I
RESULTS OF NUMERICAL SIMULATIONS (1)

PB Method
SR
(%)

FR
(%)

Average Best AD Calls
Optimal
Solution

Parameters

Plain 100 100 0.0127216 0.0126652 5724
GB/PB/W 100 100 0.0127166 0.0126652 5061
PB/W 100 100 0.0127189 0.0126652 4811
Plain 100 100 -15.000 -15.000 13934
GB/PB/W 100 100 -15.000 -15.000 25958
PB/W 100 100 -15.000 -15.000 15698
Plain 0 100 -0.46705 -0.73240 N/A ΔTmax=25.0, λλ u=5, w=1.0
GB/PB/W 16 100 -0.77214 -0.80362 64695
PB/W 1 100 -0.71032 -0.80354 13832
Plain 1 100 -0.15289 -1.00048 10055 ΔTmax=1.0, φφ u=10, w=1.0
GB/PB/W 100 100 -1.00044 -1.00050 7737
PB/W 100 100 -1.00045 -1.00050 8807
Plain 100 100 -30665.54 -30665.54 10014
GB/PB/W 100 100 -30665.54 -30665.54 10014
PB/W 100 100 -30665.54 -30665.54 10014
Plain 100 100 5126.4977 5126.4973 69142

GB/PB/W 3 100 5130.4740 5126.4972 86913

PB/W 67 100 5126.5449 5126.4973 72269
Plain 100 100 -6961.8139 -6961.8139 10031
GB/PB/W 100 100 -6961.8139 -6961.8139 10422
PB/W 100 100 -6961.8139 -6961.8139 10027
Plain 100 100 24.30621 24.30621 10045
GB/PB/W 100 100 24.30621 24.30621 10044
PB/W 100 100 24.30621 24.30621 10044
Plain 100 100 -0.09576 -0.09583 9217
GB/PB/W 100 100 -0.09577 -0.09583 9123
PB/W 100 100 -0.09577 -0.09583 9061
Plain 100 100 680.63006 680.63006 10071
GB/PB/W 100 100 680.63006 680.63006 10069
PB/W 100 100 680.63006 680.63006 10070
Plain 84 84 7049.24802 7049.24802 32045
GB/PB/W 99 100 7072.32215 7049.24802 18307
PB/W 94 98 7382.66361 7049.24802 21979
Plain 100 100 0.74995 0.74990 371
GB/PB/W 100 100 0.74994 0.74990 466
PB/W 100 100 0.74995 0.74990 377

g05 5126.49805*

g02 -0.80362

g07 24.30621

g06 -6961.8139

coil 0.0126652

-15.000

ΔTmax=0.4, λλ u=5, w=1.0

ΔTmax=0.4, λ u=10, w=1.0g01

ΔTmax=2.5, λ u=5, w= 10.0

g03 -1.00050
ΔTmax=1.0, φ u=10, w= 0.01

ΔTmax=5.0, λ u=1000, w=1.0g04 -30665.54

ΔTmax=0.35, λ u=10, φ u=10, w=1.0

ΔTmax=0.005, λ u=5, w=1.0

ΔTmax=10.0, λ u=10, w=1.0

ΔTmax=0.001, λ u=5, w=1.0

ΔTmax=0.001, λ u=2000, w=1.0

ΔTmax=0.5, φ u=10, w=1.0

g08 -0.09583

680.63006g09

g11 0.74990

g10 7049.24802 ΔTmax=0.01, λ u=1000, w=1.0

• Method
“Plain” denotes the proposed method without any cou-
pling structure and the objective function weighting (c1 =
c2 = 0.0). “GB/PB/W” is the proposed method using
the coupling structure with the gbest and pbest and the
objective function weighting (c1 = c2 = 0.01). “PB/W”
is the proposed method using the coupling structure with
the pbest and the objective function weighting (c1 =
0.01, c2 = 0.0).

• SR (Success Rate)
Let xo be the known optimal solution. A successful
solution x̂ is a feasible solution satisfying f(x̂)−f(xo) ≤
0.0001. A trial is deemed successful if a successful
solution is obtained in the trial. “SR” is rate of successful
trials.

• FR (Feasible Rate) : rate of feasible trials. A trial is
deemed to be feasible, if at least one feasible solution
is found in the trial.

• Average
Let x∗ be the best solution among the feasible solutions
obtained in each trial. “Average” is the average of f(x∗).

• Best: the best value of f(x∗) obtained as a result from
all trials.

• AD Calls : average of AD calls needed in each trial for
finding a successful solution.

• Optimal Solution : objective function value of the known
optimal solution. In g05, g13, g14, g17, g21, and g23,
described values are different from the values reported in
[11]. The proposed method tends to obtain more exact
solutions w.r.t. equality constraints. These are objective
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TABLE II
RESULTS OF NUMERICAL SIMULATIONS (2)

PB Method
SR
(%)

FR
(%)

Average Best AD Calls
Optimal
Solution

Parameters

Plain 100 100 -0.99993 -1.00000 979
GB/PB/W 100 100 -0.99994 -0.99999 1108
PB/W 100 100 -0.99994 -0.99999 845
Plain 100 100 0.05418 0.05398 60202
GB/PB/W 11 49 0.35721 0.05419 82787
PB/W 100 100 0.05419 0.05400 63180
Plain 100 100 -47.76109 -47.76109 10235
GB/PB/W 100 100 -47.76108 -47.76109 10230
PB/W 100 100 -47.76109 -47.76109 10388
Plain 100 100 961.71507 961.71503 71854
GB/PB/W 98 99 961.71506 961.71502 79634
PB/W 100 100 961.71505 961.71502 74920
Plain 97 100 -1.90172 -1.90516 13490
GB/PB/W 100 100 -1.90516 -1.90516 12082
PB/W 100 100 -1.90516 -1.90516 13288
Plain 56 94 8878.79822 8853.53985 51814
GB/PB/W 86 100 8860.79702 8853.53979 28884
PB/W 98 100 8854.28091 8853.53978 34835
Plain 100 100 -0.86603 -0.86603 23638
GB/PB/W 100 100 -0.86603 -0.86603 21475
PB/W 100 100 -0.86603 -0.86603 20375
Plain 100 100 32.65559 32.65559 10051

GB/PB/W 100 100 32.65559 32.65559 10048

PB/W 100 100 32.65559 32.65559 10052

Plain 75 98 193.82051 193.78336 36062

GB/PB/W 91 100 193.78645 193.78215 35456

PB/W 75 98 193.78693 193.78308 37531

Plain 2 46 370.05309 236.37033 100623

GB/PB/W 0 36 561.75119 237.23443 N/A

PB/W 0 46 1203.82862 236.60736 N/A

Plain 98 98 -400.00015 -400.00048 16834

GB/PB/W 100 100 -400.00013 -400.00049 15187

PB/W 98 98 -400.00013 -400.00049 14985
Plain 100 100 -5.50801 -5.50801 10011
GB/PB/W 100 100 -5.50801 -5.50801 10011
PB/W 100 100 -5.50801 -5.50801 10011

g13 0.05410*

g12 -1.00000

961.71502

-0.86603

-47.76019*g14

g17 8853.53981*

ΔTmax=0.5, λ u=10, w=1.0

ΔTmax=0.3, φ u=5, w=1.0

ΔTmax=0.005, φ u=10, w=1.0

ΔTmax=0.01, φ u=5, w=1.0

ΔTmax=20.0, λ u=10, w=1.0

ΔTmax=0.2, φ u=50, w=1.0

ΔTmax=0.001, λ u=5, w=1.0g19 32.65559

g16 -1.90516 ΔTmax=1.0, λ u=5, w=1.0

g18

g15

g21 193.78692* ΔTmax=5.0, λ u=100, φ u=1000, w=1.0

g22 236.43098 ΔTmax=0.003, λ u=1000, φ u=1000, w=1.0

g23 -400.00000* ΔTmax=0.1, λ u=10000, φ u=10000, w=1.0

g24 -5.50801 ΔTmax=0.02, λ u=10, w=1.0

function values of more exact solutions which are adjacent
to solutions reported in [11].

• Parameter : parameter settings.

The bold font in the results denotes that its evaluation is the
best among all methods.

As can be seen from Table I and Table II, optimal solutions
are obtained frequently by using the proposed method
except for g02 and g22. For g02 and g22, the proposed
method obtains optimal solutions in 100 trials (SR > 0).
Furthermore, for g22, the proposed method finds a new
solution superior to the optimal solution reported in [11].
The new solution is xo = (236.3703263131, 135.432887751,
200.4284109782, 6462.5506931403, 3000008.50528427,
4000000.5141733, 32999990.9805424, 130.0000850528,
170.0000901946, 299.9999149472, 399.9999948583,

330.0000901946, 184.5937961784, 249.4656629923,
127.6585381975, 269.9999098054, 160, 5.2983169413,
5.1357979367, 5.5984216249, 5.4380789168, 5.0751738152).

As for the introduction of the coupling structure, its effec-
tiveness is confirmed in solving g02, g10, g17, g21, and g23.
However, it is not effective for g05. In this problem, the opti-
mal solution is obtained without the introduction of coupling,
and the introduction of the coupling structure is redundant.
As for the introduction of objective function weighting, its
effectiveness is confirmed for g02 and g03. In particular, its
effectiveness is definitely apparent for g03.

V. CONCLUSION

In this study, we propose a new chaotic global optimization
method using the Lagrangian method to solve a nonlinear
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constrained optimization problem. In the proposed method, the
convergence behavior of the first order method is improved by
the introduction of a coupling structure and introduction of
the objective function weighting method. Then, we apply the
multipoint type chaotic optimization method which has been
proposed in [1] to the proposed coupled first order method
so that global search can be implemented to find feasible
global minima. As described in section IV, local searches
are utilized in the proposed method. Therefore, the proposed
method may be considered as one of the memetic algorithms
that utilize gradient based local searches as reported in [18]
or proposed in [19]. In these methods, local searches are
organically incorporated, and global search procedures exploit
results of local searches. Meanwhile, in the method proposed
here, local search is used to obtain exact solutions, and they
are independent from the main search procedure. Note that the
proposed method performs to some degree without the local
search procedure. Indeed, we can confirm that the proposed
method obtains optimal solutions or quite good approximately
optimal solutions without local search in most of the bench-
mark problems used in this study, such as coil, g01, g02, g03,
g04 (in the case of w = 0.01), g05, g07, g08, g09, g11, g12,
g13, g14, g15, g16, g18, and g24.

We confirm that the proposed method frequently obtains
feasible global minima of the benchmark problems. The suc-
cess rate of the proposed method for the entire set of problems
is somewhat less than the winners of the special session on
constrained real parameter optimization in CEC2006 [19],
[20]. However, the proposed method is superior to the winners
in that at least one optimal solution is obtained in all trials
for all problems. In addition, the proposed method tends to
obtain more exact solutions. We consider that the proposed
method obtains a new solution for g22 due to this tendency.
As for computational cost, simple comparisons are difficult
since the proposed method mainly makes use of the gradient.
The winners also use a gradient-based local search method or
a gradient based operator. However, it is not clear how the
computational cost of determining the gradient is evaluated as
function calls in the winners. In the future, we will compare
the proposed method with other methods with respect to com-
putational cost. In addition, we will investigate applications of
other strategies for the discrete gradient chaos model proposed
in [21] to improve global search capability.
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