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Abstract—This paper presents a robust ∞H  fuzzy controller 
for a class of T-S time-delay discrete fuzzy bilinear system 
(DFBS). Firstly, a discrete robust ∞H  fuzzy controller is 
proposed to stabilize the T-S time-delay DFBS with disturbance. 
Secondly, based on the Schur complement and some variable 
transformation, the stability conditions of the overall fuzzy 
control system are formulated by linear matrix inequalities 
(LMIs). Finally, a numerical example is utilized to demonstrate 
the validity and effectiveness of the proposed control scheme. 

Keywords—Discrete fuzzy bilinear system (DFBS), robust 
control, linear matrix inequalities (LMIs). 

I. INTRODUCTION

In recent years, bilinear systems and controls have been 
widely applied to a wide variety of fields, for example, 
bioengineering, biochemistry, nuclear engineering and socio-
economics [1]-[5]. There are two advantages of using bilinear 
models to describe nonlinear models. One advantage is that 
bilinear systems are an adequate approximation than linear 
models for some real-world systems, including engineering 
applications in nuclear, thermal, and chemical processes, and 
many other nonengineering applications in biology, 
socioeconomics, and immunology [1], [2]. The other advantage 
is that many real physical processes may be appropriately 
modeled as bilinear systems when linear models are 
inadequate, for example, the population of biological specie 
[1]. For these two reasons, bilinear system is therefore 
important to design its controller, to investigate the stability, 
and to improve performance by applying various control 
techniques[1]–[3]. 

Besides bilinear systems, it is well known that fuzzy control 
has been attracting increasing attention to the stabilization of 
nonlinear systems [4]–[8]. Fuzzy control has been successfully 
applied to controller designs for nonlinear systems [5], [6], [8], 
[9]. In most of these papers, a so-called Takagi–Sugeno (T-S) 
fuzzy model is adopted to approximate a nonlinear plant, and 
then a fuzzy controller is designed via the parallel distributed 
compensation (PDC) scheme to stabilize the T-S fuzzy model. 

For stability analysis, LMI techniques [4], [7], [9], [10] have 
been developed to find solutions for the T-S fuzzy control 
system under consideration. 

It is known that time-delay phenomenon commonly exists 
in dynamic systems due to measurement, transmission, 
transport lags and computational delays. Therefore, 
stabilization of time-delay systems is increasing being 
attentions in the literature [7], [9]. Recently, the T-S fuzzy 
model approach has been shown effective and powerful in 
dealing with nonlinear systems with time-delays. Besides, 
different methodologies have been also proposed for analysis 
and synthesis of T-S fuzzy systems with time-delay [8]–[11]. 

The main contributions of this paper are i) designing a fuzzy 
H∞  controller for the T-S DFBS with disturbance; ii) 
investigating a robust H∞  fuzzy controller for the T-S Time-
Delay DFBS with disturbance; and iii) Describing all the 
stability conditions for the T-S Time-Delay DFBS with 
disturbance via LMIs. 

This paper is organized as follows. In Section II, the DFBS 
is established and its fuzzy controller is also designed. The 
controller design method for robust H∞  stabilization of the T-
S DFBS with disturbance is derived in Section III. A 
numerical simulation is illustrated in Section IV. Finally, 
conclusions are given in Section V. 

II. SYSTEM DESCRIPTION AND CONTROLLER
DESIGN 

The T-S fuzzy dynamic model is described by fuzzy IF-
THEN rules, which locally represent input-output relations of 
nonlinear systems. Similar to [7, 10], the i th rule of the time-
delay T-S DFBS with disturbance can be represented by the 
following form: 
Plant Rule i :
IF 1( )s k  is 1jF  and … and ( )gs k  is jgF

THEN ( 1) ( ) ( ) ( ) ( ) ( )i i i ix k A A x k B u k N x k u k+ = + Δ + +
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1( ) ( )di iA x k D kτ ω+ − +  (1a) 

2( ) ( ) ( )i iz k C x k D kω= + , 1,2 ,i r=  (1b) 
where k  is iteration instant, ijF  is the fuzzy set and r is the 
number of IF-THEN rules; 1( ) nx k R ×∈  is the state, ( )u k R∈
is the control input; ( ) qz k R∈  is the controlled output; 

1( ) mk Rω ×∈  is the disturbance input which is belong to 
[ )2 0,l +∞ ; 1 2( ),  ( ), ( )gs k s k s k , are the premise variables. 

n n
iA R ×∈ , 1n

iB R ×∈ , n n
iN R ×∈ , n n

diA R ×∈ , 1
n m

iD R ×∈ ,
1 n

iC R ×∈ , 1
2

m
iD R ×∈ , and n n

iA R ×Δ ∈  is real-valued unknown 
matrices representing time-varying parameter uncertainty, and 
is assumed to be of the form, in the following Assumption. 

Assumption 1 [9]: The parameter uncertainties considered here 
are norm-bounded and presented by the form 1( )i i i iA G F k EΔ = ,
where iG  and 1iE , are known real constant matrices of 
appropriate dimensions, and ( )iF k  is an unknown matrix 
function with Lebesgue-measurable elements and satisfies 

( ) ( )T
i iF k F k I≤ . The parameter uncertainty iAΔ is said to be 

admissible if Assumption 1 hold. 

The time-delay ( )tτ  may be unknown but is assumed to be 
a smooth function of time as consideration in [8] and [11], 

( ) 1tτ α≤ < , 0( )tτ τ≤ . (2) 

Similar to [7], [11], using a center average defuzzifier, 
product inference, and singleton fuzzifier, the time-delay 
DFBS with disturbance input (3) can be expressed at the 
bottom of next page, where 

1
( ( )) ( ( ))g

i ijj
s k F s kμ

=
= ∏ ,

1
( ( )) ( ( )) / ( ( ))r

i i i jj
h h s k s k s kμ μ

=
= = , ( ( ))ij jF s k  is the grade 

of membership of ( )js k  in ijF , and 

1 2( ) ( ) ( ) ( )
T

gs k s k s k s k= . Basic properties of 

( ( ))i s kμ  are ( ( )) 0i s kμ ≥  and 
1

( ( )) 0
r

i
i

s kμ
=

> . It is clear that 

( ( )) 0ih s k ≥  and 
1

( ( )) 1r
jj

h s k
=

= .

Following the design concept in [7], the fuzzy controller for 
the T-S time-delay DFBS (2) is formulated as follows:  

Control Rule j :

IF 1( )s k  is 1jF  and … and ( )gs k  is jgF

THEN 
( )

( )
1 ( ) ( )

j

T T
j j

D x k
u k

x k D D x k

ρ
=

+
, 1, 2 ,j r= .  (4) 

The overall fuzzy control law can be represented by 

1
( ) ( ( )) ( ) / 1 ( ) ( )r T T

j j j jj
u k h s k D x k x k D D x kρ

=
= +

1
( ( )) sinr

j jj
h s k ρ θ

=
=  (5a) 

1
( ( )) cosr

j j jj
h s k D xρ θ

=
=  (5b) 

where sin ( ) / 1 ( ) ( )T T
j j j jD x k x k D D x kθ = + ,

cos 1/ 1 ( ) ( )T T
j j jx k D D x kθ = + , [ ]/ 2 / 2jθ π π∈ − ,

1 n
jD R ×∈ is a vector, and 0ρ >  is a scalar to be assigned. 

The control objective is to design a T-S fuzzy H∞  controller 
(5) to stabilize the T-S time-delay DFBS with disturbance (3). 
Substituting (5) into (3), one can get the closed-loop system,  

(
1 1

( 1) (( ) sin
r r

i j i i i j
i j

x k h h A A Nρ θ
= =

+ = + Δ +

)1cos ) ( ) ( ( )) ( )i j j di iB D x k A x t k D kρ θ τ ω+ + − +  (6a) 

[ ]2
1 1

( ) ( ) ( )
r r

i j i i
i j

z k h h C x k D kω
= =

= + . (6b) 

Then the robust fuzzy H∞  control problem to be addressed in 
this paper can be formulated as follows: give an fuzzy system 
(3) and a scalar 0γ > , determine a fuzzy controller such that 

R1) The closed-loop system (6) is robust asymptotically stable 
when ( ) 0kω = .

R2) Under the zero initial condition, the controlled output 
( )z k  satisfies 

2 2
( ) ( )z k kγ ω<  (7) 

 for all nonzero [ )2( ) 0,k lω ∈ +∞  and all admissible 
uncertainties. 

III. MAIN RESULT 

In this section, an LMI approach will be developed to solve 
the problem of robust H∞  feedback control of fuzzy system 
formulated in the previous section. Before discussing the proof 
of the theorem, we first give the following lemma which will 
be used in the proof of our main results. 

Lemma 1: [7], [9]: Given any matrices X , Y  and ε  with 
appropriate dimensions such that 0ε >  we have  

1T T T TX Y XY X X Y Yε ε −+ ≤ + . (8) 

Theorem 1: For the T-S time-delay DFBS with disturbance 
(1), there exists a robust H∞  fuzzy feedback controller (5) 
such that the closed-loop system (6) is robust asymptotically 
stable and (7) is satisfied if there exist symmetric and positive 
definite matrices P  and S , a scalar ρ , some vectors iD  and 
some scalars gijε , 1, ,5g = , , 1, ,i j r= , satisfying the 
following LMIs (9) and (10), shown at the bottom of this page. 

Proof: Under the conditions of the theorem, we first establish 
the robust asymptotic stability of the system in (6). For this 
purpose, we consider (6) with ( ) 0kω = ; that is 
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(1
( 1) ( ( )) ( ) ( ) ( )r

i i i ii
x k h s k A A x k B u k

=
+ = + Δ +

)( ) ( ) ( ( )i diN x k u k A x k kτ+ + −  (11) 

Now, we choose a Lyapunov function candidate for this 
system as follows: 

1( ( )) ( ) ( ) ( ) ( )kT T
k

V x k x k Px k x Sx
σ τ

σ σ−

= −
= + . (12) 

Then it can be verified that 

( ( 1)) ( ( ))V V x k V x kΔ = + −

( 1) ( 1) ( )( ) ( )T Tx k Px k x k S P x k= + + + −

( ( )) ( ( ))Tx k k Sx k kτ τ− − − . (13) 

By substituting (11) into (13), we can get (14), shown at the 
bottom of next two page,  

where ((( ) ( ) cos sinij i i j j i j j i jA A A A B D Nρ θ ρ θΞ = + Δ + + Δ +
cos sin ) ( )j i i j iB D N x kρ θ ρ θ+ +

( ( )) ( ( )))di djA x k k A x k kτ τ+ − + − .

________________________________________________________________________________________________________ 
( )11

( 1) ( ( )) ( ) ( ) ( ) ( ) ( ) ( ( )) ( )r
i i i i i di ii

x k h s k A A x k B u k N x k u k A x k k D kτ ω
=

+ = + Δ + + + − +  (3) 

1

2 3

1 *
1 0

1 1
LMI

LMI
LMI LMI

= <  (1 )i r≤ ≤ (9) 

2
5

2
1 2

2
1 2

1
( 1 )

2 1 1
1 51

1
( 1 )

1
( 1 )

* * * *
* * *

0 0 ( 1 ) * *1
0 0 *

0 0 0

ii

ii ii

ii ii

i

T
ii ii di di

i i

i

S P
PA P

A PA SLMI
PB D P

PN P

ρ ε

ρ ε ε

ρ ε ε

ρ ε ε

−
+ +

− −

−
+ + +

−
+ + +

−

+ + −=

1

2
2

1

0 0 0 0
0 0 0 0

1
0 0 0 0 0

0 0 0 0 0

T
i di

i i

i
T
i

D PA I
C D

LMI
E

G

−

= , 2 2 1 2 1 1
3 2 4 1 1 3 31 ( ( 1 ) )T

ii ii i i ii iiLMI diag I D D I Iγ ρ ε ρ ε ε ε− − −= − − + + − −

1

2 3

2 *
2 0

2 2
LMI

LMI
LMI LMI

= <  (1 )i j r≤ < ≤  (10) 

2
5

2
5

2
1

2
1

2
1

1
2(2 1 )

1
2(2 1 )

2 1 1
1 5

1
1

( 1 )

1
( 1 )

1
( 1 )

4( ) * * * * * * *
* * * * * *

0 * * * * *

(2 1 )
0 0 0 * * * *

( ) ( )2
0 0 0 * * *

0 0 0 0 * *

0 0 0 0 0 *

0 0 0 0

ij

ij

ij

ij

ij

i

j

ij ij

T
di dj di dj

i j

i

j i

j

S P
PA P

PA P

S

A A P A ALMI
PB D P

PN P

PB D P

PN

ρ ε

ρ ε

ρ ε

ρ ε

ρ ε

ρ ε ε

−
+ +

−
+ +

− −

−
+ +

−
+ +

−
+ +

−

− + + +

× + +=

2
1

1
( 1 )

0 0
ij

P
ρ ε

−
+ +

,

1 1

1 1

1
2

1

0 ( ) ( ) 0 0 0 0 0 0
( ) 0 0 0 0 0 0 0 ( )

0 0 0 0 0 0 0 0
2

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

T
i j di dj

i j i j

i

j
T
i

T
j

D D P A A I
C C D D

E
LMI

E
G

G

+ + −
+ +

= ,

2 1 1 1
2 4

2 1 11
3 1 1 1 1 3 3 3 3(2 1)

2 (4 ( ) ( ))
ij ij

T
i j i j ij ij ij ijLMI diag I D D D D I I I I

ρ ε ε
γ ε ε ε ε− − −

− −
+ +

= − + + − − − −
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Clearly, if (13) is negative definite uniformly for all nonzero 
( )x k  and 0k ≥ , then the controlled fuzzy system (11) is 

robustly asymptotically stable. 

At first, we assume that the first sum of the equation in (14) 
is negative definite, that is,  

( )( ) cos sin ( )
T

i i i i i i i diA A B D N x A x k Pρ θ ρ θ τ+ Δ + + + −

( )( ) cos sin ( )i i i i i i i diA A B D N x A x kρ θ ρ θ τ× + Δ + + + −

( ) ( ) ( ) 0T Tx S P x x k Sx kτ τ+ − − − − <  (15) 

Using the Lemma 1, then (15) can be rewritten as 
2

5( ) ( 1 )( ) ( )T T
ii i i i ix k A A P A Aρ ε+ + + Δ + Δ

2
1( 1 )( ) ( )T T T
ii i i i i i iD B PB D N PN S P x tρ ε+ + + + + −

2 1 1
1 5( ( ))(( 1 ) ) ( ( )) 0T T
ii ii di dix k k A PA S x k kτ ρ ε ε τ− −+ − + + − − <  (16) 

Applying the Schur complement to (16) results in (17), shown 
at the bottom of next page. 

In order to use the convex optimization technique, we 
utilize the Assumption 1, and adopt the transformation matrix: 

[ ]diag I P I P P  and take a congruence transformation 
[7]. Through these procedures, then (18) can be yield, which is 
shown at the bottom of next page. From (9), it is easy to see 
that for 1 i r≤ ≤ , if (9) is held then (18) is negative.  

Similarly, we assume that the second sum of the equation in 
(14) is negative definite and through the same procedure, then 
we can obtain (19), shown at the next page, From (10), it is 
easy to see that for 1 i r≤ ≤ , if (9) is held then (19) is negative. 

Next, we will show that for any nonzero [ )2( ) 0,k lω ∈ +∞
in the T-S time-delay DFBS with disturbance (6) satisfies (7) 
under zero initial condition. For this purpose, we introduce 

2
0

( ) ( ) ( ) ( )N T T
N k

J z k z k k kγ ω ω
=

= −  (20) 

where N ∈ . Substituting (6) into (20) with the zero initial 
condition, we can deduce 

2
0

( ) ( ) ( ) ( )N T T
N k

J z k z k k kγ ω ω
=

= −

[ ]}( ( 1)) ( ( )) ( ( 1))V x k V x k V x N+ + − − +

[ ]{ }2

0

( ) ( ) ( ) ( ) ( ( 1)) ( ( ))
N

T T

k

z k z k k k V x k V x kγ ω ω
=

≤ − + + −

( ) ( )( 2 2
0 1 1 1 1

N r r r r
T

i j l m i i l l
k i j l m

hh hh C x D C x Dω ω
= = = = =

= + +

(( ) cos sin ) ( )i i i j j i jA A B D N x kρ θ ρ θ+ + Δ + +

]1( ( )) ( ) T
ix k k D k Pτ ω+ − +

[(( ) cos sin ) ( )l l l m m l mA A B D N x kρ θ ρ θ+ + Δ + +

]1( ( )) ( )lx k k D kτ ω+ − +

}2( ) ( ) ( ) ( )T Tx k Px k k kγ ω ω− −  (21) 

where ( ( ))V x k  is given in (12). By Lemma 1, we have 

2( ( )) ( ) ( ) ( ) ( )T TV x k z k z k k kγ ω ωΔ + −

2

1

1( ) ( ) ( ) ( )
2

r r
T T

i ii i j ij
i i j

h k k h h k kξ ξ ξ ξ
= <

≤ Θ + Θ . (22) 

Where [ ]( ) ( ) ( ) ( )k x k x k kξ τ ω= − , iiΘ  and ijΘ  is shown 
at the bottom of next two page. 

For obtaining the (9) and (10), we assume the (22) is 
negative definite. Firstly, we consider the (23) and utilize the 
Lemma 1 then (25), shown at the bottom of next two page, 
which can be obtained. Applying the Schur Complement, 
Assumption 1, and Lemma 1, then the (9) can be obtained 
from (25). Through a similar procedure, the (10) can also be 
obtained. Thus 0NJ < , which implies 

2 2
( ) ( )z k kγ ω<  for 

all nonzero [ )2( ) 0,k lω ∈ +∞ , if (9) and (10) are satisfied. This 
completes the proof of the theorem. Q.E.D. 

IV. EXAMPLE 

In this section, we apply the proposed method to design a 
robust H∞  fuzzy controller for a T-S time-delay DFBS with 
disturbance. The T-S time-delay DFBS with disturbance is 
described as follows: 

Rule 1: IF 1x  is about 1−

THEN 1 1 1 1( 1) ( ) ( ) ( ) ( ) ( )x k A A x k B u k N x k u k+ = + Δ + +

1 11( ( )) ( )dA x k k D kτ ω+ − +  (26a) 

1 21( ) ( ) ( )z k C x k D kω= +

Rule 2: IF 1x  is about 1  

THEN 2 2 2 2( 1) ( ) ( ) ( ) ( ) ( )x k A A x k B u k N x k u k+ = + Δ + +

2 12( ( )) ( )dA x k k D kτ ω+ − +  (26b) 

2 22( ) ( ) ( )z k C x k D kω= +

where 1

0.4 0.06
0.3 0.25

A
−

=
−

, 2

0.38 0.08
0.4 0.1

A =
−

,

1

0.12 0.1
0.1 0.2dA = , 2

0.1 0.09
0.4 0.05dA = , 1

0.02 0
0 0.03

N =
−

,

2

0.01 0.02
0 0.008

N
−

=
−

, 1

0.3
0.01

B =
−

, and 2

0.2
0.08

B = .

Based on Assumption 1, iG , iF , and 1iE  are defined as 

follows, 
0.3 0
0 0.3iG = ,

0
( )

0i

rand
F t

rand
= , 1,2i = ,
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where rand  is a random number taken from a normal 

distribution over [ ]1,1− , 11

0.3 0
0.3 0

E =  and 

12

0.2 0.2
0 0.1

E = . The membership functions of the state 1x

are defined as 1 10.5(1 )xμ = +  and 2 10.5(1 )xμ = − . Let 
0.3ρ =  and choose the controller gain matrices 

as 1 [ 0.1 0.4]D = − −  and 2 [ 0.4 0.1]D = − − .

In this example, we choose the H∞  performance level 
1γ =  and applying ρ  and all these matrices to inequalities 

(9) and (10) in Theorem 1, and utilizing the LMI tool box [7], 
one can figure out the common positive-definite matrices, 

19.649 5.0093
5.0093 12.0597

P =  and 
7.3641 5.0042
5.0042 6.7715

S = .

The simulation results of applying the robust H∞  fuzzy 
controller (5) to T-S time-delay DFBS with disturbance (26) 
with three different initial conditions (0) [1.5 2]Tx = − ,

(0) [ 1.5 1.2]Tx = − − , and (0) [ 1.3 1.2]Tx = − and the 

exogenous 0.001 0.005( ) 0.5 sin( ) 0.3 cos(2 )
Ttt e k e kω − −=  are 

illustrated in Figure 1. 
_______________________________________________________________________________________________________ 

( ( 1)) ( ( ))V V x k V x kΔ = + −

( ){1 1 1 1
(( ) cos sin ) ( ) ( ( ))

Tr r r r
i j l m i i i j j i j dii j l m

hh hh A A B D N x k A x k k Pρ θ ρ θ τ
= = = =

= +Δ + + + −

( )}(( ) cos sin ) ( ) ( ( )) ( )( ) ( ) ( ( )) ( ( ))T T
l l l m m l m dlA A B D N x k A x k k x k S P x k x k k Sx k kρ θ ρ θ τ τ τ× + Δ + + + − + − − − −

( ){2
1

( ) ( ) cos sin ( ) ( ( ))
Tr T

i i i i i i i i dii
h x k A A BD N x k A x k k Pρ θ ρ θ τ

=
≤ + Δ + + + −

( ) }( ) cos sin ( ) ( ( )) ( )( ) ( ) ( ( )) ( ( ))T T
i i i i i i i diA A B D N x k A x k k x k S P x k x k k Sx k kρ θ ρ θ τ τ τ× + Δ + + + − + − − − −

1 [ 4 ( )( ) ( ) 4 ( ( )) ( ( ))]
2

r T T T
i j ij iji j

h h P x k S P x k x k k Sx k kτ τ
<

+ Ξ Ξ + − − − −  (14) 

2 1 1
5

2 1 1
1 5

2 1 1
1

2 1 1
1

* * * *
( ) ( 1 ) * * *

0 0 ( 1 ) * * 0
0 0 ( 1 ) *
0 0 0 ( 1 )

i i ii
T

ii ii di di

i i ii

i ii

S P
A A P

A PA S
B D P
N P

ρ ε
ρ ε ε

ρ ε
ρ ε

− −

− −

− −

− −

−
+ Δ − + +

+ + − <
− + +

− + +

 (1 )i r≤ ≤  (17) 

2 1
5

2 1 1
1 5

2 1
1

2 1
1

1 3
1

3

* * * * * *
( 1 ) * * * * *

0 0 ( 1 ) * * * *
0 0 ( 1 ) * * * 0
0 0 0 ( 1 ) * *
0 0 0 0 *

0 0 0 0 0

i ii
T

ii ii di di

i i ii

i ii

i ii
T
i ii

S P
PA P

A PA S
PB D P
PN P
E I

G I

ρ ε
ρ ε ε

ρ ε
ρ ε

ε
ε

−

− −

−

−

−

−
− + +

+ + −
− + + <

− + +
−

−

 (18) 

_1 *
0

_ 2 _ 3
lmi

lmi
lmi lmil

= <  (1 )i j r≤ < ≤ (19) 

2 1
5

2 1
5

2 1 1
1 5

4( ) * * *
2(2 1 ) * *

_1
0 2(2 1 ) *

0 0 0 (2 1 )( ) ( )

i ij

j ij
T

ij ij di dj di dj

S P
PA P

lmi
PA P

S A A P A A

ρ ε
ρ ε

ρ ε ε

−

−

− −

−
− + +

=
− + +

− + + + + +

,

1 1( ) ( ) ( ) ( ) ( ) ( ) 0 0
0 0 0 0 0 0 0

_ 2
0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

TT T T T T T
i j i j i j i j

i

j

PB D PN PB D PN E E
G

lmi
G

= ,

2 2 2 2 1 1
1 1 1 1 3 3 3 3_ 3 ( 1 ) ( 1 ) ( 1 ) ( 1 )ij ij ij ij ij ij ij ijlmi diag P P P P I I I Iρ ε ρ ε ρ ε ρ ε ε ε ε ε− −= − + + + + + + + + .
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Figure 1. State responses of the of the T-S time-delay DFBS with disturbance.

From these simulation results, it can be seen the designed 
fuzzy controller ensures the robust asymptotic stability of the 
closed-loop system and guarantees a prescribed H∞

performance level.

V. CONCLUSION

This paper has proposed a robust H∞  fuzzy control scheme 
for a class of T-S time-delay DFBS with disturbance. For 
stabilizing the T-S time-delay DFBS, some sufficient 
conditions have been derived to guarantee the stability of the 
overall fuzzy control system via LMIs. Finally, the design 
approach has been applied to a numerical example to illustrate 
the validity and effectiveness of the proposed schemes. 
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