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Abstract—TIn this paper, a novel Euclidean position estimation
technique using a single uncalibrated camera mounted on a
moving platform is developed to asymptotically recover the three-
dimensional (3D) Euclidean position of static object features. The
position of the moving platform is assumed to be measurable, and
a second object with known 3D Euclidean coordinates relative
to the world frame is considered to be available a priori. To
account for the unknown camera calibration parameters and
to estimate the unknown 3D Euclidean coordinates, an adaptive
least squares estimation strategy is employed based on prediction
error formulations and a Lyapunov-type stability analysis. The
developed estimator is proven to recover the 3D Euclidean
position of the unknown object features despite the lack of
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the depth where the camera’s extrinsic calibration parameters
(rotational matrix and translation vector of the camera relative
to its mounting frame) were not considered, and the intrinsic
calibration parameters (a matrix consisting functions of the
camera’s internal parameters; namely, focal length, scaling
factors, pixel coordinates of the principal point, and camera
axes angles) were set to unity to simplify the problem. In
practice, these calibration parameters are often required to
estimate the depth or the structure of an object. In other words,
the aforementioned works require the camera to be calibrated.
In [14], a valid intrinsic calibration matrix of the camera was

knowledge of the camera calibration parameters.

Index Terms—Euclidean position estimation, nonlinear sys-
tems, least squares estimation, Lyapunov methods, perspective
vision systems.

[. INTRODUCTION

3D reconstruction of an object, where the Euclidean coordi-
nates of the features on a moving or fixed object are recovered
from a sequence of two-dimensional (2D) images, has received
noteworthy attention over the last several years. The recovery
of the 3D Euclidean coordinates is usually done by mounting
a camera on a moving vehicle such as an unmanned aerial
vehicle (UAV) or a mobile robot which travels through the
environment and captures images of static objects or features.
3D reconstruction or 3D Euclidean position estimation has
significance in several applications such as autonomous vehicle
navigation, aerial tracking, path planning, surveillance, etc.

Although, the problem of Euclidean reconstruction is in-
herently nonlinear, linearization based techniques, such as
the extended Kalman filter (EKF) [1], [2], have been used
quite frequently. However, linearized motion models can cause
significant incosistencies in solutions, as noted in [3]. More-
over, EKF involves a priori knowledge of noise distribution.
To overcome the shortcomings of the linear model several
researchers focused on utilizing nonlinear system analysis
and estimation tools to develop nonlinear state observers for
depth estimation or 3D reconstruction [4], [5], [6], [7], [8],
[9], [10], [11], [12], [13]. All these works utilized velocity
measurement of the camera or the object in order to estimate

assumed to recover the depth of an object. Our recent work
[15] utilized position measurements of the camera to recover
the structure of an object. However, this work assumed a
calibrated camera, i.e., the intrinsic and the extrinsic camera
calibration parameters were assumed to be known. The work
fin [15] was extended and evaluated experimentally in [16]
where it was realized that calibrating a camera is tedious and
complicated, especially calibration of the camera’s extrinsic
parameters.

Hartley and Zisserman in [17] discussed techniques where
the essential matrix (when intrinsic calibration parameters are
known) can be decomposed to obtain camera’s extrinsic cali-
bration parameters. This technique usually results in multiple
solutions for the rotation matrix, and the translation vector is
found up to an ambiguous scale factor; thus, making it difficult
to select the correct solution. If the intrinsic parameters are
also unknown along with extrinsic parameters, the fundamental
matrix can be obtained. However, the knowledge of just the
fundamental matrix is not sufficient to estimate the depth
information. It is also noted that recovering the 3D Euclidean
coordinates of an object from a sequence of its 2D images
with a single uncalibrated camera is a very difficult task. In
[18], Hartley proposed a multiple-step algorithm for Euclidean
reconstruction from uncalibrated camera views. It was noted
in [19] that a true 3D Euclidean scene of an object using
a single camera with unconstrained motion and unknown
parameters can not be reconstructed. These issues motivated us
to develop a simple and an easily implementable estimator for
3D Euclidean position estimation using a single uncalibrated
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camera where both, the intrinsic and the extrinsic camera
calibration parameters are unknown.
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In this paper, our goal is to develop an estimator to identify
the 3D Euclidean coordinates of features on a stationary object
by mounting an uncalibrated camera on a mobile platform
whose position is measurable. To achieve this goal, first a
geometric model is developed to relate the fixed features on
the object with the moving camera where the 3D Euclidean
coordinates of the other object is considered to be available
a priori. The model is then parameterized for known and
unknown object features. A prediction error formulation is then
presented along with an auxiliary prediction error that allow
us to utilize nonlinear estimation theory to design two adap-
tive least-squares estimators to compensate for the unknown
camera calibration parameters and to estimate the structure.
We show that the developed structure estimator identifies the
Euclidean coordinates of the object features upon satisfaction
of a persistency of excitation (PE) condition, and is not
dependent on an accurate estimation of the unknown camera
calibration parameters. The proposed estimation technique can
be useful in places where a known object exists, and the 3D

( Mechanical system ) ( Fixed unknown object position )

{ Camera current position )

( Fixed known object position )
( Base frame )

Fig. I. Geometric relationships between the fixed objects, mechanical system,
and the camera.

Euclidean coordinates of another object has to be estimated.
Also, when a camera on a mechanical system is replaced or
orientation of the camera is changed, it is not required to
recalibrate the camera if a known object is present.

The pixel coordinates of the object features projected on the
image plane, denoted by py;/.;(t) € R?, is defined as follows

1" 2)

Psi/cj £ [usi/c_j Usi/cj 1

II. GEOMETRIC MODEL

To develop a geometric relationship between a perspective
moving camera and features on known, and unknown static
objects, we define an orthogonal coordinate frame, denoted
by C, whose origin coincides with the optical center of the
camera, an inertial coordinate frame, denoted by W, and an
orthogonal coordinate frame, denoted by B (see Fig. 1). In
Fig. 1, Fs; Vi =1,..,n denotes the i object feature whose
unknown 3D Euclidean coordinates relative to the world frame
W are denoted as the constant wg; € R3, and FeiVi=1,.,m
represents the j object feature! whose corresponding 3D
Euclidean coordinates relative to the world frame W are known
a priori and denoted by the constant w.; € R®. The 3D
coordinates of the object features relative to the camera frame
C, denoted by m;/.; (t) e R3, is defined as follows?

_ T
si/cj £ [l‘si/cj Ysi/cj Zsi/cj] . (1)

where w; /. (1), Vsi/c;(t) € R. The projected pixel coordinates
of the features are related to the Euclidean coordinates by the
pin-hole camera model [20] such that

1

Zsi/cj

Psi/cj = Amsi/cj 3)

where A € R3*3 is the unknown constant intrinsic camera
calibration matrix of the following form [21]

fku fkucoto wug

A2 0 I g (4)
0 0 1

where k,, k, € R denote camera scaling factors, ug, v9 € R
represent the pixel coordinates of the principal point, ¢ € R is
the angle between the camera axes, and f € R is the camera
focal length.

ITI. PARAMETERIZATION OF THE MODEL

In the subsequent development, it is assumed that both the
objects are always in the field of view of the camera; hence, the
distances from the origin of C to all the features are always
positive and bounded. To relate the coordinate systems, let
Ry (t) € SO(3) and z,(t) € R® denote the measurable
rotation matrix and the measurable translation vector, respec-
tively, from B to W, expressed in W. Let R, € SO (3) and
z. € R3 denote the unknown rotation matrix and the unknown

In this section, the parameterization of Am,;.;(t) and the
depth variable z; /cj(t) are presented. The nonlinear static
model given in (3) is parameterized for two cases: case 1,
where the 3D coordinates of the features relative to W are
unknown (i.e., for si), and case 2, where the 3D coordinates
of the features relative to YV are known a priori (i.e., for cj).

From Fig. 1, m,;.;(t) can be written as follows [15]

translation vector, respectively, from C to B, expressed in B.

I'Through out the paper the subscript si denotes the i" feature whose 3D
coordinates relative to the frame WV is unknown, and c;j denotes the j" feature
whose 3D coordinates relative to the frame W is known.

2The notation Ysi/c; implies Y; or Ye; through out the paper. If the
left-hand side of any expression is considered with the subscript si then the
right-hand side of the expression is with si, and similarly for cj.

msi/cj = R(T [RbT (wsi/cj - 1'})) - x(:] . )

After substituting (5) into (3), the pixel coordinates for the
object features can be written as follows

1

Zsi/cj

DPsijcj = ARZ [Rg—l(wsi/cj - xb) - xc] (6)
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and the corresponding depth z;.; (t) can be written as follows
Zsifcj = Rz:i I:RbT(wSi/Cj - .Z'b) - ':CC:I )

where RT, € R1X3 is the last row of RT.
Case 1: For the object features that have unknown 3D coor-
dinates relative to W, pg;(t) is parameterized as follows

1

Psi = MW(X; 0c1)0si

Vi=1,.,n (8)

where
()05 = zsi = R [R] (wsi — 21) — 2] ©)
W ()05 = AR! [R} (wsi — zp) — 2] . (10)

In (8)-(10), #.1 € R'2 and 0., € R* are the constant
vectors containing all the camera parameters [22], the variable
X(t) € R?*" contains the combinations of the elements
of the measurable signals Ry(t) and z3(t), TI(-) € R*4,
W(-) € R>** are regression matrices, and 0,; € R* is an
unknown constant parameter vector, which is defined as
g (an
where wg,» € RVr=1,2,3, is the unknown Euclidean
coordinate of the i feature for the unknown object relative
toW.

Case 2: For known 3D coordinates of the features relative to
W, p.j(t) is parameterized as follows [22]

1
I (X)0c2

where W;(+) € R3*12 T1;(-) € R'** are known regression

matrices (X (¢) € R®** contains combinations of the measur-

able signals and structure information of the known object).
It should be noted that z;,.; (t) is assumed to satisfy the

following inequalities

Osi & [weit Wiz Wiz 1]

Pcj = ij(X)Gd Vi=1,...m (12)

Psijej (1) = Zsijej(t) = denum(pgisej) > €sijc; >0 (13)

where denum(-) denotes the denominator of (),
psi/cj(msi/cj) € R is a positive function and ¢;,.,; € R
is a positive constant Vi,j. The objective of this work is
to identify the 3D Euclidean coordinates of the features on
an unknown object fg; in the presence of unknown camera
parameters 6.1, 0.23. Tt is to be noted that our novel structure
estimation technique guarantees the estimation of the 3D
Euclidean coordinates upon the satisfaction of a PE condition,
and it does not require an accurate estimation of the camera

A. Prediction Error Formulation

To proceed with the error development, the term II(-)6; is
multiplied to the both sides of (8) that results in the following
expression

The estimate of (14) can be written as follows
psillly; = W (15)

where py;(t) € R and 0,(t) € R* are the estimates of
psi(t) and O, respectively, I and W denote I(X, 902) and
W(X,0.1), respectively where 0.1(t) € R'2,0.(t) € R
are the estimates of 6.; and 0., respectively. To facilitate
the development, the terms W&sz and pg;I10,; are added and
subtracted from the right-hand-side and the left-hand-side of

(14), respectively that yields the following expression
[psi — Psil M0si + PsiT10; = WO + [W — W]y (16)

After subtracting (15) from (16), the following expression is
obtained

where Pg; (t) 2 ps; — Psi € R® is the prediction error for the
i feature point Vi = 1,..,n, 04(t) £ 0 — 0, € R is the
structure estimation error, and W denotes W(X, éd) where
0c1(t) £ 0.4 — 0.4 € R'2. After adding and subtracting the
term psiﬁasi to the left-hand-side of (17) and simplifying, the
following expression can be obtained

1

i {7 =pott] 0 + [W = pati] 0.} (18)
where I denotes T1(X,0.2) and O.(t) 2 0.0 — 0.0 € R
To ease the subsequent analysis, we combine these individual
vectors Vi to obtain their respective compact forms. The
combined form of the pixel coordinates and their estimates
for all the feature points on the unknown object, denoted by
ps (t), bs (t) € R3", respectively, are defined as follows

11T
i)

(19)
is defined as follows

AT T T 5 8 (5T 5T
ps:[psl Pso e psn] ,ps_[psl Ps2

and the prediction error p, (t) € R3"

~ N ~ ~ ~ T
Ps 2 Ps—Ps =[P Plo - D] - (20)

parameters. Estimating the camera parameters accurately is
beyond the scope of this paper.

I'V. EUCLIDEAN STRUCTURE ESTIMATION

In this section, a prediction error formulation for the param-
eterized model given in (8) is presented along with an auxiliary

Based on (18), the prediction error p, (t) can be written as
Ps = BW,0, + BW.0, @1

where W, (t) € R3"*4" is a measurable signal defined as
follows

prediction error formulation which accounts for the unknown
camera parameters. A structure estimator is then presented
along with the stability analysis.

3The estimates of A, R, and z. can be obtained from the estimates of
Oc1,0c2 (see [22] for a detailed explanation).

[ W—=pall O3xa Osxa |
- 03x4 W — psoll 03x4
W, & (22)
03x4 03x4 W — penll
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and W, (t) € R3*4" is an auxiliary matrix defined as

W — poll O3xa 03x4
034 W — pgill 034
s & (23)
034 0354 e W= pgll
where 03,4 € R3** is a zero matrix. In (21), 6, £

oL, 6%, .. 67| € R*™, and B(t) € R3*3" is an
auxiliary matrix defined as

combined form of the prediction errors, denoted by p. £
[1331 L ﬁfnl]T € R3™, can be written as follows
-7 ~717T
ﬁc ZF[WT HT] [6(:1 9(:2] . (32)

In (32), I, (t) € R3™*4, and W,(X) € R3™*12 are defined
as follows

. £
w., &

- [(ﬁclnzl)T (ﬁc2Hz2)T (ﬁcmnzm)T]T
[War (5)T Waa(X)T . Wor(X)T]T 33)

Bédlag {(plv(ph@l?"wgony@n?wn} (24)

and F(t) € R3™*3™ s an auxiliary matrix defined as follows

where ¢; = #ﬂ Vi =1,..,n. The combined form of the

structure estimation errors of the features, denoted by 0, (t) €
R*", is defined as follows

~ ~T ~-T ~T ]T
1

‘95 = 05 - 95 = [051 032 w8 (25)

ST
The expression given in (21), can be rewritten as follows
ps = BW.0, + BS (26)

where S(t) £ W,0, € R3™, After utilizing (18), S;(t) € R3
for the i object feature can be written as follows

}Si = [W(Xa écl) - ﬁ.szn(Xv 5(12)]03i (27)

F:diag{@lv@l»@l?*'*7@n7¢m¢n} (34
where @, = ﬁ Vj =1,...,m. The expression given in
(32) can be further simplied as follows

pe = FW0. (35)
where W,(t) € R3*16 is defined as follows
We £ W, IL]. (36)

To account for the unknown camera parameters, the following
update law is designed [22]

0.2 Proj {a.L . WTp,} (37)

which can be further written as follows®
Si = [sz(X7 951) - ﬁsznzz(xa 652)]éc
where W,;(-) € R3>12 IL,(-) € R4 and 0, 2

T
[0?1 02] € R'C. In order to make the structure estimation

Vi=1,.,n (28)

error 95(15) go to zero, we seek to make the prediction error
ps(t) given in (26) go to zero.

B. Auxiliary Prediction Error Formulation

where Proj{-} ensures the positiveness of the term IT,;(-)8.2(t)
(see [24] for a detailed description) and «. (t) € R is a positive
function defined as follows

1
ac £ 1+ z pe () (3%)
where p, (+) £ Hl;iX {pgj ()} € R is a positive function and
Z. 2 min{e.;} € R is a positive constant. In (37), T, (t) €

R16%16 5 the covariance matrix, designed as follows’

To further facilitate the development and to account for the
unknown intrinsic and extrinsic camera parameters, both sides
of (12) is multiplied with the term II.;(-)f.2 to obtain the
following expression

pcjni’j(')e(ﬁ = Wz‘j(')ocl

The estimate form of (29) is written as follows

Vi=1,.,m. 29)

DD 0} = 2WIWe, T(th) = Telto) = mohs (39

where t,, € Rt is the time instant at which the minimum
eigenvalue of I'.(t) is less than or equal to 7, (i.e., the covari-
ance matrix is reset each time when its minimum eigenvalue
becomes less than 7;) and 7ny,7; € R are positive constants

PeTlaj ()02 = Wi (1)0er (30)
where p.;(t) € R is the pixel estimate of the j™ feature. After
subtracting (30) from (29), and then adding and subtracting the
term p;I1;;0.2 to the left-hand-side results in the following
expression

Dej = ij(')écl _ﬁcjnwj(')é&] 3n

satisfying the inequality 7y > 7.

Remark 1: Tt is to be noted that due to resetting, I'.(t) is
guaranteed to be positive definite for all £ > 0. At the resetting
time t,, To(t)) = To(to) = nglie; therefore, T 1(ty) =
1o I16 and between the discontinuities %F;l(t) > 0 (e,
T71(t2)—T71(t1) >0, ¥ty >ty > 0). Thus, it can be easily
inferred that I‘;l > 7751]16, Vvt > 0. Because of the resetting,
T.(t) is always lower bounded by 7,1, Vt > 0; therefore,
the following inequalities are always guaranteed [25]

where pc;(t) S pej — Dej € R3 is the prediction error
for the j feature point Vj =1,..,m. Based on (31), the

4The reader is referred to [23] for the matrix property.

nolie > Te(t) > nyTie, ny ' Tie > T1(t) > ng e (40)

PThroughout the paper, I, will be used to denote a g x ¢ standard identity
matrix.
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Fig. 2. An illustration of the proposed 3D Euclidean coordinates estimation
technique.

C. Euclidean Structure Estimator

Based on the subsequent stability analysis, the following
update law is designed to estimate the Euclidean coordinates

lit follows that T" (¢) is bounded (for more details, the reader is
referred to [26]).

Remark 3: The projection algorithm utilized in (37), and
(41) ensures that ps;(t) is bounded Vi = 1, .., n. Furthermore,
it satisfies the following inequalities (see [16] for a detailed
description)

—0,0 77, (47)
—0.07 7, (48)

—0,0 " Proj {r,}

<
—échlProj {r.} <

where 7, = ol WI'p, and 7. = a I W p..

ID. Stability Analysis

Theorem 1: The update law defined in (41) ensures that
H@s(t)H — 0 as t — +oo provided that the following PE
condition [25] holds

to+T B
vy L < / WI(TYW,(r)dr < volan. (49)
to

where 74, 75, T € R are positive constants.

of the unknown object features relative to W

0.2 Proj {aTWTj,} @1

Proof: See [27].
Remark 4: The parameter vector 0; (¢) provides a scaled
estimate of the Euclidean coordinates of the object features

where Proj{-} ensures the positiveness of the term II(-)0,; ()
(see [24] for a detailed description), and « () € R is a positive
scalar function defined as follows

a2 141 p,() (“2)
where p,(-) € R is a positive function defined as
ps () = max {p; ()} @3)
and €5 € R is a positive constant defined as follows
‘és = min {ei} . (44)

In (41), T (t) € R¥™*4" is the least-squares estimation gain
matrix, designed as follows

% Tt} = 2w W,. (45)

The Euclidean structure estimator given in (41) is run simulta-
neously with the adaptive update law given in (37). The latter
updates the camera parameters for W,(t) which is used in
the structure estimator. See Fig. 2 for an illustration of the
estimation technique.

Remark 2: Tt should be noted that if T =1 (t) is selected to
be positive definite and symmetric then T (¢) is also positive
definite and symmetric. Therefore, it follows that both T~ (¢)
and T (t) are positive definite and symmetric. The following

relative to the world frame. Since the Iast element in the
unknown constant parameter vector is equal to 1 as defined
in (11), the scale factor can be computed as

A = 951‘4 (50)

where, \; (t) € R is the scale factor for the i feature and
0514 (t) € R is the last entry of 0; (t). It should be noted
that 95i4 (t) is always nonzero which is guaranteed by the
projection algorithm introduced in (37). The estimates of the
Euclidean coordinates of the i feature can now be recovered
as follows

1
Asi = 7 Usi 1
Wsih /\ie h (51

where 0/, (t) ¥V h =1,2,3,is the h" element of the estimated
parameter vector for i feature.

V. CONCLUSION

A novel technique for estimation of 3D Euclidean coor-
dinates of features on a static object with an uncalibrated
camera mounted on a moving mechanical system was pre-
sented. The position information of the mechanical system was
available and information of a second object was assumed to
be known. Two adaptive update laws were presented utilizing

expression can be obtained from (45)
= —2rwIwW,T. (46)

It can be easily seen from (46) that r (t) is negative semidef-
inite; therefore, T' (t) is always constant or decreasing; hence,

formulations of a prediction error and an auxiliary prediction
error, respectively, that facilitated the 3D Euclidean coordinates
estimation and compensation for the unknown camera cali-
bration parameters. It was proven that the Euclidean distance
estimation error signals were driven to zero.
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