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Abstract—The unicycle operation is a good exercise for train-
ing of the sense of balance, the agility and the ability to coordinate
the body according to situations. This paper aims to give an
interpretation of the relationship between the moment balancing
point (MBP) and the center of pressure (CP) in a riding a unicycle
from the human motion viewpoint. This paper shows derivations
of Human-Unicycle model motion equations according to the
Projection Method, and represents the relationship between the
MBP and the CP of the the model by considering structure and
constraint reaction forces of the model.

Index Terms—Human-Unicycle model, Projection Method,
Modeling, Unicycle operation

I. INTRODUCTION

Riding a unicycle is a good exercise for training of the

sense of balance and the coordinate ability to move the body

dexterously according to a situation. Elementary schools in

Japan have introduced unicycles as standard teaching materials

for physical education in the 3rd and 4th grades to train

those abilities. A unicycle has relatively higher order and

complicated dynamics, and then a sophisticated and skillful

feedback from the senses to the whole body motion is required

to operate a unicycle. Consequently it probably takes much

time for beginners to achieve the feedback. The report of Japan

Unicycling Association referred to average practice periods

for a variety of trainees. In the report, if a person takes one

hour for practice everyday, children in elementary school take

a few days averagely, adult persons a week, older persons

over 60 years old have more than a month to get a basic

unicycle riding skill. Moreover, a unicycle is an unstable

vehicle, and the instability hinders beginners from continuous

training. Therefore, we have been interested in the analysis of

the progress with the skill of riding unicycle, and have aimed

to develop an assistive system for every rider to achieve the

unicycle riding skill.

A practical training simulator of a unicycle is very useful

to provide the exercise environment for trainees, and also to

provide the experimental system for us to analyze and feedback

the rider’s information, and to realize any assistive system.

We have developed a practical training unicycle simulator

consisting of a 6-degree-of-freedom Stewart platform, a virtual

visualizing system, a measurement system and a control system

to integrate those of systems [1]. The workflow of this simu-

lator is as follows: 1) the informations from the measurement

system are transmitted to the control system, 2) the behavior of

a virtual unicycle is simulated according to the informations,

3) the motion of the behavior is carried out by the Stewart

platform, and 4) the visual information corresponding to the

behavior is also realized by the virtual visualizing system. Thus

this simulator can realize both realistic and virtual behavior of

unicycles changing the virtual unicycle dynamics in the control

system.

A planar unicycle model has been utilized to analyze and

evaluate the skill of riding unicycle as the first step because

the full model was complicated to use it for getting some

initial guess and an expert pointed out that the instability in

the sagittal plane is dominant in the unicycle case. We have

proposed an evaluation method of the unicycle operation skill

with the moment balancing point and the center of pressure

on the saddle surface. The moment balancing point on the

saddle surface has been defined as a point on the saddle

surface to which any force should be applied for cancelling

the rotational moment around the saddle pivot. A moment

balancing point and a center of pressure abbreviated to MBP

and CP, respectively. It has been found that skill of riding

unicycle can be classified into skillful and beginners operations

according to the relationship between the MBP and the CP.

Using the classification as an evaluation, we finally observed

that a simple PD feedback control to stabilize the saddle

angle weakly was effective to support the beginners training

of unicycle riding using our unicycle simulator [2].

This paper aims to give an interpretation of the relationship

between the MBP and the CP from the human motion view-

point. If we aim to develop an assistive system using the eval-

uation method based on the MBP and the CP, how to feedback

the current information of the MBP and the CP to the rider

is important to improve his riding skill. Thus, the relationship

among the MBP, the CP, and the body motion is required to

realize such an assistive system. Human-Unicycle models seem

useful for this kind of analysis. Several studies on human-

Proceedings of the 2009 IEEE International Conference on Systems, Man, and Cybernetics
San Antonio, TX, USA - October 2009

978-1-4244-2794-9/09/$25.00 ©2009 IEEE
2542



unicycle models can be found for example in [3]–[7]. Yamafuji

et al. [5], [6] reported how to realize a human riding a unicycle

by a robot. They developed a robot mimicking a human riding

a unicycle, gave the whole structure and model, and proposed

a postural stabilizing control with experimental results. These

studies are interested as the point that they implied what kind

of robot structure is necessary to mimic the human motion.

Zenkov and Bloch [7] have also proposed a stabilization of

the unicycle with a rider. They introduced a double pendulum

model with a wheel regarding the rider as a pendulum, and

provided a nonlinear stabilizing controller based on the energy-

momentum method for nonholonomic-systems. As mentioned

above, several models have been proposed, however, we focus

on especially the relationship between the MBP, the CP and

the human motion, and then another type of model is necessary

to match our demand.

We pay much attention to the posture of the waist and hip

because the posture can affect the center of pressure on the

saddle surface directly, and then introduce a simple human-

unicycle model in which the shape of the rider’s waist to hip

is taken into account. We say this model as Iwase-Åström

model in this paper after the proposer [13]. Iwase-Åström

model represents a rider with the link structure. The actions

from actuators and the corresponding reactions in the link

structure are important in our analysis. Thus the Projection

Method [8]–[12] is utilized in this paper to derive those action

and reaction relationship as geometric constraints, and also to

derive the motion equations of the whole Iwase-Åström model.

The Projection Method easily provides those constraints and

equations of complicated systems paying attention to the

position and/or velocity relationships of all components in the

systems. This paper shows those derivations according to the

Projection Method, and represents the MBP and the CP of the

Iwase-Åström model obviously. Some numerical simulations

are performed to check behavior of both the MBP and the CP,

and to validate the Iwase-Åström model. We also discuss on

the interpretation of the relationship among the MBP, the CP

and the body motion from the simulation results.

II. BEHAVIOR OF CP AND MBP IN A UNICYCLE RIDING

One of the difference between beginners and skillful riders

of unicycle are behaviors of the saddle on the one hand fall

down on the other stabilize near upward direction.
To analyze the behavior, motion equations of a two dimen-

sional unicycle are considered. The unicycle model is shown
in Fig. 1. An output result of Body Pressure Measurement
System (BPMS) on the seat of the unicycle is shown in Fig.
2. A coordinate system OSheet is a coordinate axis on the
anteroposterior direction in BPMS. The coordinate axis is a
line from a point of the saddle to pole position on the saddle.
θvs and θvw are defined as a wheel angle and a saddle angle
of the unicycle. A motion equation of the saddle are obtained
as follows:

γ cos θvs
¨θvw + β ¨θvs − δ sin θvs = us, (1)

β = Js + msr
2

s , γ = msrsrw, δ = gmsrs, (2)

where us is a torque which are generated on the saddle. Here
us satisfies as follows:
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Fig. 1. A two dimensional unicycle
model.

sheetO

CP

mbpS

cpS

sheetO

CP

mbpS

cpS

Fig. 2. An output result example of
BPMS; A maker shows CP.

TABLE I
PARAMETERS OF THE TWO DIMENSIONAL UNICYCLE MODEL.

saddle mass center moment of inertia Js 0.0519 [kgm2]
saddle mass ms 1.643 [kg]

distance between
the wheel rotation axis and CoG of the saddle

rs 0.40 [m]

wheel radius rw 0.225 [m]
viscous friction coefficient between

wheel and saddle
Cws 0.0677 [Nm · s/rad]

gravity acceleration g 9.81 [m/s2]

us = F (Smbp − Scp), (3)

where Scp is a length in which CP is projected in OSheet,

F is a force at a point of Scp.

When the values of Smbp and Scp are equal, the torque is

canceled. When a difference between Smbp and Scp is large,

the torque become larger shown in Fig. 4. Since the skillful

riders librate the saddle angle, the values Smbp and Scp are

intersected when the riders is balancing the saddle. Therefore

we consider that a difference between beginners and skillful

riders appears clearly by comparing Smbp with Scp.
It is necessary to derive Smbp from (3) using measurement

torque us. Therefore us is estimated from (1). Then θ̈vw is
measured by a gyro sensor attached to the saddle. θ̈vs and θvs
are obtained y differentiating and integrating with the measured
value of the gyro sensor. It is difficult to install the gyro sensor
in the wheel, θ̈vw is derived from a geometrical relation of the
unicycle. Xs is a center of gravity coordinate in a direction of
X of the saddle, θ̈vw is derived from the geometrical relation
as follows:

¨θvw =
Ẍs + rs sin θvs

˙θvs

2

− rs cos θvs
¨θvs

rw
. (4)

us is assumed by substituting these results to (1). And Smbp

is obtained from (3).

Scp and Smbp are measured and compared with beginners

and skillful riders using an experimental unicycle that is shown

in Fig. 3. The BPMS, the gyro sensor and the acceleration

sensor are installed in the experimental unicycle. The physical

parameters used to derive Sbmp are shown in TABLE I. The

experimental course is straight that length is 5[m]. Fig. 5 show

that CP and MBP crosses frequently in the case of a skillful

rider. Fig. 6 show that CP and MBP does not in the case of

a beginner.
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Fig. 3. The experimental unicycle.
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Fig. 4. The relationship between CP
and MBP: CP is changed a rider’s
touching point at the saddle. MBP is
chaged states of the unicycle and the
rider, e.g. the wheel torque.
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Fig. 5. Behavior of MBP and CP of
skillful rider.
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Fig. 6. Behavior of MBP and CP of
beginner.

III. MODELING OF A HUMAN-UNICYCLE MODEL

Analyzing the skill acquiring process to ride the unicycle,

motion equations of the human-unicycle model is derived (Fig.

8).

Iwase-Åström model has three actuators, which are fixed the

body, right thigh and left thigh. Torques which generate from

the actuators are inputted indirectly to the saddle and the wheel

of Iwase-Åström model. It is easy to consider equilibrium of

force of a simple system. However it is difficult to consider

equilibrium of force of a complex system which consists a lot

of rigid bodes and/or has nonholonomic constraint.

Wherein the Projection Method can derive motion equations

and constraint reaction forces of the complex system by de-

scribing relations for each rigid body positions and velocities.

A. Outline of the projection method

The outline of the procedure which carries out a modeling

of a system using the Projection Method is shown below.

1) Define a coordinate systems.

2) Define a generalized coordinate x and a generalized

velocity v of a unconstrained system.

3) Derive motion equations of the unconstrained system.

4) Define a generalized mass matrix M and a generalized

force h from the motion equations.
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Fig. 7. A unconstrained system of Iwase-Åström model.

5) Derive a constraint matrix C which satisfies Cv = 0

by describing relations for each rigid body positions and

velocities of elements of the system.

6) Decompose v to the tangent speeds q̇ and the other

velocity components.

7) Derive an orthogonal complement matrix to C which

satisfies CD = 0 and v = Dq̇.

8) Derive motion equations of the constrained system that

is projected motion equations with constraint reaction

forces to the tangent space by DT .

Note that motion equations are derived from the constraint

matrix.

B. Generalized coordinate and velocity

An unconstrained system of Iwase-Åström is shown in Fig.

7. A generalized coordinate x and a generalized velocity v are

defined in the unconstrained system.

x = [θw θs θh θb

xw yw xs ys xh yh xb yb

xtL ytL θtL xcL ycL θcL xpL ypL θpL

xtR ytR θtR xcR ycR θcR xpR ypR θpR]T ,

v = ẋ,

where msub and Isub are the rigid bodies masses and moments

of inertia about their mass centers, respectively. θsub are

rotation angles and clockwise directions are positive. sub is

subscript which distinguishes each rigid body and meanings

are shown in TABLE II.
Motion equations of the unconstrained system is described

as follows:

msubẍsub = Fxsub , (5)

msubÿsub = Fysub , (6)

Jsubθ̈sub = τsub. (7)

Generalized forces of the unconstrainted system are

−msubg[N] at the mass centers by gravity acceleration, ac-

tuator torques τb[Nm], τtL[Nm], τtR[Nm] and viscous friction

Cws

(
θ̇w − θ̇w

)
[Nm] at a wheel-saddle joint. The motion
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TABLE II
MEANING OF THE SUBSCRIPTS.

wheel w

saddle s

hip h

body b

left thigh tL

left cnemis cL

left pedal pL

right thigh tR

right cnemis cR

right pedal pR

Fig. 8. The proposed new human-unicycle model that is called Iwase-Åström
model. The model consists of an upper body as a link, an arc-shape hip, two
legs. a saddle, pedals and wheel.

equations of the unconstrained system is

Mẍ = h, (8)

where

M = diag(Jw, Js, Jh, Jb,

mw, mw, ms, ms, mh, mh, mb, mb

mtL, mtL, JtL, mcL, mcL, JcL, mpL, mpL, JpL

mtR, mtR, JtR, mcR, mcR, JcR, mpR, mpR, JpR),

h = [−Cws

“
θ̇w − θ̇s

”
Cws

“
θ̇w − θ̇s

”
− τb − τtL − τtR τb

0 − mwg 0 − msg 0 − mhg 0 − mbg

0 − mtg τtL 0 − mcg 0 0 − mpg 0

0 − mtg τtR 0 − mcg 0 0 − mpg 0]T .

C. Constraint equations of the Iwase-Åström model

The Iwase-Åström model consists of an upper body as a
link, an arc-shape hip, two legs. a saddle, pedals and a wheel
(Fig. 7). The Iwase-Åström model have the positional relation
shown in Fig. 8. Position vector of each rigid body is defined as

xsub =
[
xsub ysub

]T
. In this coordinate system, the rotation

angles are positive to clockwise directions. Therefore rotation
matrix R (θsub) defined as follows:

R (θsub) =

»
cos θsub sin θsub

− sin θsub cos θsub

–
.

To derive motion equations of the Iwase-Åström, constraint
equations are described as below. A positional constraint
equation on the wheel which rolls without sliding on the
ground is

xw =

»
rwθw

rw

–
. (9)

A positional constraint equation on the wheel and the saddle
is

xs = xw + R (θs)

»
0
rs

–
. (10)

A positional constraint equation on the saddle and the hip is

xhlocal = R (θh − θs)

»
0

− (R − rh)

–
+

»
R (θh − θs)

R

–
,

xh = xw + R (θs)

„»
0
ls

–
+ xhlocal

«
. (11)

A positional constraint equation on the hip and the body is

xhjoint = R (θh − θs)

»
0

− (R − lh)

–
+

»
R (θh − θs)

R

–
,

xb = xw + R (θs)

„»
0
ls

–
+ xhjoint

«
+ R (θb)

»
0
rb

–
. (12)

Positional constraint equations on the wheel and pedals are

xpL = xw + R (θw)

»
0
rp

–
, (13)

xpR = xw + R (θw)

»
0

−rp

–
. (14)

Positional constraint equations on pedals and each cnemides
are

xcL = xpL + R (θcL)

»
0
rc

–
, (15)

θpL = θcL, (16)

xcR = xpR + R (θcR)

»
0
rc

–
, (17)

θpR = θcR. (18)

Positional constraint equations on each cnemis and thigh are

xtL = xpL + R (θcL)

»
0
lc

–
+ R (θtL)

»
0
rt

–
, (19)

xtR = xpR + R (θcR)

»
0
lc

–
+ R (θtR)

»
0
rt

–
. (20)

Positional constraint equations on joint the hip and each thighs
are

xw + R (θs)

„»
0
ls

–
+ xhjoint

«

= xpL + R (θcL)

»
0
lc

–
+ R (θtL)

»
0
lt

–
, (21)

xw + R (θs)

„»
0
ls

–
+ xhjoint

«

= xpR + R (θcR)

»
0
lc

–
+ R (θtR)

»
0
lt

–
. (22)

2545



D. DERIVATION OF A CONSTRAINT MATRIX

The equations (9) to (22) are transformed with following

form Φ = 0. Φ is described a 26-dimensional column vector.

Then a constraint matrix C which satisfies Cv = 0 is derived

at

C =
∂Φ

∂x
.

E. Derivation of an orthogonal complement matrix to the

constraint matrix

The generalized velocity v is decomposed to tangent speeds

q̇ = [θ̇w θ̇s θ̇h θ̇b]
T and the other velocity components that is

gathered as v2. The tangent speeds consists of angular speeds

of the wheel, the saddle, the hip and the body, and v2 depends

on the tangent speeds.

The constraint matrix C decompose to C = [C1 C2]
which satisfies

Cv = 0, (23)

[
C1 C2

] [
q̇

v2

]
= 0. (24)

An orthogonal complement matrix D satisfies CD = 0

and v = Dq̇ as follows:

D =

[
I

−C−1
2 C1

]
(25)

where I is identity matrix.

F. Derivation of motion equations

Motion equations with a constraint reaction forces of the

system as follows:

Mv̇ = h + CT λ (26)

Motion equations of the Iwase-Åström model are obtained by

(26) from v = Dq̇ and CD = 0

DT MDq̈ = DT h − DT MḊq̇. (27)

IV. MBP AND CP OF THE IWASE-ÅSTRÖM MODEL

A. MBP of the Iwase-Åström model

From the motion equations (27), a motion equation of the
saddle is obtained

M IA(2, 1)θ̈w + M IA(2, 2)θ̈s + M IA(2, 3)θ̈h + M IA(2, 4)θ̈b

= Dhu22τtL + Dhu23τtR + D
T (2, :)hg

+ D
T (2, :)hq̇q̇ + D

T (2, :)MḊq̇, (28)

where a coefficient matrix of q̈ is DT M IA From (28), the
saddle moment of force is M IA(2, 2)θ̈s = τs.

τs = −M IA(2, 1)θ̈w − M IA(2, 3)θ̈h − M IA(2, 4)θ̈b

+ Dhu22τtL + Dhu23τtR + D
T (2, :)hg

+ D
T (2, :)hq̇q̇ + D

T (2, :)MḊq̇. (29)

R

sθ

hθ

( )shR θθ −

x

y

O

Fig. 9. Center of pressure (CP) of
the Iwase-Åström mode

sθ
O

λC :),9(T

λC :),10(T

λC :),9(sin T

sθ

λC :),10(cos T

sθ

Fig. 10. F is a force at point of
CP of the Iwase-Åström mode

TABLE III
DRIVING SIMULATION PARAMETERS OF THE IWASE-ÅSTRÖM MODEL.

rw 0.281 [m]

rp 0.125 [m]

rs 0.453 [m]

ls 0.562 [m]

rh 0.050 [m]

lh 0.060 [m]

R 0.400 [m]

rb 0.200 [m]

rt 0.250 [m]

lt 0.500 [m]

rc 0.250 [m]

lc 0.500 [m]

mw 1.821 [kg]

Jw 0.181 [kg·m2]
ms 1.078 [kg]

Js 0.148 [kg·m2]
mh 3.500 [kg]

Jh 10
mhr2

h
4

[kg·m2]

mb 30.00[kg]

Jb 10
mbr2

b
4

[kg·m2]

mt 7.000 [kg]

Jt
mtr2

t
4

[kg·m2]

mc 3.000 [kg]

Jc
mcr2

c
4

[kg·m2]

mp 0.200 [kg]

Jp
mhr2

h
4

[kg·m2]

1) CP of the Iwase-Åström model: CP is obtained by

considering a arc-shape hip of the Iwase-Åström model as

follows:

CP = R (θh − θs) . (30)

2) F of the Iwase-Åström model: F which is a force at

point of the CP is derived by considering constraint reaction

forces of Iwase-Åström model. The constraint reaction forces

CT λ is derived from the motion equations (26) as follows:

CT λ = CT
(
CM−1CT

)
−1

C
(
Ḋq̇ − M−1h

)
. (31)

Using part of the constraint reaction forces, the force F is

F = sin θsC
T (9, :)λ + cos θsC

T (10, :)λ. (32)

From the equations (29), (30) and (32), MBP of the Iwase-

Åström model is derived.

V. BEHAVIOR OF MBP AND CP IN DRIVING SIMULATION

OF THE IWASE-ÅSTRÖM MODEL

To check behaviors of MBP and CP, driving simulation of

the Iwase-Åström model is achieved. Parameters in driving

simulation of the Iwase-Åström model are shown in TABLE

III. The initial angles of the wheel, the saddle, the hip

and the body are 0, and angular velocity of the wheel is
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θ̇w = 10π[rad/sec]. To drive the model stably a control system

is designed. It is difficult to design a control system based

on nonlinear control theory, because Iwase-Åström model is a

complex nonlinear model.

To make control inputs, wherein Iwase-Åström model is

divided into the unicycle and the body. Additionally, for

simplicity, the divided systems are linearized on upright posi-

tion. Input torques of Iwase-Åström model are obtained state

feedback controls for the divided linearized systems.

The actuator torques τtL, τtR are determined by the divided

linearized system. A weighting matrix is set to Qws =
diag

(
10−5, 104, 10−11, 1

)
for xws. A weighting matrix is set

to Rws = 1 for uws. The obtained input uws from the state

feedback is directly inputed to τtL, τtR. The body torque τb

is determined in the same way. A weighting matrix is set to

Qb = diag
(
1, 104

)
for the rotation angle and velocity of the

body. A weighting matrix is set to Rb = 1 for τb.

In actual unicycle riding, foot of the rider are not fixed to

the pedal. Therefore the pedal effort forces are always positive.

In this simulation, the torques are derived by considering the

fact. Results of the simulation are shown in Fig. 11, Fig. 12,

Fig. 13, Fig. 14, Fig. 15 and Fig. 16.
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with stabilizing inputs.
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of the Iwase-Åström model on the
simulation.

From Fig. 11 and Fig. 12, it is confirmed that Iwase-

Åström model is driven stably. From Fig. 13 and Fig. 14,

it is confirmed that τtL, τtR and the pressure F are positive.

Therefore the pedals are depressed by the cnemides in the

driving simulation. From the Fig. 15, it is confirmed that

MBP w an opposite phase MBP h. From the Fig. 16, it is

confirmed behavior of the skilled rider which cross CP and

MBP like the experiment.

Fig. 15. MBP w, MBP h and
MBP b are an elements of MBP in
the Iwase-Åström model: MBP w,
MBP h and MBP b are MBP on
the wheel torque, the hip torque
and the body torque.
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Fig. 16. The behavior of MBP and
CP on the simulation.

VI. CONCLUSION

This paper tried to give an interpretation of the relationship

between the MBP and the CP from the human motion view-

point. A simple human-unicycle model, Iwase-Åström model,

has been introduced for those analyses. The derivation of the

modeling has been given by using the Projection Method,

and the calculation of the MBP and the CP was also shown

with the model. A simulation result show that MBP w negate

on MBP h. By the result, the actual unicycle riding has

some bearing on the behavior of the hip and the wheel. We

will compare the model’s behavior with experimental results

circumstantially from not only the MBP and the CP but also

other aspects.
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