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Abstract—This paper presents the following inverse
eigenvalue problem for generalized periodic Jacobi matrices:
Given two unequal real numbers, and nonzero vectors. Find
n steps generalized periodic Jacobi matrices J , which is satisfied
the conditions that the numbers and the nonzero vectors are the
characteristic pairs of J . This paper obtains the existence and
uniqueness of this kind of inverse eigenvalue problem, discusses
the expression of the problem’s solution, and some numerical
example is provided.
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L INTRODUCTION

The generalized periodic Jacobi matrices are the following
form of matrices:

J= QD)
b

c q n—1

n-2 n-1

b, Cot 4y
In it, a,b,c, e R(i=1,2,---,n) If the second diagonal
elements ¢, =kb, +1(i=1,2,---,n),k,l are constants, so the

expression (1) is called generalized periodic Jacobi matrices
with linear relation. The paper research the inverse eigenvalue
problem of expression (1) .

Question A Given two unequal real numbers A, p(1 # u)

and two nonzero real vectors
T n T n :

x:(xl’XZ’.”’xn) ER H y:(yhyzan"yn) GR 'Flnd the

nxn real generalized periodic Jacobi  matrices

J(c, =kb +1(i=1,2,---,n),k,l are known real number) ,let

Jx=Ax,Jy=puy.
Let:
-x:(xla-xza"'ax”)Tay:(ylayza"'>yn)T > (2)
Xoij =X Voyj :yf’bn+/ :bj’cn+j :Cf’j:()’la'” >

3

X Vi,
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d =3 kx y (i=12.n), (5)
5=0
i-l

e :ZkSD,-,l,s(i:Lz’.“’n)' (6)
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II. THE MAIN RESULTS
Let (4,x) and (u,y) are two characteristic pairs of
generalized periodic Jacobi matrices J , so
i+l :ﬂ’xi (i:LZ""’n) > (7)

CoVitay by, =py, (i=12,-,n). (3
From expression (7) , (8) and (4) ,can get

bD, =(u—-A)xy,+c_D,_, (i=12,---,n). 9)

For ¢, =kb,+1 (i=1,2,---,n) ,50 expression (9) can be

¢ X, +ax +bx

converted to
bD; =(u—2A)x,y; +kb_ D, +ID,_,(i=12,--,n) (10)
Note that b, =b,,D,

no

and (10) , there are
bD,=(u—A)d, +k'b,D, +le(i=12,,n). (11
So we can get the follow theorem.
Theorem 1 If the following conditions are satisfied:
(1D D, #0(i=12,---,n);
(2) k=1
So the solution of Question A is unique existence and
_(u—Ayd, +le,

=D, .from expressions (5) , (6)

, 12
" (-k")D, (2
- +k'b D +1
p=WEDGTIDD G a3
Di
¢, =kb +1(i=1,2,--,n); (14)
4 S +hx, ,x, #0;
X,
a - ! (=120m). (15
#_ci—lyi—l+biyf+l 3, #0
Vi



Prove: In expression (11) , let i=n, for the theorem
conditions (1) and (2) , there are expression (12) is
established. Also from theorem condition (1) and expression

(11) , can get expression (13) is established. From the
conditions of Question A, known expression ( 14 ) is
established. Also from theorem condition (1) known x,,y,

can not be zero at the same time. From expression (7) and
(8) , soexpression (15) is established. The end.

Above theorem solved the solution of Question A
when k" =1 .When k" =1 ,we need to give an additional
condition. For example, b, =« is known, or b +b,+---+b, =

( pis known) ,we can get the following theorem.

Theorem 2 If the following conditions are satisfied:
(1) D, #0i=1,2-,n);

& (u=-A)d, +2k'D, +1e
(2) The equation z+z('u ) ’-;Z 2% =p (pis
i=l1 i
known) . a is the solution.
So Question A has the solution J :
b=a, (16)
p WA i )
Di
¢ =kb +1(i=12,,n); (18)
A ¢aX, thx,, X, #0;
X,
a = ’ (i=1,2,-,n). (19)
G +by, v, #0
Yi

III. THE NUMERICAL EXAMPLES

Example 1
Give 1=2,u=3,x=(1,0,1,L0)",y =, ,1,1)" ,k=2,/=1.
It is easy to calculated
Dy=D,=-1#0,D,=1#0,D, =-1#0,
D, =1#0,1-k"=-15#0.
From Theorem 1, the Question A has the unique solution. And
dy=xy, =ld, =x,y, +hxy, =2,

dy =x,y; +kx,y, +k2x|J’1 =5,
d,=x,y, +kxy, +Kx,y, +kxy, =10;
e =D,=-l,e, =D, +kD,=~1,e, =D, + kD, + kK’ D, = -3,
e,=D,+kD, +k’D, +k’D, =-5.

So
_(u=Ad, +le, _ 10-5 1
Yoa-khD, (15D 3
5 _(u-A)d, +kbD, +le, _ 2
: D, 3’

(u—2)d, +k°b,D, +le, 1

b, = =—,
: D, 3
b = (1= A)dy +k°b,D, +le, _ 2.
3 D3 5
1 5
a =kb1+l=—§,c2 =kb2+l:§,
1 5
Cy :kb3+l=—§7c4:kb4+[:§;
a, :/1_60)60+b]x2 =2,a, :lu_clyl +by, =3,
X Y2
a, :ﬂ_czxz"'bﬂa =2,a, :ﬂ_ch/3+b4ys -3,
X3 Ya
So
2 2 o 2
3 3
L
S| 3 5 3
o 2 2 -=
3 3
Iy 1y
3 3
and
Jx=Ax,Jy=puy.
Example 2
Give A=Bu=\B3+1Lx=(1-11-D",y=(1,0,10)",
k=3,1=-1.

It is easy to calculated
D,=D,=-1#0,D,=1#0,D, =-1#0,D, =1#0,

1-k"=-80=0.
From Theorem 1, the Question A has the unique solution. And
dy=xy =Ld,=x,y, +kxy =3,
dy =x;y; +kx,y, +k2x1yl =10,
d, = x,p, kv, + k2 x,y, +kxy, =305
e =D,=-l,e, =D, +kD,=-2,e, =D, +kD, +k’D, =7,
e, =D, +kD, +k’D, +k’D, =-20.

So

_(u=Ayd,tle, S, _(u=A)d +kbD,+le _1
Ya-kHp, 87 D, 8’

b = (u—A)d, +k*b,D, +le, _3

: D, 8’

b= (u—A)d, +k’b,D, +le, _1

’ D, 8’

7

¢ =k +1=—2 ¢ =kb 1=,

7

¢, =kb,+1= ,C4:kb4+l:§;
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+b +b
a :A_Coxo 1 X2 :\/§+1’a2 :ﬂ_clyl Vs :\/5’

X, Vs
aszﬂ_mzﬁ+l’a4:#—mzﬁ.
x3 y4
So
NS B R
8 8
SR
J= 7 |
0 — \/§+1 —
8 8
5 5
20 2 B
8 8
and
Jx=Ax,Jy=puy.
Example 3
Give /1:luu:2’x:(0915_131)T’y:(1’172,3)T5

4
k=1l=1,8=—.
p 15

It is easy to calculated
D,=D,=1#0,D,=-1#0,D,=3#0,D, =-5%0,

1-k"=0.
And
d =0,d,=1,d,=-1,d,=2; ¢ =l,e,=0,e;, =3,¢, =-2.
And
b= ah = (u—=A)d, +kb,D, +le, - a1,
Dl
5 _(u=A)d, +k’b,D, +le, _a+1
2 H
D, 3
b :(yfi)d3+k3b4D4+le3 __a+2
: D, 5
2016 4
b +b,+b,+b, = =f=—=a=10.
1 2 3 4 15 ﬂ 15
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From Theorem 2, the Question A has the unique solution. And

So

and

(1]
[2]

[3]

[4]

b =—11,b, :%,z% =_T12,b4 =10;

¢, =kb +1=-10,c, = kb, +1:%,

¢ :kb3+l:—%,c4:kb4+l:11;

a, :u_COYO"'blyz =-20,a, :ﬂ_clxl+b2x3 :&,
g X, 3
g = p- Gty B, entbys 2
X, 15 X, 5
=20 -11 0 11
L M1y
3 3
=, 1A 12
3 15 5
100 0 72
5 5
Jx=Ax,Jy=puy.
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