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Abstract—In this paper, we generalize the sampling theorem
for bandlimited functions over the Boolean domain to a sampling
theorem for bandlimited functions over a GF (q)n domain. We
also present a theorem for the relation between the parity check
matrix of a linear code and any distinct error vectors. Lastly, we
clarify the relation between the sampling theorem for functions
over a GF (q)n domain and linear codes.

Index Terms—discrete Fourier transform, error-correcting
codes, experimental designs, orthogonal designs

I. INTRODUCTION

The Fourier series representation of a function is a clas-
sic representation which is widely used to approximate real
functions. In digital signal processing[7], the sampling theorem
states that any real valued function f can be reconstructed from
a sequence of values of f that are discretely sampled with a
frequency at least twice as high as the maximum frequency
of the spectrum of f . This theorem can also be applied to
functions over a finite domain[8], [12], [13]. Then, the range
of frequencies of f can be expressed in more detail by using
a bounded set instead of the maximum frequency. A function
whose range of frequencies is confined to a bounded set I
is referred to as bandlimited to I . Ukita et al.[13] obtained a
sampling theorem for bandlimited functions over the Boolean
domain.

However, it is important to obtain a sampling theorem for
functions not only over the Boolean domain but also over
a GF (q)n domain. For example, in experimental designs,
the model can be expressed as a linear combination of the
Fourier basis functions over the GF (q)n domain. However, the
sampling theorem for bandlimited functions over the GF (q)n

domain has not been obtained. On the other hand, the sampling
points are closely related to the codewords of a linear code. In
addition, it is known that there exist some relations between
experimental designs and error-correcting codes[3], [9]. In
coding theory, because the minimum distance of a code is
important, the relation between the parity check matrix of a
linear code and the minimum distance has been obtained[2],

[5]. However, the relation between the parity check matrix of a
linear code and any distinct error vectors has not been obtained,
although it is necessary for understanding the meaning of the
sampling theorem for bandlimited functions.

In this paper, we generalize the sampling theorem for
bandlimited functions over the Boolean domain to a sampling
theorem for bandlimited functions over a GF (q)n domain. We
also present a theorem for the relation between the parity check
matrix of a linear code and any distinct error vectors. Lastly, we
clarify the relation between the sampling theorem for functions
over a GF (q)n domain and linear codes.

II. PRELIMINARIES

A. Basis Functions for the Class of Boolean Functions

Let x = (x1, x2, . . . , xn) ∈ {0, 1}n. Boolean functions of
n variables can be considered as real valued functions, f :
{0, 1}n → {−1, +1} . An orthonormal basis for the class
of Boolean functions can be given as follows. For each z =
(z1, z2, . . . , zn) ∈ {0, 1}n, define the function

Xz(x) = (−1)zxT

, (1)

where the inner product zxT = z1x1 + z2x2 + · · · + znxn is
to be performed modulo 2 and T denotes transposition. Then,
the functions {Xz |z ∈ {0, 1}n} form an orthonormal basis.
That is,

1
2n

∑
x∈{0,1}n

Xz(x)Xv(x) =
{

1, z = v,
0, z �= v.

(2)

Any real valued function of n Boolean inputs can then be
uniquely expressed as a linear combination of the basis func-
tions:

f(x) =
∑

z∈{0,1}n

fzXz(x), (3)

where the real number fz is the z-th Fourier coefficient of f ,

fz =
1
2n

∑
x∈{0,1}n

f(x)Xz(x). (4)
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B. Generalized Basis Functions

Suppose q is a prime power. Let GF (q) be a Galois field of
order q and let x = (x1, x2, . . . , xn) ∈ GF (q)n. For each a =
(a1, a2, . . . , an) ∈ GF (q)n, define the Fourier basis function

Xa(x)
Xa(x) = ei2πaxT /q, (5)

where i2 = −1 and the inner product axT is evaluated over
GF (q). Equation (1) is a special case (q = 2) of Equation (5).

The functions {Xa|a ∈ GF (q)n} form an orthonormal
system,

1
qn

∑
x∈GF (q)n

Xa(x)X ∗
b(x) =

{
1, a = b,
0, a �= b,

(6)

where X ∗
b(x) is the complex-conjugate of Xb(x). Any com-

plex valued function can be uniquely expressed as a linear
combination of the Fourier basis functions:

f(x) =
∑

a∈GF (q)n

faXa(x), (7)

where the complex number

fa =
1
qn

∑
x∈GF (q)n

f(x)X ∗
a(x) (8)

is the a-th Fourier coefficient of f .

III. EXPERIMENTAL DESIGN

In this section, we provide a short introduction to experi-
mental design. For a detailed explanation, refer to [11].

A. Model of Experimental Design

Let F1, F2, . . . , Fn denote the n factors to be included in
the experiment. The levels of each factor can be represented
by GF (q), and the level combinations can be represented by
the n-tuples (x1, x2, . . . , xn) ∈ GF (q)n.

We use y(x) to denote the response of the experiment with
level combination x and assume the model

y(x) =
∑
a∈IA

faXa(x) + εx. (9)

where

IA = {(b1a1, b2a2, . . . , bnan)|a ∈ A, bi ∈ GF (q)}. (10)

The set A ⊆ {0, 1}n represents the main and interac-
tive factors included in the model. (For example, A =
{000, 100, 010, 001, 110} suggests main factors of F1, F2, F3

and an interactive factor of F1F2.) The effect of a main
or interactive factor a ∈ IA is represented by an unknown
parameter fa. The model includes a random error εx that has
mean 0 and constant variance σ2. In addition, we assume that
the set A satisfies the following monotonicity condition.

Definition 1: Monotonicity

a ∈ A → b ∈ A ∀b (b � a), (11)

where (b1, b2, . . . , bn) � (a1, a2, . . . , an) means that if ai = 0
then bi = 0, i = 1, 2, . . . , n.

Example 1:

A = {00000, 10000, 01000, 00100, 00010, 00001,

11000, 10100, 10010},
is monotonic and, if q = 3, IA is given by

IA = {00000, 10000, 20000, 01000, 02000, 00100, 00200,
00010, 00020, 00001, 00002, 11000, 12000, 21000,
22000, 10100, 10200, 20100, 20200, 10010, 10020,
20010, 20020}.

In experimental design, we are given a model of experiment.
That is, we are given a set A ⊆ {0, 1}n. First, we determine
a set of level combinations x, X ⊆ GF (q)n, that is called a
design. Then, we experiment according to the design X and
estimate the effects, fa (a ∈ IA), from the results of the
experiments, {(x, y(x))|x ∈ X}.

It is important to construct designs so that all effects in the
model can be estimated, while the number of experiments is
kept to a minimum.

B. Orthogonal Designs [11]

Definition 2: (Orthogonal Designs)
Define v(a) = {i|ai �= 0, 1 ≤ i ≤ n}. For any A ⊆ {0, 1}n,

let HA be the (n − k) × n matrix

HA =

⎡
⎢⎢⎢⎣

h1,1 h1,2 . . . h1,n

h2,1 h2,2 . . . h2,n

...
...

. . .
...

hn−k,1 hn−k,2 . . . hn−k,n

⎤
⎥⎥⎥⎦ . (12)

The entries in this matrix, hij ∈ GF (q)(1 ≤ i ≤ n − k, 1 ≤
j ≤ n), satisfy the following conditions.

1) The set {h·j |j ∈ v(a′ + a′′)}1, where h·j is the j-th
column of HA, is linearly independent over GF (q) for
any given a′, a′′ ∈ A.

2) The set {hi·|1 ≤ i ≤ n − k}, where hi· is the i-th row
of HA, is linearly independent over GF (q).

An orthogonal design C⊥ for main and interactive factors A ⊆
{0, 1}n is defined by

C⊥ = {x|x = rHA, r ∈ GF (q)n−k} (13)

and |C⊥| = qn−k.
Example 2: We consider the case n = 5,

A = {00000, 10000, 01000, 00100, 00010, 00001,

11000, 10100, 10010}, (14)

and q = 3. In this case,

HA =

⎡
⎣ 1 0 0 0 0

0 1 0 1 1
0 0 1 1 2

⎤
⎦ , (15)

1For a1 = (a11, a12, . . . , a1n), a2 = (a21, a22, . . . , a2n) ∈ {0, 1}n,
the addition of vectors a1 and a2 is defined by a1+a2 = (a11⊕a21, a12⊕
a22, . . . , a1n ⊕ a2n), where ⊕ is exclusive or.
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satisfies the conditions in Definition 2. Therefore,

C⊥ = {00000, 00112, 00221, 01011, 01120, 01202, 02022
02101, 02210, 10000, 10112, 10221, 11011, 11120,

11202, 12022, 12101, 12210, 20000, 20111, 20221,

21011, 21120, 21202, 22022, 22101, 22210},

is an orthogonal design for A.
It is known that the unbiased estimators of fa calculated

from an orthogonal design C⊥ are optimal compared to those
from other designs that have the same number of experiments
as C⊥[11]. Therefore, many algorithms to construct HA have
been proposed [3], [9], [11], [13]. However, because the
purpose of this paper is not to construct orthogonal designs,
the algorithm is not included in this paper.

IV. SAMPLING THEOREM FOR FUNCTIONS OVER A GF (q)n

DOMAIN

A. Bandlimited Functions

The range of frequencies of f is defined by a bounded set
I . Then, fa = 0 for all a ∈ GF (q)n \ I . Any function whose
range of frequencies is confined to a bounded set I is referred
to as bandlimited to I .

B. A Sampling Theorem for Bandlimited Functions over a

GF (q)n Domain

In this section, we consider the case of a bounded set2 IA

defined by Equation (10), where the set A is monotonic.
Theorem 1: Suppose a set A is monotonic and f(x) is

expressed as

f(x) =
∑
a∈IA

faXa(x). (16)

Then, the Fourier coefficients can be computed by

fa =
1

|C⊥|
∑

x∈C⊥
f(x)X ∗

a(x), (17)

where C⊥ is an orthogonal design as defined in Definition 2.

Before proving Theorem 1, two lemmas needed for the
proof are given.

Lemma 1: For an (n − k) × n matrix H and a vector s ∈
GF (q)n−k, define Cs = {a|s = aHT , a ∈ GF (q)n}. Then,
for any vector a ∈ Cs,

∑
c∈Cs

fc =
1

qn−k

∑
x∈C⊥

f(x)X ∗
a(x). (18)

2Of course it is not necessary to have fa �= 0 for all a ∈ IA. It is similar
to the sampling theorem[7] for the maximum frequency of the spectrum of f .
In digital signal processing, frequency limitation by using a bounded set IA

has not been presented.

Proof : Using f(x) =
∑

c∈GF (q)n fcXc(x), we see that
the right-hand side of Equation (18) is given by

1
qn−k

∑
x∈C⊥

∑
c∈GF (q)n

fcXc(x)X ∗
a(x)

=
1

qn−k

∑
c∈GF (q)n

∑
r∈GF (q)n−k

fcXc(rH)X ∗
a(rH)

=
∑

c∈GF (q)n

fc

⎛
⎝ 1

qn−k

∑
r∈GF (q)n−k

XcHT (r)X ∗
aHT (r)

⎞
⎠

=
∑

c∈GF (q)n

fc

⎛
⎝ 1

qn−k

∑
r∈GF (q)n−k

XcHT (r)X ∗
s(r)

⎞
⎠ .

(19)

Now if c ∈ Cs, then cHT = s holds. Therefore, using
Equation (6), we have

1
qn−k

∑
r∈GF (q)n−k

XcHT (r)X ∗
s(r) =

{
1, c ∈ Cs,
0, c �∈ Cs.

(20)

Combining Equations (19) and (20), we obtain Equation (18).

Lemma 2: Suppose a ∈ Cs and that for all b ∈ Cs(b �= a)
we have fb = 0. Then, the following equation holds.

fa =
1

qn−k

∑
x∈C⊥

f(x)Xa(x). (21)

Proof : This is immediate from Lemma 1.
We are now ready for the proof of Theorem 1.
Proof of Theorem 1: Let a ∈ Cs(a ∈ IA). From Definition

2 and Equation (10), every set {h·j |j ∈ v(a − c)} is linearly
independent for all c ∈ IA(c �= a) . Hence

HA(a − c)T �= 0, (22)

holds. This implies

HAaT �= HAcT . (23)

From a ∈ Cs and Equation (23), we have c �∈ Cs for all
c ∈ IA(c �= a). Therefore, for all b ∈ Cs(b �= a), fb = 0
holds. Hence, by Lemma 2, Equation (17) holds.

C. Estimation of the parameters in experimental designs

When we experiment according to the orthogonal design
C⊥, we can use Theorem 1 to obtain unbiased estimators of
the fa in Equation (9):

f̂a =
1

qn−k

∑
x∈C⊥

y(x)X ∗
a(x). (24)

In particular, when q = 2m where m is a integer and m ≥
1, we can use the vector-radix fast Fourier transform (FFT),
which is a multidimensional fast Fourier transform, to calculate
Equation (24) for all a ∈ IA. The complexity of vector-radix
FFT is O(qn−k log qn−k).
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V. RELATION BETWEEN THE PARITY CHECK MATRIX OF A
LINEAR CODE AND ANY DISTINCT ERROR VECTORS

In data transmission over noisy communication channels,
a desired level of error control is ensured through the use of
error-correcting codes[5]. Linear codes are the most important
for practical applications in error-correcting codes.

Sampling points are closely related to the codewords of a
linear code.

A. Linear Codes

Linear codes are defined as follows.
Definition 3: (Linear Code)
Let H be an (n− k)× n matrix with entries from GF (q),

having n−k linear independent rows. The linear code C with
parity check matrix H is defined by

C = {x|HxT = 0T ,x ∈ GF (q)n} (25)

and |C| = qk.
Now, it is always possible to find a matrix of the form

H = [In−k, P ] (26)

where In−k is the (n−k)×(n−k) unit matrix and P is some
(n − k) × k matrix. The linear code C can then be expressed
as

C = {x|uG = x,u ∈ GF (q)k}, (27)

where
G = [−PT , Ik] (28)

and
GHT = 0, (29)

with 0 being the k × (n − k) zero matrix.
Example 3: Consider a ternary code with parity check

matrix

H =

⎡
⎣ 1 0 0 0 0

0 1 0 1 1
0 0 1 1 2

⎤
⎦ . (30)

Then,

G =
[

0 2 2 1 0
0 2 1 0 1

]
, (31)

and

C = {00000, 02101, 01202, 02210, 01011, 00112, 01120,
00221, 00022}.

A code C⊥ = {x|x = rH, r ∈ GF (q)n−k} is called the
dual code of C.

The Hamming weight w(a) of a vector a is defined as the
number of nonzero components.

The Hamming distance dH(u,v) between two vectors u,v
is defined to be the number of positions where they differ,

dH(u, v) = w(u − v). (32)

We define the minimum distance of a code C to be the
minimum Hamming distance between distinct codewords in
C.

B. Parity check matrix H of a linear code C

We begin by stating two lemmas concerning the relation
between the parity check matrix H and the minimum distance.

The first lemma, which establishes the relationship between
the parity check matrix H of a linear code C and the minimum
distance, is taken from [5].

Lemma 3: If H is the parity check matrix of a linear code
C, then the minimum distance of the code is greater than or
equal to 2t + 1 if and only if every set of 2t columns of H is
linearly independent.

The second lemma, which establishes the relationship be-
tween the parity check matrix H of a linear unequal error
protection (UEP) code3 C and the minimum distance, is taken
from [2].

Lemma 4: If H is the parity check matrix of a linear UEP
code C, then the minimum distance of codewords which differ
in the i-th digit of the code is greater than or equal to 2ti + 1
for all i (1 ≤ i ≤ n) if and only if every set of 2ti columns of
H which include the i-th column is linearly independent for
all i (1 ≤ i ≤ n).

Now, from the viewpoint of coding theory, IA in Equation
(10) is considered to be the set of error vectors that can
be corrected. Defining IA means that the error vectors are
specified individually. Since specifying the error vectors in
such detail is not realistic in coding theory, the relation between
the parity check matrix of a linear code and the distances
between any distinct error vectors has not been clarified up
to now. However, in experimental design, machine learning
and similar problems, it is important to specify the vectors
individually.

Now, we give our second main theorem which generalizes
Lemma 3 and Lemma 4.

Theorem 2: If H is the parity check matrix of a linear code
C, then e − e′ �∈ C for all e, e′ ∈ IA(e �= e′), if and only if
every set {h·j |j ∈ v(e − e′)} is linearly independent for all
e, e′ ∈ IA(e �= e′).

Proof : (←) Let {h·j |j ∈ v(e−e′)} be linearly independent
for all e,e′ ∈ IA(e �= e′) and suppose e − e′ ∈ C. From the
supposition H(e−e′)T = 0 must hold. This is a contradiction,
since the set {h·j |j ∈ v(e − e′)} is linearly independent.
Therefore, e − e′ �∈ C.

(→) Let e−e′ �∈ C for all e, e′ ∈ IA(e �= e′) and suppose
the set {h·j |j ∈ v(e−e′)} is not linearly independent for some
e, e′ ∈ IA(e �= e′). From the supposition and the monotonicity
of A, there are vectors d and d′ (d � e, d′ � e′, d �= d′)
satisfying H(d − d′)T = 0 and d, d′ ∈ IA.

Now from H(d − d′)T = 0, we have d − d′ ∈ C. This is
a contradiction, since e − e′ �∈ C for all e, e′ ∈ IA(e �= e′).
Therefore, every set {h·j |j ∈ v(e − e′)} is linearly indepen-
dent.

Corollary 1: Lemma 3 is a special case of Theorem 2.
Proof : In Theorem 2, we consider the case A = {a|w(a) ≤

3UEP codes are codes in which some information digits are protected
against a greater number of errors than other information digits[6].
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t, a ∈ {0, 1}n}. Then,

{e − e′|e, e′ ∈ IA(e �= e′)}
= {a|w(a) ≤ 2t,a ∈ GF (q)n} (33)

holds. From Equation (33) and the fact that e − e′ �∈ C for
all e, e′ ∈ IA(e �= e′), the minimum distance of C is greater
than or equal to 2t + 1. Using Equation (33) and the fact that
every set {h·j |j ∈ v(e − e′)} is linearly independent for all
e, e′ ∈ IA(e �= e′), we also have every set of 2t columns of
H is linearly independent. Hence, Corollary 1 is obtained.

Corollary 2: Lemma 4 is a special case of Theorem 2.
Proof : In Theorem 2, we consider the case that

{e − e′|e, e′ ∈ IA(e �= e′)}

=
n⋃

i=1

{a|ai �= 0, w(a) ≤ 2ti, a ∈ GF (q)n}. (34)

Then, from Equation (34) and the fact that e− e′ �∈ C for all
e, e′ ∈ IA(e �= e′), the minimum distance between codewords
which differ in the i-th digit of the code is greater than or equal
to 2ti+1 for all i (1 ≤ i ≤ n). Using Equation (34) and the fact
that every set {h·j |j ∈ v(e − e′)} is linearly independent for
all e, e′ ∈ IA(e �= e′), we also have every set of 2ti columns
of H including the i-th column is linearly independent for all
i (1 ≤ i ≤ n). Hence, Corollary 2 is obtained.

Next, we consider the meaning of Theorem 2 from the
viewpoint of coding theory.

If, for any two distinct codewords c′, c′′ ∈ C(c′ �= c′′) and
any two error vectors e′, e′′ ∈ IA,

c′ + e′ �= c′′ + e′′ (35)

holds, then any error in IA can be corrected.
Now, if c′ and c′′ belong to a linear code C, then c′′ − c′

is also a codeword. That is, c′′−c′ ∈ C. Hence Equation (35)
is equivalent to

e′ − e′′ �∈ C (36)

for any two distinct error vectors e′, e′′ ∈ IA.

VI. RELATION BETWEEN THE SAMPLING THEOREM FOR
FUNCTIONS OVER A GF (q)n DOMAIN AND LINEAR CODES

Combining Theorem 1 and Theorem 2, we obtain the
following corollary.

Corollary 3: Suppose a set A is monotonic and f(x) is
expressed as

f(x) =
∑
a∈IA

faXa(x), (37)

then the Fourier coefficients can be computed by

fa =
1

|C⊥|
∑

x∈C⊥
f(x)X ∗

a(x), (38)

where C⊥ is the dual code of a linear code C satisfying e −
e′ �∈ C for all e, e′ ∈ IA(e �= e′).

Let us consider the meaning of Corollary 3. The following
description is based on the method of proof used in [12].

First, the following equation holds.

1
q

∑
l∈GF (q)

Xla(x) =
{

1, axT = 0,
0, axT �= 0,

(39)

where the scalar multiple la = (la1, la2, . . . , lan), and lai is
evaluated over GF (q).

Next, we define fG(x) by

fG(x) = f(x)
k∏

i=1

⎛
⎝1

q

∑
l∈GF (q)

Xlgi·(x)

⎞
⎠ , (40)

where gi· is the i-th row of the k × n matrix G defined in
Equation (28).

From Equations (13) and (29), we have

fG(x) =
{

f(x), x ∈ C⊥,
0, x ∈ GF (q)n \ C⊥.

(41)

Hence fG(x) can be determined by the collection of values
that it takes on C⊥.

Lemma 5: The equality

fG(x) =
1
qk

∑
c∈C

f(x)Xc(x). (42)

holds.
Proof : From Equation (27), we see that the right-hand side

of Equation (40) equals

1
qk

f(x)
k∏

i=1

⎛
⎝ ∑

l∈GF (q)

Xlgi·(x)

⎞
⎠

=
1
qk

f(x)

(∑
c∈C

Xc(x)

)

=
1
qk

∑
c∈C

f(x)Xc(x). (43)

Now, IA is the bounded set of the original function f(x).
Let Ic be the bounded set of f(x)Xc(x). Using the fact that
f(x)Xc(x) is a function which only causes a shift c of f(x)
in the frequency domain,

Ic = {a − c|a ∈ IA} (44)

holds.
It is clear that if IA ∩ Ic = ∅ (the empty set) for all c ∈

C then the original function can be reconstructed from only
{(x, f(x))|x ∈ C⊥}. Now, e− e′ �∈ C for all e, e′ ∈ IA(e �=
e′) in Corollary 3 is equivalent to IA ∩ Ic = ∅ for all c ∈ C.
Hence, Corollary 3 states that the original function can be
reconstructed by using IA ∩ Ic = ∅ for all c ∈ C in the
frequency domain.
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VII. CONCLUSION

In this paper, we have generalized the sampling theorem for
bandlimited functions over the Boolean domain to a sampling
theorem for bandlimited functions over a GF (q)n domain. We
have also provided a theorem for the relation between the
parity check matrix of a linear code and any distinct error
vectors. Lastly, we have clarified the relation between the
sampling theorem for functions over a GF (q)n domain and
linear codes.
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