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Abstract—An approach is developed for the adaptive model-
reference control of the continuous-time systems consisting of
known and unknown subsystems. It is assumed that the plant is
composed of the cascade, parallel or feedback interconnection of
known and unknown subsystems. Many physical control systems
can be modeled by such interconnections. In our approach, by
using the prior knowledge about the plant, the adaptive law is
driven only by the states of unknown subsystems. Moreover,
we demonstrate by simulations that incorporating the partial
knowledge about the system improves the response of the system
in terms of tracking error and response time.

Index Terms—Adaptive control; model-reference control; par-
tially known systems.

I. INTRODUCTION

In most of the work on adaptive controller design, the plant
under control is modeled as being completely unknown (see
for example, [1], [3]). In this paper, we study systems that
are partially known; there is some prior information about the
system. Using the prior knowledge about the plant to make
the adaptive algorithm simpler and more efficient has been the
subject of research (see e.g., [2], [4], [5], [6], [7], [8]).

As an early work, in [2], some schemes are presented
for discrete-time adaptive control of a linear time-invariant
(LTI) system which is partially known. The plant is modeled
by a single transfer function, and partial plant knowledge is
simulated by assuming that some of the parameters of the
transfer function are known. In fact, the prior information about
the system is incorporated to reduce the number of parameters
to be identified in a single transfer function.

In [4], a block-diagram representation is used for realistic
characterization of partial plant knowledge. It is assumed that
the plant is composed of the interconnection of some basic
subsystems, each represented by a discrete-time model. The
prior information about the system is used to distinguish
between known and unknown subsystems. It is also assumed
that the system is composed of the interconnection of two basic
blocks each of which consisting of the cascade of a known and
an unknown subsystem.

In [8], the prior knowledge about the system is employed for
simplifying the adaptive algorithm in continuous-time systems.
The partial knowledge of the stable zero or pole dynamics in
linear plants are used to reduce the order of the closed-loop
systems and therefore, simplifying the adaptive algorithm.

In this work, we study adaptive control design in partially
known continuous-time systems. Similar to the approach in
[4], we use a block-diagram representation for characterization
of partial plant knowledge, and extend the results of [4]
to continuous-time systems. We assume that the plant is
consisting of subsystems (basic blocks) each modeled by a
continuous-time state space. We also assume that the plant is
composed of the cascade, parallel and feedback interconnec-
tion of basic blocks. It can be shown that many systems fall
into one of these interconnection structures.

First, we consider a case where the plant is composed of one
known basic block and one unknown basic block. We show
that in all the three configurations of the blocks, the update
law of the control algorithm is only driven by the states of
the unknown subsystem; however the error of all states is still
needed. This results in a simpler control algorithm which can
be implemented easier.

Moreover, we generalize the results to the cases where the
plant is modeled by a block diagram consisting of multiple
known and unknown subsystems. We also provide a suffi-
cient condition for decoupling the update law such that the
updating algorithm is only driven by the errors corresponding
to the states of unknown subsystems. This implies that no
measurement of known states is needed for driving the adaptive
algorithm.

We show by simulations that the response of the system
for model-reference tracking is improved in terms of tracking
error and response time compared with the case that no prior
knowledge about the plant is used.

The remainder of the paper is organized as follows. Sec. II
presents the problem formulation. The continuous-time adap-
tive method employing partial plant knowledge is explained
in section III. In section IV, we propose a sufficient condition
under which the adaptive update law is only driven by the
errors of the states of unknown subsystems. Section V shows
the simulation results. We present the conclusion in section VI.

II. PROBLEM FORMULATION

The system studied in this paper is composed of the series,
parallel and feedback interconnection of simpler subsystems.
It can be shown that many systems fall into one of these
interconnection structures. Each subsystem is represented by
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a single-input single-output (SISO) state space model and is
referred to as a basic block. Assume that there are K > 1
basic blocks in the plant. The following state space model is
assumed for subsystem i (1 < i < K).

g &y = Ajxi + By,
| v =Cizi + Dy

where A; € anxn,;7Bi e R C; € R*™ and D; € R.
We make the following assumption.
A0 : The matrices B; and D; of all basic blocks are known.
A basic block S; is called unknown if the matrices A; and
C; are unknown; otherwise, it is called a known basic block.

K
Let n = Y n;. The plant is represented as follows.

i=1

T { Zp = Apzy, + Bpu )
Yp = Cpxs + Dpu ’

where v and y are the input and output of the plant, respec-

tively, A, € R"*"* B, € R",C, € R'*" and D, € R.

We further, assume that the plant is stable, no zero-pole
cancelation occurs in the system, the pair (A,, By) is control-
lable, and all of the states of the plant are measurable. The
reference model is represented by:

M = { :B'.m = Amxm + er

where A,, € R"*" is assumed Hurwitz, and r is the reference
signal and is assumed bounded. B,, € R",C,, € R™*" and
D,, € R.

We hold the following two assumptions.

A1 : There exists a Q* such that B,,, = B,Q".

A2 : There exists a * € R" such that 4, + BPG*T =A,.
Tp,un
Tp,kn
is the states of the unknown subsystems and xy, 1, is the states
of the known subsystems. Given the assumptions A1 and A2,
the objective is to find an adaptive state feedback control for
the plant (1) such that the adaptive update law is only driven
by the states of the unknown subsystems, i.e., Tp yn, all the
closed loop signals remain bounded, and the plant states track
the states of the reference model, i.e., tll>n<;lo (xp —zm) = 0.

Let the state of the plant be z, = , where zp un

III. CONTINUOUS-TIME ADAPTIVE CONTROL WITH
PARTIAL PLANT KNOWLEDGE

In the following, initially, we assume that the plant consists
of the interconnection of one known basic block and one
unknown basic block, i.e., K = 2. We study adaptive control
with prior plant knowledge in three different configurations of
the two basic blocks. Generalization of the results to the case
that K > 2 and combination of interconnections will follow.

For the case that K = 2, 0*7 is in the form 0*7 =
[ HIT 9§T ] , where 6 € R™ for 1 < i < 2. We
ﬁ;’; ﬁj:: , where Ay, € R™1>m1,
A2m G Rnl ><'IL2’ ASm G R/ILzan and A4m e R'ILQXHZ.

Let the control be

also have A4,, =

u= HT,?cp +Q*r. 3)

{5‘2 =Ayxy +Byy
y=0Cxy+ Doy

Xy = Ajx +Bu
Y1 =Cx+ Dy

Fig. 1.
blocks.

A continuous-time plant with the series interconnection of basic

Since K = 2, § has the form 67 = [ 6] 63 |, where 6; €
R"™ for 1 < ¢ < 2. Defining the error as e = x, — Z;,, We
have:

é= Ane+ Byo' zp, )

where o7 = [ ¢ ¢F | =] 6T —0;" o7 —05" ].
A. Series Interconnection of Basic Blocks

Fig. 1 shows the series interconnection of the basic blocks.
Suppose the basic block 1 is the unknown basic block. The
unknown basic block is shown by gray. In this configuration,
the plant matrices (A,, By, Cp, D)) can be obtained as

[ A0
AP_|:3201 AQ:|7

_| B
5= g, |
Cp:[Dgcl CQ],

and
D, = DyD;.
A;, B;,C;, D; are the matrices of basic block 7 (1 <7 < 2).
According to the assumption A2, there exists a 6*T such
that A, + BPH*T = A,,. Substituting A, and B, in the
assumption, it yields:

A 0 B, «T  puT
{3201 A2}+[B2D1][91 b5 ] = Am.
Therefore, we obtain:

D A+ Bi6;" = Ay

2) BIGET = A2m;

3) ByCi+ BaDs0;" = Asp;

4) Ay + BngezT = Aym.

We have assumed that B; and D are known. Thus, from
the above equations, 0§T can be calculated using the known
parameters, and we can take o = 3. Therefore, equation (4)
can be written as

é= Ane+ Byola. 5)
Consider the following Lyapunov function:
Ve, ¢1) = e’ Pe+tr(¢] ¢1), (©6)

where the symmetric positive-definite matrix P € R™*" is the
solution of the following Lyapunov equation:

AT P4+ PA,, = Q.
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X = Ajx; + Byu M1
1 =Cx + Dy
Xy = Ayxy + Bou Y2
V2 =Cyxy + Dou

A continuous-time plant with the parallel interconnection of basic

Fig. 2.
blocks.

Q@ € R™ ™ is a symmetric positive-definite matrix.
Theorem 1: Given the assumptions AQ, A1 and A2, if the
adaptive control as in (3) with update law

¢1 = —BLPex; )

is applied to the system (1) with the series interconnection of
one unknown basic block and one known basic block, then all
the closed loop signals remain bounded and tlinolo Tp—Tm = 0.

Proof: Using equation (5), the derivative of the Lyapunov
function is calculated to be:

V = —eT'Qe + 2tr(¢T (BE Pexy + ¢1)). ®)

Choosing ¢>'1 as in (7), we can verify that V =—eTQe <0.
We can conclude that e and ¢; remain bounded. From the
assumption of the stability of the plant, it can be inferred that
all closed-loop signals are bounded. Furthermore, using the
Barbalat’s Lemma, we can show that tli>nolo e=0. |

The update law as in (7) is only driven by the states
of the unknown subsystems. However, the total error (error
corresponding to all states) are used.

B. Parallel Interconnection of Basic Blocks

Fig. 2 shows the parallel interconnection of the basic blocks.
Suppose the basic block 1 shown by gray is the unknown basic
block. In this configuration, the plant matrices can be obtained
as

A4 o0
=0 0]
B
BPZ{B;},

C=[C C],
and

D, = Dy + Ds.

Based on the assumption A2, there exists a 6*T such that
Ay, + BPG*T = A,,. Therefore, we have:

A1 0 Bl *T *T _
AR P [C AT R
We obtain the following equations:
1) A+ Bi6;" = A

2) Bl%T = A2m§
3) BofiT = Az

Ly u; X| = Ajx) + By y_>
A y=Cx; + D

A continuous-time plant with the feedback interconnection of basic

Y2 {fcz =Ayx, +Byy
y2 =Coxy

Fig. 3.
blocks.

4) A2 + BQQST = A4m-

We have assumed that By and D; are known. Thus, from
the above equations, both #7” and 637 can be calculated using
the known parameters, and we can take 6, = 67 and 6, = 6.
Therefore, equation (4) can be written as

é= Ane. C))

It can be seen that in this case, the optimal values of both HTT
and 9§T can be calculated using the known parameters of the
system. Therefore, no adaptive algorithm is required.

C. Feedback Interconnection of Basic Blocks

Fig. 3 shows feedback interconnections of the basic blocks.
In feedback configuration, we assume that the subsystem in
the feedback path is strictly proper. Thus, the plant matrices
are:

A = Al —B102
P BQCl A2 — BngcQ ’

_ | B
5= np, |
Cp = [ 01 —chQ ],

and
D, = D;.

Based on the assumption A2, there exists a 6*T such that
A, + BPG*T = A,,. Therefore, we have:

Ay —B1Cy B «T  guT

BoCy Ay — BaDyCo ]*{ BaD, } Lo 057 ] =Am.
We obtain the following equations:

D) A+ Bi07" = Ay

2) —B1Cy + B19§T = Ao

3) ByCi + BaD10;" = Agpn;

4) Ay — BaD1Cy + B2D19§T = Aym.

First suppose the unknown basic block is the basic block in
the forward path. We have assumed that B; and D, are known.
Thus, from the above equations, 9§T can be calculated using
the known parameters, and we can take ¢ = 6;. Therefore,
equation (4) can be written as

é = Ape + Byoi x1. (10
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Consider the following Lyapunov function:
V(e,¢1) = e’ Pe+tr(¢] ¢1), (11)

where the symmetric positive-definite matrix P € R™*™ is the
solution of the following Lyapunov equation:

AT P+ PA,, = Q.

Q € R™™ is a symmetric positive-definite matrix. Using
equation (10), the derivative of the Lyapunov function is
calculated to be:

V = —eT Qe + 2tr(¢T (BE Pexy + ¢1)). (12)
Choose the update law
¢1 = —BLPex;. (13)

We can verity that V= —eTQe < 0. Therefore, e and ¢,
remain bounded. Furthermore, using the Barbalat’s Lemma,
we can show that tlgglo e=0.

Now suppose, the basic block in the feedback path is the
unknown basic block. Matrices By and D, are assumed to
be known. Thus, GTT can be calculated using the known
parameters, and we can take 6; = 7. Therefore, equation
(4) can be written as

é = Ame + Byos xs. (14)
Consider the following Lyapunov function:
V(e ¢2) = e Pe+tr(¢; ¢2), (15)

where the symmetric positive-definite matrix P € R"*™ is the
solution of the following Lyapunov equation:

AT P+ PA,, = —Q.

m

Q € R™ ™ is a symmetric positive-definite matrix. Using
equation (14), the derivative of the Lyapunov function is
calculated to be:

V = —eTQe + 2tr(¢L (B Pexy + ¢2)). (16)
Choose the update law
¢y = —BL Pexs,. (17)

We can verify that V = —eTQe < 0. Therefore, e and ¢o
remain bounded. Furthermore, using the Barbalat’s Lemma,
we can show that tlim e=0.

Let z,, be the g?ates of the unknown subsystem, and
¢un be a vector consisting of the difference between the
unknown control parameter and the corresponding optimal
control parameter.

Theorem 2: Given the assumptions A0, A1 and A2, if the
adaptive control as in (3) with update law

Gun = —BEPex,, (18)

is applied to the system (1) with the feedback interconnection
of one unknown basic block and one known basic block, then
all the closed loop signals remain bounded and

lim z, — x,, = 0.
t—oo p m

The update laws as in (13) and (17) are only driven by the
states of the unknown subsystems. However, the total error
(error corresponding to all states) are used.

D. Generalization to Any Block Diagram Structure

Suppose the plant is consisting of multiple blocks with
different interconnections. It can be shown that the adaptive
algorithm developed for the case of K = 2 can be generalized
to the systems consisting of K > 3 subsystems with different
interconnections. In other words, assuming the B matrices of
all subsystems to be known, the control parameters correspond-
ing to the known subsystems of the plant can be calculated
using assumption A 2. Then, using the Lyapunov function

V(67 ¢un) = e’ Pe + tr(d)gnd)un)v

where ¢,,, is a vector consisting of the difference between
the unknown control parameters and the corresponding optimal
control parameters, the following update law can be developed.

bun = —BhPexyy, (19)

Let z,,, be the vector of augmented states of the unknown
subsystems.

Theorem 3: Given the assumptions AO, A1 and A2, if the
adaptive control as in (3) with update law

¢1.m, = _BII;PeIun (20)

is applied to the system (1) with the interconnection of known
and unknown basic blocks, then all the closed loop signals
remain bounded and

lim z, — x,, = 0.
t—oo P m

IV. DECOUPLING THE UPDATE LAWS

So far, we have shown that using prior knowledge about
the system, a control algorithm can be developed such that
the update law is only driven by the states of the unknown
subsystems. However, the error of all states is still needed.
It is easier for implementation if the error of only unknown
subsystems is used for the adaptive algorithm. In other words,
the unknown subsystems become decoupled from the known
subsystems for the update law. Here, we study the conditions
that lead us to such decoupled adaptive schemes.

A sufficient condition for the update law to become only
driven by the error of unknown subsystems is that in (20), we
have:

Tp _
BIP =2,

where Z is a matrix whose columns corresponding to the
states of the known subsystems are zero. In other words, this
condition puts a constraint on the structure of the solution of
the Lyapunov equation (P).

In the following, we present our simulation results.
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u : : S3 : i N S4 J y

Fig. 4. Block Configuration 1.

V. SIMULATION RESULTS

In this section, by MATLAB simulations, we show that by
using the update laws driven only by the states of unknown
subsystems for adaptive control, the reference-model tracking
is improved; i.e., the overshoot is smaller than the case that
no prior knowledge of the plant is employed in the adaptive
control algorithm, and the response time is also smaller.

We consider an unknown 4th order SISO plant, and assume
that the plant is made up of the interconnection of four
subsystems Sy, Sz, S3 and S4. Moreover, we assume that
the subsystems S; and S3 are unknown and the subsystems
Sy and Sy are known. The state space models of the plant’s
subsystems are

S, = { 21 = k121 + 4wy

Y1 = koxq

)

S, — Xy = —4xo + 2ug
2 Yo = —3x2 + 2us

3 y3 = kyx3
and
{ 2y = —1.5x4 + 0.5u4
S, =
Yg = —Tq + Uy

where k1, ko, k3 and k4 are unknown parameters.

The plant has four states, each of which corresponding to
T1
Z2
T3
Ty

We present the simulation results for the series, the parallel
and the feedback block configurations. For each block config-
uration, we consider a reference model such that assumptions
A1 and A2 are satisfied. We take a step signal as the reference
input to the model for the three block configurations.

one of the subsystems, i.e, 2, =

A. Block Configuration 1

Fig. 4 shows a block configuration in which all subsystems
S, So, S3 and Sy are in series. In this case, we have u; = u,
U = Y1, U3 = Y2, ug = Y3 and y = y4.

Consider the following reference model.

-2 0 0 0
5 —4 0 0

O O O

M={ ™11 6 -3 o |"mT 4
0 0 075 -15
Ym=[0 0 15 —1 ]z,

Fig. 5 shows the response of the model and the response of

the plant for the two cases of using prior knowledge about
the known subsystems and not using prior knowledge in the

4.5

/ without using prior

al knowledge iy
>r A |
3r \_7- 1

25 B

with using prior
2 knowledge 7

o 1 2 3 a 5 6 7 8 9 10

Fig. 5. Block Configuration 1: The response of the model and the response
of the plant with different control algorithms.

4.5

at 4
with using the

rror of all
35 Bl
states

al i

without using
251 the error T
of all states

o 1 2 3 4 5 6 7 8 9 10

Fig. 6. Block Configuration 1: Comparison between the response of the plant
for the case where the error of all states is used in the update law, and for the
case where only the error of the unknown states is used.

adaptive control algorithm. It can be seen that the system
response has a lower overshoot and smaller settling time when
the prior knowledge about the known subsystems is used.

Fig. 6 shows the response of the plant using an adaptive
algorithm with decoupled update law. Here, matrix P is the
solution of the constrained Lyapunov equation. It can be seen
that the response of the plant with this update law is very
similar to the case where the error of all states is used in the
update law.

B. Block Configuration 2

Fig. 7 shows a block configuration in which the series of
the subsystems S and S is in parallel with the series of the
subsystems S3 and Sy. In this case, we have uy = u, us = y1,

=

Fig. 7. Block Configuration 2.
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without using prior
“ knowledge q
with using prior

o8l knowledge 4

0.6

0.4

0.2

using
optimal
controller

o 0.5 1 15 2 25 3 3.5 4 a5 5

Fig. 8. Block Configuration 2: The response of the model and the response
of the plant with different control algorithms.

N

u o+ N y
S $
B J
y A
4 »3
Sy S3
J

Fig. 9. Block Configuration 3.

uz =u, ug = yz and y = yz + ys.
Consider the following reference model.

2 0 0 0 4
. 5 —4 0 0 0
M={ ™= o0 o -3 o |[|Tmt]o]|"
0 0 075 —15 0
ym=15 -3 15 —1 ]z

Fig. 8 shows the response of the model and the response of
the plant for the two cases of using prior knowledge and not
using prior knowledge in the adaptive control algorithm. The
response of the plant for the case that the optimal controller is
used (the plant is assumed to be completely known) has also
been shown.

wijthout using prior
howledge

o8l

06

-<— with using prior
kno! dge

A / D@ |

| =

using 4

optimal

controller

0.4

0.2

Fig. 10. Block Configuration 3: The response of the model and the response
of the plant with different control algorithms.

C. Block Configuration 3

Fig. 9 shows a block configuration in which the series of the
subsystems S3 and Sy is in the feedback path of the series of
the subsystems 57 and S. In this case, we have u; = u — y4,
U = Y1, U3 = Yo, Uy = Y3 and y = 1.

Consider the following reference model.

2 0 -6 —4 4
. 5 —4 0 0 0

M={ ™™= |10 =6 -3 o |*t|o]|"
0 0 075 —15 0

Ym=[5 -3 0 0]y,

Fig. 10 shows the response of the model and the response of
the plant for the two cases of using prior knowledge and not
using prior knowledge in the adaptive control algorithm. The
response of the plant for the case that the optimal controller
is used has also been shown.

VI. CONCLUSION

An approach has been developed for adaptive model-
reference control in continuous-time systems consisting of
known and unknown subsystems. A block diagram representa-
tion has been assumed for the system with a state space model
representing each block. In this approach, using the prior
knowledge about the system, the update law is driven only
by the states of unknown subsystems. A sufficient condition
has been proposed for making the adaptive update law only
dependent on the errors of the states of unknown subsystem.

In this paper, we have shown by simulations that by incor-
porating the prior knowledge about the subsystems of the plant,
the model reference tracking improves in terms of overshoot
and settling time. The formal verification of this improvement
in our approach is the subject of an ongoing research. Here,
we considered LTI systems. As a future research, the method
can be extended to nonlinear systems. Moreover, studying the
problem using transfer functions of the subsystems may be an
interesting topic.
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