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Abstract—This paper shows the meaning of Pearson resid-
uals as an indicator of statistical indepndence in a multi-
way contingency table. While information granules of statistical
independence of two variables can be viewed as determinants of
2 X 2- submatrices, those of multivariate cases consist of linear
sum of residuals for odds ratios, which can be viewed as an
extention of determinants in 2 x 2 matrices.

Index Terms—Granular Computing, Contingency Table, Pear-
son Residuals, Data Mining

I. INTRODUCTION

Statistical independence between two attributes is a very
important concept in data mining and statistics. The definition
P(A,B) = P(A)P(B) show that the joint probability of A
and B is the product of both probabilities. This gives several
useful formula, such as P(A|B) = P(A), P(B|A) = P(B).
In a data mining context, these formulae show that these two
attributes may not be correlated with each other. Thus, when
A or B is a classification target, the other attribute may not
play an important role in its classification.

Although independence is a very important concept, it has
not been fully and formally investigated as a relation between
two attributes.

In this paper, a statistical independence in a contingency
table is focused on from the viewpoint of granular computing,
which is continuation of studies on contingency matrix theory
in [1]-[3].

The first important observation is that a contingency table
compares two attributes with respect to information granularity.
It is shown from the definition that statistifcal independence
in a contingency table is a special form of linear depedence
of two attributes. Especially, when the table is viewed as a
matrix, the above discussion shows that the rank of the matrix
is equal to 1.0. Also, the results also show that partial statistical
independence can be observed.

The second important observation is that matrix algebra is a
key point of analysis of this table. A contingency table can be
viewed as a matrix and several operations and ideas of matrix
theory are introduced into the analysis of the contingency table.

The paper is organized as follows: Section 2 discusses
the characteristics of contingency tables. Section 3 shows
the conditions on statistical independence for a 2 x 2 table.
Section 4 gives those for a 2 x n table. Section 5 extends
these results into a multi-way contingency table. Section 6
discusses statistical independence from matrix theory. Section
7 and 8 show pseudo statistical independence. Finally, Section
9 concludes this paper.

II. CONTINGENCY MATRIX

Definition 1: Let R; and R» denote multinominal attributes
in an attribute space A which have m and n values. A
contingency tables T'( R, R») is a table of a set of the meaning

of the following formulas: |[Ri = A;lal, |[[R2 = Bilal,
|[R1 = A]' /\R2 = Bi}A‘a ‘U| (Z = 1,2,3,“-,11 and
j=1,2,3,--- ,m). This table is arranged into the form shown

in Table I, where: HRI = A]‘]A| = 221 T, = T4, HRQ =
Bilal = Y x5 = ai, |[R1 = Aj A Ry = Bila| = wy,
U|=N=2.(Gi=123,,nand j=1,2,3,--,m).

TABLE I
CONTINGENCY TABLE (m X n)
A1 AQ An Sum
By r11 T2 Tin 1.
By 221 w22 - Top To.
Bm Tmi Tm?2 et Tmn Tm-
Sum 21  z2 -+ xg z.=|U =N

Definition 2: A contigency matrix Mg, r,(m,n,N) is de-
fined as a matrix, which is composed of z;; = |[R1 =
A; N Ry = By, extracted from a contigency table defined
in definition 1.

That is,
11 Ti2 ot Tin
T21  T22 . T2p
Mg, r,(m,n,N) =
Tml Tm?2 e Tmn

O
For simplicity, if we do not need to specify R; and Ry, we use
M(m,n, N) as a contingency matrix with m rows, n columns
and N samples.

One of the important observations from granular computing
is that a contingency table shows the relations between two
attributes with respect to intersection of their supporting sets.
When two attributes have different number of equivalence
classes, the situation may be a little complicated. But, in
this case, due to knowledge about linear algebra, we only
have to consider the attribute which has a smaller number of
equivalence classes. and the surplus number of equivalence
classes of the attributes with larger number of equivalnce
classes can be projected into other partitions. In other words, a
m X n matrix or contingency table includes a projection from
one attributes to the other one.
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III. STATISTICAL INDEPENDENCE IN 2 X 2 CONTINGENCY
TABLE

Let us consider a contingency table shown in Table I (m =
n = 2). Statistical independence between R; and R, gives:

P([Ry =0],[Ry =0]) = P([R1=0])x P([Ry = 0])
P([Ry = 0], [Ry =1]) = P([R1=0])x P([Ry = 1])
P([Ry =1],[Ry =0]) = P([R1=1]) x P([Ry = 0])
P([Ry=1],[Ry =1]) = P([R1=1]) x P([Ry = 1])

Since each probability is given as a ratio of each cell to N,
the above equations are calculated as:

T Tt T2 Tin+ T
N N N
Tz _ TufTiz Tigt Ty
N N N
T21 _ T21 T2z Ti1F T2
N N N
T2 T21+To2  Ti2+ T2z
N N N

TABLE 11
CONTINGENCY TABLE (2 X 3)

Ri=0 R =1 Ry =2
Ry =0 z11 T12 13 z1.
Ry =1 z21 T22 z23 z2.
Z.1 Zx.o Zx..3
(=|U]=N)

independence between R;

P([Ry =0],[R2 =0]) = P([R =0]) x P([Rz=0])
P([Ry =0, [Ry =1]) = P([R1=0])x P([R2=1])
P([Ry =0],[R2 =2]) = P([R1=0])xP([R2=2])
P([Ry =1],[R, =0]) = P([R1=1])x P([R2=0])
P([Ry =1],[R; =1]) = P([R=1])x P([Rz=1])
P([Ry=1],[R2 =2]) = P([R1=1]) x P([R2 =2])

Since each probability is given as a ratio of each cell to N,
the above equations are calculated as:

Since N = 21 ; Tigs the following formula will be obtained
from these four formulae.

T11T22 = T12T21 OT T11T22 — T12T21 = 0

Thus,

Theorem 1: If two attributes in a contingency table shown
in a 2 X 2 contingency table are statistical indepedent, the
following equation holds:

ey

O
It is notable that the above equation corresponds to the fact
that the determinant of a matrix corresponding to this table is
equal to 0. Also, when these four values are not equal to 0,
the equation 1 can be transformed into:

ZT11T22 — T12221 = 0

T11 T12

T21 T22

Let us assume that the above ratio is equal to C(constant).
Then, since z1; = Cuzo; and z12 = Cxa9, the following
equation is obtained.

11 + 212 C(war + w22) _Zn

T21 + T22 To1 + Xa2 T21

T12

€5

T22

This equation also holds when we extend this discussion into
a general case. Before getting into it, let us cosndier a 2 x 3
contingency table.

IV. STATISTICAL INDEPENDENCE IN 2 X 3 CONTINGENCY
TABLE

Let us consider a 2 x 3 contingency table II. Statistical

T11 T11 +x12 +T13 _ T11 + X21
- = X )
N N N
12 T11 +x12 +T13 | T2 + To2
— = X 4
N N N )
Tz Tn + T12 + T13 o T3 + x23 )
N N N
Ta1 _ T2 + x22 + o3 % T11 + T21 )
N N N
Te2 _ T2 + x22 + o3 % T2 + Ta2 %)
N N N
T23 To1 + X2 + T2z _ T13 + Ta3
- = X (3
N N N
From equation (3) and (6),
T _ Tn + T2 + T13
To1 o1 + Tog + Ta3
In the same way, the following equation will be obtained:

Tl Ti2 _ Z13 _ Ti1 + Ti2 + T13

—_— === 9)
T21 To2  X23  To21 + Toz + Tog

Thus, we obtain the following theorem:
Theorem 2: If two attributes in a contingency table shown
in Table II are statistical indepedent, the following equations

hold:

T11T22 — T12X21 =

T12T23 — T13T22

T13T21 — T11%23 = 0

(10)
O

It is notable that this discussion can be easily extended into a
2zn contingency table where n > 3. The important equation 9
will be extended into

T11 12 Tin

T22 T2n
n
T+ T2+ +Tin D k=1 Tk

- n
oy + Xog + -+ Tap D g ok

T21

an
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Thus,

Theorem 3: If two attributes in a contingency table (2 x
k(k = 2,---,n)) are statistical indepedent, the following
equations hold:

T11%22 — T12T21 = 12223 — T13T22 = * -
T1pT21 — T11Tp3 =0 (12)
O
It is also notable that this equation is the same as the equation
on collinearity of projective geometry [4].

V. STATISTICAL INDEPENDENCE IN m X n CONTINGENCY
TABLE

Let us consider a m x n contingency table shown in Table I.
Statistical independence of R; and Ry gives the following
formulae:

P([R1 = Ay, Ry = Bj]) = P([R1 = Ai]) P([Re = Bj))

(2217"' ,Wl,j::l,"' 7”)'

According to the definition of the table,

Ty _ Yk Tk Xim1 T

= 1
N N N (13)
Thus, we have obtained:
i = Dzt ik X iy Uy (14)

N
Thus, for a fixed 7,
n
Tij _ Dokt Tick
- n
Liyj k=1 Liyk
In the same way, for a fixed ¢,
m
- m
Tigy,  21=1 %l

Since this relation will hold for any j, the following equation
is obtained:

Ti,1  Tq,2

Tij,1 T2

n
_ Tign _ Zk:1 Tik
= talt _ Sth=1"tal
Tipn Zk::l Liyk

s)

Since the right hand side of the above equation will be
constant, thus all the ratios are constant. Thus,

Theorem 4: 1f two attributes in a contingency table shown
in Table I are statistical indepedent, the following equations
hold:

Lig1 Lig2 Lig
e = " — const. (16)
Tiy1 Tiy,2 Tiyn

for all rows: i, and %y (iq,% = 1,2, ,m).

A. Three-way Table

Let “o” denote as the sum over the row or column of a
contingency matrix. That is ,

Tie = a7
j=1

Tej = Y wij, (18)
i=1

where (17) and (18) shows marginal column and row sums.
Then, it is easy to see that

.T..:N,

where N denotes the sample size.
Then, Equation (14) is reformulated as:

o Lie « LY (19)
x.. '/-r.. x..
That is,
Tie X Teoj
z..
Or

TijTee = TieLej

Thus, statistical independence can be viewed as the specific
relations between assignments of 4,5 and “.”. By use of the
above relation, Equation (16) can be rewritten as:

Tiyg _ Tie

)
Tijyj Tise

where the right hand side gives the ratio of marginal column
sums.

Equation (19) can be extended into multivariate cases. Let
us consider a three attribute case.

Statistical independence with three attributes is defined as:

Tijk _ Tiee % Teje % wook’ (20)
Tooe Tooe Tooe Tooe
Thus,
2
Tijklooe — LieeLejeLlesk; (21)

which corresponds to:

P(A=a,B=0b,C=c¢)=PA=a)P(B=0b)P(C =0,
(22)
where A,B,C correspond to the names of attributes for ,5,k,
respectively.

In statistical context, statistical independence requires
hiearchical model. That is, statistical independence of three
attributes requires that all the two pairs of three attributes
should satisfy the equations of statistical independence. Thus,
for Equation (22), the following equations should satisfy:

P(A=a,B=0b) = P(A=a)P(B=0),
P(B=bC=c¢) = P(B=bP({C=c), and
P(A=a,C=c¢) = PA=a)P(C=rc).
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Thus,
TijeTeoe TieeTeje (23)
TiekTess = TiseTesk 24)
TejkTess = TejeTesk (25)

From Equation (21) and Equation (23),

TijkTooe = TijeLeek
Therefore, . .
ijk _ ook (26)
Tije Teoe
In the same way, the following equations are obtained:
Ligk  _ Leje 27)
Tiek Tooe
ijk _ iee (28)
Tejk Teoe

In summary, the following theorem is obtained.

Theorem 5: If a three-way contingency table satisfy statis-
tical independence, then the following three equations should
be satisfied:

Tijk Teek
Tije Tooe
Tijk _ Teje
Tiek Tooe
Tijk _ Tiee
Tejk Tooe

O
Thus, the equations corresponding to Theorem 4 are obtained
as follows.

Corollary 1: 1If three attributes in a contingency table
shown in Table I are statistical indepedent, the following
equations hold:

Tijk, Leek,
Lijky Took;
Tij,k  Tej,e
Tijyk Lejy,e
Ligjk _ Ti,e0
Tiyjk Ti,ee

for all 4,7, and k.

B. Multi-way Table

The above discussion can be easily extedned into a multi-
way contingency table.

Theorem 6: If a m-way contingency table satisfy statistical
independence, then the following equation should be satisfied
for any k-th attribute ¢, and jx (kK = 1,2,--- ,n) where n is
the number of attributes.

Ligigvigin

Loo---ij---o

Ligig-jp-in Loe:--j---®

Also, the following equation should be satisfied for any 7:

n—1
Tiyig-iy X Toq...0

= Tj,e---0Leiy---0 X+ X Toe--ij:-o X o+ X Too---0iyp

VI. INFORMATION GRANULE FOR CONTINGENCY MATRIX
A. Residual of Contingency Matrix

Tsumoto and Hirano [5] discusses the meaning of pearson
residuals from the viewpoint of linear algebra.

The residual is defined as a difference between an observed
value for each cell in a contingency matrix and an expected
value:

oij = Tij — Tie X Teoj ‘

1:..

And simple calculation leads to the following theorem.

Theorem 7: The residual of Mg, g,(m,n,N) is obtained
as:

1
0ij = z {xijxu- — Tje X 1.]}
1
2 LD I Darn R e
i ki 1£] 1#5 ki
1
= 7 Z(ﬂfijwkz — ZpjTi)
*® ki
1]
- Ea
(1] ki
I#5
where A is the determinant of a 2 x 2 submatrix of

MR, R, (m n, N) with selection of ¢ and k rows and j and
[ columns. Also, the sum takes over £k = m andl = n.
Equivalently, the above formula can be represented as:

,E : 2%
O'ijl'.. = Ak,l’
k#i
1]

where the sum takes over kK = m andl = n.

For example, for Mg, r,(2,2,N) (m =n = 2),

— A
OijTee = Ak Al

where k # i and [ # j. Thus, 011Zee = A2 2
In the case of Mp, r,(3,3,N) (m =n = 3), the following
formulas are obtained.

(A% + A+ Ay + Ay )

o1l =
1

o = 7(A + AL+ A+ AL
1

021 = ;(A A§:§+A§:%+A2)
1 2,2 2,3 2,2

022 = ;(Am‘*‘A + Az + Ass)

Thus, a 2 x 2 submatrix in a contingency table can be viewed
as a information granule for statistical (in)dependence.

Can we generalize this results into statistical independence
of three variables ? This is our main question to be partially
answered in this paper.
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B. Information Granule for 2 x 2 x 2 Data Cube

Let us get back to Equation (21), (23), (24) and (25).
From Equation (21), the residual for z;;; is obtained as:

Tiee X Teje X Took

Oijk = Tijk — — 5 -
x'..

For simplicity, let us confine to 2 x 2 x 2-data cube. Then,

the above residual for x11; will be:

Ti1ee X Tele X Teel

0111 T111 —
1
. 2
= ) {1111 (.’IJ... - moloxool)
e T 1

- Z zljkxolomocl}
k#i or
1]
1

= 2 {Te1e(T111Te02 — T112T 001)

+Ze01(T111T020 — T121T01e)

+ Z111Te2eTee2 — L122TeleLeel }

2
Teoe

Thus, the following proposition is obtained:

Proposition 1: The residual sigmai1; of 2 x 2 x 2-data
cube is obtained as:

ﬂ?olo(l‘ul-??nz - -?7112-??oo1)

+Zee1(Z111T020 — T121T0l0)

+T111Te20Tee2 — T122T010Teel  (29)
O

The above formula shows that the products of the odds ratio
and the marginal distribution play central roles in statistical
independence.

2
01117 gee —

Let us extend the notation of subdeterminants in two-
dimensional cases into three-dimentional ones as:

A = k(D Teme) (D Teen)

m#j n#k

*(Z ximn)xo]’oxook~ (30)
m#j
n#k

Then, the above formula 29 can be represented as:
Ulllm%.. = ‘TcloA}i% + +$011A%%% + A%%% (31)

C. Information Granule for | X m x n Data Cube

The above results can be generalized, although the results
are rather complicated [6].

Theorem 8: The residual o5, of | x m x n-data cube is

obtained as:

= Iojo(xijkg Iaon_g xijnmock)
n#k n#k

+1’o-k(1’ijk§ LTeme — g ximkx-jo)

m#j m#j

Jr-%’jk(Z momO)(Z Teen)
m#j n#k
_(Z ximn)mojoxook:

m#j
n#k

= TajelA + Tear A T A (32)

O

As shown in this formula, an alternative sum is very im-

portant concept for statistical independence of three variables.

While the first two components can be viewed as an extension

of two dimensional cases, the third component seems to be

a little different from the others, because it contains the odds

ratio of marginal distributions. We call this part a odds ratio

of second order.

In summary, residuals of three dimensional data cube can

be represented as:

2
Uijkzo.o

(marginal distribution of two dimensions)
X (residual for an odds ratio)
+ (a specific cell)
x (residual for an odds ratio of marginal distribution)
D. Information Granule for 2 x 2 x 2 x 2 Data Cube

In the similar way, we can obtain a formula for the residual
of four-way tables.

Proposition 2: The residual 01117 of 2 X2 X2 x 2
-data cube is obtained as:

01111$§... = I.h.ﬂ?ul-(quIu-Q - 1’1112I.-.1)
+xuloozo-ol(z1111zo-20 - 1‘11211‘-010)
+Zee10Z0001 (11110200 — L1211 % 010e)
+x01n(x1111xoo2o$ooo2
7$1122xoolo$oool)
+1‘..1.(1‘11111‘.2..I...2
_IIQIQIOIQQIQQQI)
+xcocl(x1111xi2.czon20
_$1221$.10-xu010)
+$1111$.2..1’..2,f1}...2
—T12227eleeLesleLwesel
If we extend the notion of residual for odds ratio
(Equation(30)), the above formula can be represented as:
1112

3
01111 T ge00 — xolooxooloAllll

1121 1211
+$olooxoc-1A1111 + mooloxooolAllll

1122 1212 1221
+xolnoA1111 + I..llAllll + xo.olAllll

1222
+A1TT
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O
This can be generalized into:
Theorem 9: The residual ;1 of [ x m X n x k-data cube
is obtained as:

TijkiTasee TojusTante AL,
—|—l’.joo-7;oc-lAZ];§
+17ooko$ooolA§Zﬁcll
T ojan N5y + Taaka A + Tanat A
AT “
a

In summary, the residuals of four dimensional data cube can
be represented as:

(marginal distribution) x (marginal distribution)

X (residual for an odds ratio)
+ (marginal distribution)

% (residual for an odds ratio X marginal distributions)
+ (a specific cell)

% (residual for an odds ratio of marginal distributions)

As shown in Equation (33), the residual decomposition has
a combinatorial nature. The first part uses the second and third
indices in the two-dimensional marginal sum and the fourth
index for the residual for odds ratio. The second one use the
second and fourth indices in the marginal sum and the third
one for the residual.

Thus, let I denote an index set (I = {1,2,3,4}) and
iy denote an attribute for a contingency table. Then, the
equation (33) can be represented as:

Ui1i2i3i4m§ooo = Z
{m,n}er—{1}
D
{m}er—{1}
+AI - {1}), (34

s(m)s(n)A(I — {1,m,n})

s(m)A(I —{1,m})

where s(m) denotes the one-dimensional marginal sum with
fixed iy, and A(I — {i1,%m,in}) denotes the residual of odds
ratio in which i1, 4,, and %,, are fixed.

Or, the above formula can be rearranged as:

e = D Am) I s(m)

Oiyigizig T =
{m}el—{1} nel—{1,m}
+ Y Ammn) [ s
{m,n}el—{1} pel—{1,m,n}

+A(I-{1}), (35)

E. Information Granule for n-dimensional Data Cube

The above discussions gives an expectation that the residu-
als for n-dimensional data table (n > 2) should be represented
as:

n—2
Z (marginal distribution)®
k=1
x (residual for an odd ratio)

Also, the relations of the number of “ e ” should be:
(left side) : n" ! — (right side) : (n — 1)"~!

It is notable that each component of n-dimensional residuals
include (n—1)"~! es, which can be viewed as an assignment
of es. Thus, the following theorem will be obtained:

Theorem 10: Let I denota an index set of n-dimensional
data cube. The residual o is obtained as:

ot = Y Am) [ s

{m}er—{1} nel—{1,m}
+ > Amn) I s
{mmn}el—{1} pel—{1,m,n}

A(I — {1, m,n})s(m)s(n)

+ X
{mn}yer—{1}
+ Y AT —{1,m})s(m)
{m}er-{1}
+A(I —{1}). (36)
O
Thus, the residual of n-dimensional data cube can be expanded
into a series of the product of marginal sum and the residuals
of odds ratio. Intuitively, high-dimensional residual will give a
strong constraints for being zero, which indicates that high-
dimensional statistical independence will be difficult to be
achived.
It will be our future work to investigate the formal nature
of this expansion.

VII. CONCLUSION

This paper focuses on statistical independence of three vari-
ables from the viewpoint of linear algebra. While information
granules of statistical independence of two variables can be
viewed as determinants of 2 x 2- submatrices, those of three
variables consist of several combination s of subderminants of
matrices generated from a data cube, although the formula is
rather complicated. Thus, even in the case of three attributes,
2 x 2 submatrices play an important role in measuring the
degree of statistical independence. However, compared with
two dimension cases, the contribution of the concept of the
derminants of submatrices are weaker.

It will be our future work to search for the corresponding
determinants for 2 x 2 x 2-data cube.
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