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Abstract: Traditional Fourier Descriptor suffers the 
drawback of being sensitive to translation, rotation and scale 
transform. This paper presents a new method of shape 
representation, Polygon Fourier Descriptor (PFD), which 
can achieve the invariance on translation, rotation and scale 
transform naturally and without need of a process of 
normalization. By applying polygonal approximation to the 
contour firstly, the contour can be represented more 
efficiently. Moreover, PFD is robust enough to represent the 
contour even if some transformations happened to it. Finally, 
we apply PFD to the recognition of static gestures and obtain 
satisfying results. 
 
1. Introduction 
 

In the object recognition or image processing, contour 
shape often plays a very important role for recognizing the 
object efficiently. Human being can obtain much useful 
information of object by means of observing its contour. 
However, computer cannot understand the image unless its 
information has been represented in a quantitative way. Thus, 
how to represent the contour efficiently has been always one 
of the most important problems in the field of image 
processing and computer vision [1]. 

Till now, there are a number of ways to represent the 
contour, for example, Freeman Chain Code[2], moment 
invariants[3][4] and Fourier descriptor[5]]. From Zhang[1]’s 
theoretical analysis and Kauppinen[9]’s experimental result, 
it can be said safely that Fourier descriptor (FD), which 
represents the shape of the object in the frequency domain, is 
one of the most effective methods for the shape 
representation. 
 In the traditional FD method, each point Pk（xk, yk）on the 
contour can be expressed as a complex number, s(k) = xk + j 
yk , where j is the square root of -1. The Fourier transform 
will be applied to those complex numbers .The contour of 
object is represented by a series of Fourier descriptors. The 
calculation of traditional Fourier descriptor is often time-
consuming and it always suffers the drawback of being 
sensitive to translation, rotation and scale transform. To 
obtain the invariance on translation, rotation and scale 
transform, some methods have been proposed, one of which 
is that the phase information of FD is removed and only the 
magnitude of FD is used to represent the object’s contour. 

Although this method is simple, sometimes it will lead to 
recognition error duo to the loss of phase information that 
may includes some important information about the contour 

[10] for recognition.  
In Keyes’s paper[11], rotation normalization is achieved 

by finding the two coefficients with the largest magnitude and 
setting their phase angle equal to zero. In order to keep the 
orientation and the starting point of the contour defined 
uniquely, z(1) and z(2) is often assumed to be the two largest 
coefficients. However, it’s generally not the case that z(2) is 
the second largest coefficient of magnitude[11].  Folkers and 
Samet[7] set the first Fourier descriptor z(0) to be equal to 
zero which moves the centroid of the contour onto the origin. 
As a result, the information of z(0) is discarded though it is 
very important for expressing the global character of the 
contour. Besides, rotation invariance is obtained by using the 
orientation of the basic ellipse, which leads to an ambiguity 
of π radians. Therefore, the rotation invariance is only 
rotation invariant modulo a rotation byπradians[7]. Beside, 
traditional Fourier descriptor is also sensitive to the starting 
point.  

From the introduction, we can see that how to achieve 
invariance on translation, rotation, scale transform and even 
start point simply and efficiently is still an open problem. In 
this paper, we propose a new descriptor, Polygon Fourier 
Descriptor (PFD) that tries to solve the above problem.  
 
2. Polygon Fourier Descriptor 
 

Contour is composed of a series of pixels, in which there 
is usually lots of redundant information and noise that should 
be removed firstly. One of effective methods to remove noise 
is polygonal approximation. After the polygonal 
approximation, Fourier transform will be employed to 
calculate PFD. 

The framework of the calculation of PFD is presented in 
Figure 1. In the following subsections, all steps will be 
explained in detail. 
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Figure 1.  Calculation flowchart of PFD 

 
2.1. Polygonal approximation of the contour 
 

In this work, a Douglas-Peucker (D-P) approximation 
algorithm is adopted for polygonal approximation. The basic 
principle of D-P algorithm is that the chord of arc is used to 
approximate the contour with required accuracy. The 
approximation accuracy is determined by the largest distance 
between the point in the arc and the chord of the arc. Detailed 
description of D-P algorithm can be found in [12]: 

The approximate polygon of the contour will be obtained 
with certain approximation accuracy ε . The original 
computational complexity of D-P algorithm is O(n2). An 
improved version was proposed by Hershberger and 
Snoeyink[13], in which a worst-case running time is 
proportional to nlogn, and it has been adopted by this paper.  
 
2.2. Complex number series for Fourier transform 
 

In traditional Fourier descriptor or most modified versions 
of it, the coordinates of the contour points are used to 
calculate the Fourier descriptor. Unlike traditional method, 
we construct the complex number by using the connecting 
line between the vertex and the centroid of the polygon. 
Firstly, we define vkC as the connecting line between vertex 
vk and centroid C, ωk as the angle formed by vkC and the 
main axis, ranged from –180 degree to 180 degree, and lk as 
the length of vkC. And then, the corresponding complex 
number f(k) can be formed by f(k ) =ωk + lkj.  

Obviously, given the values of the angleωk and the length 
of connecting line lk, a unique vertex can be determined. The 
position of centroid can be computed by Eq.2.1, where mij 
represents (i + j) order moment of the shape.  

1 0 0 1, ( 2 . 1 )
0 0 0 0

m m
x yc cm m= =

 

The main axis of the approximate polygon is determined 
through the method described as follows. Firstly, the length 
of connecting lines between each vertex and centroid should 
be calculated, and then the direction of the connecting line 
with the largest length is defined as the direction of main axis. 
If there is more than one line with the largest length, we 

choose the line with the smallest angle to X axis’s positive 
direction in the counterclockwise direction to be the main 
axis. 

Furthermore, in order to keep invariant, the length 
component lk is set to be the relative length to the main axis’s, 
i.e. lk = |vkc| / |length main|. The value of lk ranges from 0 to 1. 
Considering the different value scope of the angle component 
and the length component, a normalization process is applied 
toωk by defining kω = kω /360.  

Consequently, no matter how the position of contour 
changes, the value of PFD will not be influenced. Similarly, 
the invariance to rotation and scale transform can also be 
achieved naturally, since the values of ωk and lk would not 
change even if the image is rotated、enlarged or reduced.  
 
2.3. Robustness of PFD 
 

It should be noted that, in the process of polygonal 
approximation, the approximate polygon of the contour 
usually has different number of vertices due to the different 
approximation accuracy. PFD should be robust enough so 
that those contours, which have similar geometrical 
characteristics but different polygon vertices after polygonal 
approximation, can be represented identically. 

To enhance the robustness of PFD, a number of additional 
lines are inserted between the adjoining connecting lines of 
vertex and centroid by a certain interval angle. As shown in 
Fig.2, the points A and B are two neighboring vertices on the 
approximate polygon, and the centroid of the polygon is O. 
The angle between the connecting lines OA and OB is labeled 
by α, and the interval angle used to insert additional lines is 
β .The inserted lines intersect the line AB at points C, 

D, …and G respectively, the number of which is α
β

⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

, i.e., the 

largest integer that not larger thanα/β.  

 
Figure 2.  Insert lines between adjoining connecting lines 

 
As for the length of inserted line, e.g. |OC|, it can be 

deduced according to the formula of the area of triangle. The 
length of other inserted lines can also be worked out like |OC|. 
Eq.2.2 is the general formula for the calculation of the length 
of inserted lines. 

| | * | | *sin
|

| | *sin( * ) *sin( * )

OA OB
OI

OA i OB i

α

β α β
| =

+ | | −
                 (2.2) 
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where |OI| is the length of the i-th inserted line and i is set to 

1,2,…… α
β

⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

.   Then, we can build new complex numbers by 

f(xi) = (i*β)+|OI| j,  i=1,2,…… α
β

⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

.  

Finally, these new complex numbers, together with those 
complex numbers previously formed by connecting vertexes 
and centroid, are applied by Fourier transform to generate the 
Polygon Fourier Descriptor series. 
   
3. Experiments 
 

In order to testify the availability of PFD, we apply it to the 
recognition of static hand gestures in our experiments. Firstly, 
twelve different static hand gestures are designed as templates 
in Fig.3 in which the above row contains twelve gesture 
contours, and the second row includes the corresponding 
approximate polygons of the contours above. 

 

 
Figure 3.  The twelve hand gesture contours and their 
approximate polygons 
 

In our first experiment, the invariance on translation, 
rotation and scale transform of PFD was testified. Firstly, one 
contour was selected from the twelve templates randomly and 
some combined transformations were applied to it, and then 
PFD of the transformed contour was calculated. We can test 
the invariance of PFD by matching the transformed contour 
with those templates.  

In order to do matching by PFD, the Euclidean distance 
was adopted to calculate the distance between transformed 
contour and each template, as shown in Eq.2.3,  

 
1

2

0

( , ) ( ( ) ( ))
N

i i
i

d is A B M O D A M O D B
−

=

= −∑
                 （2.3） 

where A and B are characteristic vectors with the same 
dimension N. 

In the experiment, template f was selected randomly and 
applied various combined transformations (see Table 1). 
After the combined transformation of rotation and scale, 
random translation was applied too. Subsequently, these 
transformed contours were approximated by D-P algorithm 
with same accuracy. The approximate polygons of 
transformed contours, labeled by fij, are shown in Table 1. 
Each approximate polygon fij was matched with the twelve 
templates by way of PFD, that is, first 20 Polygon Fourier 
Descriptors were adopted to calculate the distance according 
to the distance formula Eq.2.3.  

Figure 4 illustrates the matching result that achieves high 
correct ratio, and all transformed templates are matched to the 
target correctly.  

 
Table 1.  Approximate polygons of the transformed templates 

angle of rotation 
  scaling 40° 110° 240° 330° 

50％ f11 f12 f13 f14

150％ f21 f22 f23 f24

400％ f31 f32 f33 f34

 
 

 
Figure 4.  The graph of matching result 

 
In order to compare the representation ability of PFD with 

traditional FD, in our second experiment, all twelve templates 
were transformed by those combined transformations 
described in Table 1, and calculated their traditional FD and 
PFD respectively. The normalization of traditional FD was 
achieved through the method used by Laura and Adam [10]. 
Then, we selected the first 20 traditional FDs and PFDs 
respectively as the input data to do matching according to 
Eq.2.3. Matching results of traditional Fourier descriptors and 
PFD are shown in Figure 5.    

 

 
Figure 5.  Comparison graph between PFD and traditional FD 
in correct matching ratio 
 

Fig.5 shows that PFD achieves a higher correct ratio than 
traditional Fourier descriptor under the similar conditions, 
and thus it can be concluded that PFD has a more powerful 
ability of representation. 

As for the computational cost of PFD, we can see that the 
total number of vertices and inserted lines is much less than 
the pixel number of the contour. Besides, there is no need of 
additional normalization process in PFD to achieve the 
invariance on rotation, scale and translation.  
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4. Conclusion 
 

In this paper, we present a new approach, Polygon Fourier 
Descriptor, to represent object’s contour. At the beginning, 
polygonal approximation is applied to the contour in order to 
remove the redundancy and noise from it. Because only 
vertices and some inserted lines are used to calculate PFD and 
additional normalization process is avoided, the 
computational cost of Fourier transform is reduced 
remarkably. Moreover, unlike most modified versions of 
traditional FD, PFD uses the relative value of angle and 
length to form complex number, which makes the invariance 
on translation, rotation and scale transform achieved in a 
natural way without losing any information.  

According to the experiments and their results, it can be 
seen clearly that Polygon Fourier Descriptor has such 
characteristics as follows: 
  1). Invariant to translation, rotation and scale transform, and 
independent of starting point. Especially, the invariance is an 
inherent characteristic of PFD, that is, additional 
normalization process can be omitted. 
  2). Can be calculated more simply and quickly than 
traditional Fourier descriptor, and proved effective in gesture 
recognition. 
  3). Robust enough to represent the contour even if the 
contour is approximated by different approximation accuracy 
or some transforms are applied to it. 
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