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Abstract— Occasionally there have been long debates on
whether to use elitist selection or not. In the present paper
the simple (1,A) EA and (1+)\) EA operating on {0,1}" are
compared by means of a rigorous runtime analysis. It turns out
that only values for \ that are logarithmic in n are interesting.
An illustrative function is presented for which newly developed
proof methods show that the (1,A) EA—where A is logarithmic
in n—outperforms the (1+\) EA for any \. For smaller offspring
populations the (1,\) EA is inefficient on every function with a
unique optimum, whereas for larger A the two randomized search
heuristics behave almost equivalently.

I. INTRODUCTION

Evolutionary algorithms (EAs) belong to the broad class of
general randomized search heuristics. Their area of application
is as huge as their variety and they have been applied in
numerous situations successfully. Among the best-known and
simplest EAs are the (u+A)EA and (u,A)EA [1]. The “p”
indicates that a parent population of size p is used, whereas
“X” denotes the application of an offspring population of
size A. Whether the elements of the descendant population
are selected either from the parent and offspring population or
from the offspring population only is indicated by “+” and *,”
respectively. Thus, for the comma strategy necessarily A > u
(for A = p, there is actually no selection).

Runtime analysis started with very simple EAs such as the
(1+41)EA on example functions [2], [3]. Nowadays, one is
able to analyze its runtime on practically relevant problems
such as the maximum matching problem [4]. However, for
more complex EAs and (typical) example functions, the ef-
fects of applying either a larger offspring or a large parent
population size were investigated theoretically [5], [6]. In this
paper, we aim at a systematic comparison of the plus and
the comma strategy with respect to the offspring population
size. These investigations improve our ability to choose an
appropriate selection method, which has been debated a long
time. Furthermore, they contribute to the discussion on the
effects of selection pressure in evolutionary computation. In
order to concentrate on these effects we consider simple EAs
that allow for a rigorous analysis, but avoid unnecessary
complications due to the effects of other EA components. Here
we consider the maximization of pseudo-Boolean objective
(fitness) functions f : {0,1}" — R, n € N. We investigate
the following optimization heuristics, known as (1+\) EA and
(1A EA, using a parent population of size one and standard
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bit-mutation “mutate, ;,, ()", where each bit of = € {0,1}" is
flipped independently with probability 1/n, cf. [1], [5].

(1+M) EA and (1,A) EA

1) Set¢:=1 and choose x; € {0,1}" uniformly at random.
2) Sett:=t+ 1 and let
Ye,1 := mutatey /, (Te-1), . . ., Yz, 1= mutatey s, (2¢-1).
3) Choose y; € {y1.1,...,y:,1} arbitrarily among all
elements with largest f-value.
(I+M) EA: If f(y:) > f(x¢—1), then set z;:=1y;,
else set x;:=x_1.
(1,LA) EA: Set z;:=1y;.
4) Goto 2.

The number of f-evaluations which are performed until the
t(n)™ step is completed, equals 1-+\-(t(n) —1) for t(n) > 1.
In contrast to the (1+A\) EA, the (1,\) EA occasionally accepts
an element that is worse than the previous one (unless the func-
tion to be optimized is constant). This can avoid stagnation in
local optima. However, it may also cause a slow(er) movement
towards global optima. It was often argued that the difference
between an elitist (1+)\) EA and a non-elitist (1,\) EA is
less important in {0,1}", e.g. [5]. Here we will point out in
detail when this is correct—but we also demonstrate when
this is definitely not the case. More precisely, in Section III
we show that a comparison of plus and comma strategy is
interesting in particular for offspring populations of size A
with In(n)/14 < A = O(Inn). Investigating A = 1 for
the (1+)\) EA does make sense, but for the (1,\) EA it does
not: For any A < In(n)/14, the comma strategy indeed
fails to optimize any function with a unique global optimum.
Furthermore, for A = w(Inn) (i.e., Inn/A — 0 as n — o0) it
is rather unlikely to observe any difference in the populations
of the (1+\)EA and the (1,A)EA in a polynomial number
of steps. These observations are applied and extended for
a simple (unimodal) example function and (asymptotically)
tight bounds on the heuristics’ runtimes are obtained. In
Section IV we extend the well-known proof technique of
f-based partitions such that it can be applied to (1+A) EA and
(1,A) EA. With the help of this method we demonstrate the
algorithms’ different strengths and weaknesses. Namely, for a
simple (multimodal) example function we apply the method
and demonstrate the possible major disadvantage of the plus
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strategy compared to the comma strategy. The runtime bounds
to be presented are again tight. We finish with a summary
and some conclusions in Section V and continue with some
preliminaries in the following Section II.

II. PRELIMINARIES

The efficiency of a randomized algorithm is (usually) mea-
sured in the following way. For x € {*+";%, "} let T}, (z)
denote the random variable which corresponds to the number
of function evaluations—the runtime—of the (1xA\)EA to
create an optimum of f, : {0,1}" — R, n € N, for the
first time, where the initial element is z € {0,1}". (We can
ignore a stopping criterion and analyze an infinite stochastic
process.) If for a sequence of functions f = (f1,..., fn,.-.)
the expected runtime of the (1x\) EA to optimize f,, namely
> wefo1pn BT}, A(2)]/2" (since the initial element z is
chosen uniformly at random), is bounded by a polynomial
in n, then we call the (1x\) EA efficient on f, whereas we
call it totally inefficient if the probability that an optimum is
created remains exponentially small even after an exponential
number of steps. In this case, a polynomially bounded number
of (parallel) independent multistarts of the algorithm is still
totally inefficient. For the notations on asymptotics see [7].

III. SMALL AND LARGE OFFSPRING POPULATIONS
A. Small Offspring Populations

We take a closer look at the smallest possible offspring pop-
ulation size. On the one hand, the (1+1) EA (can reasonably
be applied) optimizes any function in an expected runtime
O(n™), and functions are known where it needs an expected
runtime O(n™). On the other hand, the (1+1) EA optimizes
any linear function in an expected runtime O(nlnn), and it
needs an expected runtime ©(nlnn) if the linear function
has a unique global optimum [2]. In contrast, the (1,1) EA
(cannot reasonably be applied) optimizes any function in an
expected runtime O(2"), but it also needs an expected runtime
©(2") if the function has a unique global optimum [3]. This
is because the closer the search point x; of the (1,1) EA is to
the unique optimum, the larger the probability of x,; to be
located farther away from the optimum. Let us consider the
(1,A) EA with larger offspring populations, yet A < In(n)/14.
We demonstrate that a strong drift away from the optimum
still exists. Namely, if x; is reasonable close to the optimum,
then with a large probability all elements in the offspring
population are even farther away from the optimum. Since
comma selection is applied, one of these elements becomes
Z¢41- Thus, it is time-consuming to create the optimum.

Theorem 1 Given a function f : {0,1}" — R with a unique
global optimum z' € {0,1}" and A\ < e(n)ln(n)/7 with
e(n) € [7/Inn,1/2], with probability 1 — 22" """ tpe
(1,A\) EA needs a runtime larger than ' " 4o optimize f.

With e(n) := 7/Inn we obtain for the (1,1)EA a lower
bound on the runtime to optimize f of 2*("™) which holds
not only in expectation (cf. the result in [3]) yet also with an

overwhelming probability. Even the (1,[In(n)/14])EA (i.e.,
we choose €(n) := 1/2) is still totally inefficient.

To prove Theorem 1, we recall a result on Markov processes
(and drift). A Markov process M on m < oo states, namely
0,...,m —1, is described by a stochastic mxm-matrix P of
transition probabilities (P; ;, 0 < ¢,j7 < m — 1: probability
to transit from state 7 to state j) and a stochastic row vector
p € [0,1]™ of initialization probabilities (p;, 0 <7 < m — 1:
probability to initialize in state 7). The i*" entry of the
stochastic row vector pP*~! corresponds to the probability
of M being in state i after the ¢** step for 0 < i < m —1 and
t > 1. For more detailed investigations of Markov processes
see [7]. The following result was proven in [4] and goes back
to a result in [8].

Lemma 2 Given a Markov process M on m states, a state
£e{0,...,m—1}, and a(?),5(€),v(¢) > 0, if

D Sy e 00D <1-1/B(0) Vie{o,.... 4},
2) Y pig e OGO <14 (0) Vie (..., m-1},
then the 0% entry of the m-vector pP*~" is bounded from
above by t- e~ 3(0) - (1+4(0)) + X520 ;-

In the following we prove Theorem 1:

Proof: The runtime is larger than 1 + A - (¢(n) — 1) >
t(n), if the unique optimum z’ is not created in the first
t(n) steps. We assume that, once the (1,\) EA has created 2/,
afterwards x’ would be kept forever. Thus, we are interested in
the event T gui-stn) | = 2’. If its probability is 2*9(”175(")),
then we obtain the claimed result.

We describe a Markov process M on n + 1 states with the
following property. At least with the same probability, M is
in a state 4,...,n after ¢(n) steps as the (1,A\) EA generates
an element x,,) with Hamming distance H[x(,),z'] > i
from the optimum z’. If this holds for all i € {0,...,n},
the (1,A\) EA generates the optimum at most with the same
probability as M reaches state O (in a given number of steps).
With p; := (") /2", M has the desired property for t(n) = 1
(even equality holds). If M is in state ¢ after t(n) steps,
with at least the same probability holds Hixy,),z'] > 4 for
the (1,A)EA with z;(,). In this situation, assume that the
probability of creating x;(,)41 is bounded above by p; <;,
where H[z(n)41,2] < j. Ensuring pjo + -+ +pij > pi<j
is sufficient, so that M has the desired property also in the
following step. For j < i we set p; ; to (at least) the maximum
of the probabilities that an ;) generates Ty(,)41 With
H[z(n)41, 2] = j, so that the inequality holds for j < i. We
set po,0 := 1 and the inequality holds for 7 = 0. We set p; ;41
for ¢ > 1 to (at most) the minimum of the probabilities that
Ty(n) generates Ty ()1 With H[2y ()41, 2] > i+1. Moreover,
Dij = 0 fOI'j 2 ’L+2 a well as Dii = 1_pi,i+1 —Z;;é Dij»
so that the inequality holds for j >4 and ¢ > 1.

In order to apply Lemma 2 for M with ¢ := |[n!=¢(")],
a(l) :=6/5, B(£) := 32¢, and y(¢) := 1, we have to prove
that the following two conditions are fulfilled.

D) Y gpiy - e OB <1 —1/(32[n! =) for all
ie{l,...,[nt==M™| —1}.
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Firstly, we consider j < 7 and an element = with H[x, '] =
1+ k, 0 <k <n—1 In order to decrease the Hamming
distance from the optimum to j, for at least one of its A
offspring, ¢ + k — j out of ¢ + k specific bits must flip.
Hence,

pi; < max{\- (i_ﬁfj)/n”k*j | ke{0,...,n—i}}
S A (,i])/nqij 9

since (l:,tf]) (zi]) : % < (Zij) - nk.

Furthermore, with (Zi]) < 4'77 it holds

- ()i < A i
< A-n(Em)Ed) jpici — L)

Secondly, we consider j = ¢+ 1 for ¢ > 0 and an element
x with Hz,2'| =i+ k, 0<k<n-—i.

o For k = 0 it is sufficient that each of its A offspring
equals = except for one bit which is flipped such that
the Hamming distance to the optimum is increased.

o For k > 1 it is sufficient, that each of its A offspring
is a duplicate of .

In these cases, the Hamming distance to the optimum is at
least 7 + 1. Hence,

min{ (") - (1 -
(6/17)*

because (1—1/n)" > 6/17 and (n—i)/n-(1—1/n)"~1 >
(n—n'=7/1nm) /(en) > 6/17. Furthermore, using the fact
that In(6/17) - 1/7 > —1/6, we have

(6/17)*
It remains to prove that 27 LA ne(m)(i=0)(6/5)-(i=d) 4
(1—n—s(m)/6 _ Z;ZB,\ nfs(ﬂ)(l 7)).e(6/5)0 4 pp=e(n)/6.
el6/5)(=1) <1 — == /32 for 0 < i < [n'==(],
By an index transformation and due to the convergence
property of infinite geometric series

Z)\ n—smig¥ <)\Z

follows. Furthermore, with A < e(n) In

A e(n)In(n)
neMe—6/5 __1 — Tpen)e—6/5 _ 7 —

1

DL A=Y

Pii+1 = =

(Y

> (6/17)5(71) In(n)/7 > nfs(n)/G )

B A

g(n)€5 5
neMe—35 — 1

(n)/7 it holds
ans(n)/G
3

since £(n) > 7/1nn and furthermore, with ¢5(?)1n(n)/6 >
1+ 5e(n)In(n)/6 it is

14 5 14
0 < e(n)ln(n) (g'g-e’g—l)jug(e*%_ef%)
14 5o 14 _etn
< 3 e 5 n é)—g' 7(6)—5(n)1n(n)
on— =62
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Since

i—1
1—p-c)/6 _ Z N-n eI < pmem)/6
j=1

the inequality mentioned above is fulfilled with
2n—e(n)/6/3 + (1 _ n—s(n)/G + n—e(n)/6€—6/5 <
1—n=5(M/6/32 < 1—pn=(1=2()/6 /32 gince £(n) < 1/2.
S i e—(6/5)(i=1n' =) < 9 all
i€ {[nt==™)], ... n}.
Similar to the proof that the first condition is met, we
have p;; < X - n=em '] =)) for j < 4. Thus,
ZW L L) (Int T =) o (6/5)-(Ln' T2 =)

) e e WP (O B R L
2n*6<") 6/34+1<2for [n'—=™| <i<n.
To apply Lemma 2 we must finally estimate Zf;é p;. Since
(< |nt==M | < |n/e”]| with e(n) > 7/Inn,

2) for

o 1 [n/e7 -1
/2” Z (7)/2n§n (Ln7e7J)/2n
j:0 7=0
en \n/e’ 7 .
<n- ( ) /2n _ elnnJrSn/e —nln2 - 6771/3 )
- nj/e’ =

Now, applying Lemma 2 with ¢ = L2”17£(n)J leads to a prob-

ability of at most |27~ | . ¢=(6/5):1n' "1 3o p1c(m)| .
(1+1)+e /3= 2=2n" """ that M reaches state 0 in the
first 27" | steps. ]

B. Large Offspring Populations

With an offspring population size \ of any appreciable size,
the (1+)) EA and the (1,\) EA will not differ significantly in
the way they search {0,1}". This was claimed in [5] since in
this situation ...the offspring population will almost surely
contain at least one exact copy of the parent. We extend
this statement and make it more precise in the following.
Therefore, let f be a function and for ¢(n) > 1 let

T1,Y2,15---5Y2,0, Y2,

Tt(n)s Yt(n)+1,15 - - -

be a sequence of (A + 2) - ¢(n) elements from {0,1}". The
(1x\) EA observes s;(,) (while optimizing f) if with positive
probability the following holds: The elements 1, ..., Ty)
appear as the first t(n) parents and, for ¢t € {2,...,t(n)+1},
Y can appear as the selected offspring out of the A offspring
Yt,15--->Yex Of T4—1. We consider a sequence sy(,,) observed
by the (1xA\) EA. Recall that the (1x\) EA and the (1*\) EA
differ only in step 3, where * denotes the other of the two
symbols {“ 4 ;¢ "}

Ifvte{2,...,t(n)} : f(yt) > f(z¢—1), then the condition
in step 3 is always fulfilled. The (1xA)EA and (1x)\)EA
observe with equal probability: the same z; and with the
same parent x;_; the same sequence of offspring y; 1, ..., Y,
and even the selected offspring y; is determined identically.
Thus, the (IxA) EA and (1x\) EA observe the sequence sy(y,)

Sf(n) T2,Y3,15---5Y3,X,U3,

cey

s Yt(n)+1,0 Yt(n)+1
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with equal probability while optimizing f. The set of these
sequences is denoted by S+

If3te{2,...,t(n)}: f(yt) < f(xt 1), then the condition
in step 3 is in step t not fulfilled. In case f(y:) < f(x¢—1)
also y; # w41 and the (1xA\) EA and (1x)\)EA surely select
different elements to be ;. Thus, the sequence s, is not
observed by the (1xA) EA while optimizing f. The set of these
sequences is denoted by Sy t(n)-

We bound the probability to observe a sequence of S+ L)
by the (1+A) EA and (1,A\) EA. If at least one of the offsprlng
Yt,15- - - Ye,x 1 a duplicate of its parent x;_1, then necessarily
f(yt) > f(zi—1). Its probability is bounded from below by
1= (1=(1=1/n)")* > 1= (1—6/17)* = 1—(11/17)* for n
large enough. With probability at most (t(n) — 1) - (11/17)%,
this does not happen for at least one t € {2,...,¢t(n)}.

Lemma 3 Given f : {0,1}" — R and n large enough, with
probability at least 1 — (t(n) — 1) - (11/17)* the (1+)\)EA as
well as the (1,\) EA (with an arbitrary x1) observe a sequence
from S ;) for t(n) > 1.

This lemma helps to transfer success probabilities and even
expectation values for optimization from the (1+)) EA to the
(1,A)EA and vice versa. In particular, when the offspring
population is large — with respect to the period considered.

We consider a runtime of 4(n) with 1 < ¢(n) < 1+ A,
i.e. at most two steps. For any A, the (1x\) EA and (1x)\) EA
optimize a function f within the first (n) function evaluations
with equal probability in this case.

We consider a runtime ¢(n) with 2+ - (t(n)—1) < {(n) <
1+ A-t(n) for t(n) > 2, i.e. at most ¢t(n)+1 steps. Let £* be
the event that the (1x\) EA has not optimized the function
f in the first ¢(n) function evaluations. This event occurs
iff the (1xA\)EA observes a sequence s,y where all £(n)
elements  %1,Y2,1,-- -, Y2,0,¥3,1,- - Y3 X5 -+ Yt(n)+1,15 - - -
Yi(n)+1,6(n)—\-(t(n)—1)—1 are non-optimal. We decompose £*
into two disjoint events £}, that St(n) € Stf,t(n)’ and &3,
that s(,,) & Sf,f,t(n)’ i.e., 8¢(n) € Si f,¢(n)- As We have seen,
each sequence from S T f,4(n) OCCUIS with the same probability
for the (1x\)EA and (1%\)EA. Thus, Pr[&}] = Pr[&f] and
hence, Pr[€*] Pr[&3] + Prl&f] = Pr[&3] + Pr[&f]
Pr[&5] + Pr[£*] — Pr[&3].

Consider A > (5/2)-(14¢(n))-Int(n), where ¢(n) > 0. By
Lemma 3 the (1x\) EA and (1%\) EA observe a sequence from
Sf,f,t(n with probability at least 1 — (¢(n) — 1) - (11/17)* >
1—t(n)-(11/17)6/2) (te(m)nt(n) > 1 _t(n).1/t(n)' o) =
1 —1/t(n)*™ since In(11/17) - (5/2) < —1. So, a sequence
of S, f.4(n) is Observed with probability at most 1/t(n)*"™) by
the (1xA\) EA. Since &£ implies that the (1x\) EA observes a
sequence from S, ¢ 4(n), 0 < Pr[€3] and Pr[€5] < 1/t(n)*(™,
and hence, —1/t(n)¢™) < Pr[&5] — Pr[&£3] < 1/t(n)e™).

)

Theorem 4 Ler f : {0,1}" — R, x € {0,1}" and n large
enough be given.
1) For 0 < {(n) <14 X\ holds:

Pr(T} \(z) > £(n)] = Pr[T} \(x) > {(n)]

28

2) For 2+ \-(t(n) 2

and X > (5/2) E
Pr[T} 5 (2) > £(n)]

Pr[TfﬂA(m) > {(n)]

1) < £n) < 1+ A1),
14 ¢(n)) -Int(n), c(n)

Pr[T7 () > £(n)] + 1/t(n)*™
Pr([T} 5 (z) > €(n)] — 1/t(n)"™

where t(n) >
>0, holds:

<
>
The next section shows an exemplary application of this result.

C. Application to ONEMAX

Let us investigate one of the best-known functions, namely
ONEMAX : {0,1}" — R, where

ONEMAX(z) := |z| .

Even its analogue in continuous search spaces is well-studied,
e.g. in [9]. Part 1 of the following theorem was proven in [5]
(it even holds for the (1+\) EA with an arbitrarily fixed x,).
Let us consider a phase of

[3 maX{E[TgNEMAx,)\ (x)] | x e {07 1}77}/)\ + 67] = E)\

steps, each creating A offspring. By Markov’s inequality [7]
the (1+X) EA does not create the optimum in such a phase with
probability at most E[T}; onemax.a (@)]/(A-Ex) < 1/3 for every
. We observe, for A > 3Inn holds (5/2)-(141/7)-In Ey < A
since F/) < cn for an appropriate large constant c. Hence, by
Theorem 4.1, the (1,\) EA does not create the optimum in such
a phase with probability at most 1/3—i—1/E)1\/7 < 1/2,ie., with
probability at least 1/2 it does. In the case of a failure we can
repeat the argumentation. The expected number of repetitions
is upper bounded by 2 and we obtain part 3 of the following
theorem since 1+ 2 - A - Ex = O(max{E[Tg \axx(@)] |
x € {0,1}™}). Finally, part 2 of the following theorem results
by Theorem 1 since ONEMAX has the unique optimum 1.

Theorem 5

1) The expected runtime of the (1+\) EA on ONEMAX is
e O(nlnn) if A =O((Inn)(lnlnn)/Inlnlnn), and
e O(An) if A=Q(Inn).

2) If A < eg(n)ln(n)/7 for e(n) € [7/1nn,1/2], then with
probability 1 — 2= ) e (1,A) EA needs a runtime
larger than ' " o optimize ONEMAX.

3) If A > 31nn, then the expected runtime of the (1,\) EA on
ONEMAX is

e O(nlnn) if A= 0O((Inn)(Inlnn)/Inlnlnn), and

IV. OFFSPRING POPULATIONS WHICH ARE NEITHER
LARGE NOR SMALL

We present two proof techniques — one for the (1+)\) EA and
one for the (1,\) EA — which are inspired by the method of
f-based partitions from [10]. They demonstrate the different
strengths and weaknesses of the two selection strategies. The
original method of f-based partitions helps to upper bound
the expected runtime of the (1+1) EA to optimize a particular
function and is widely applied. Recently, this method was
successfully extended for a (u+1) EA in [11].
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Given f:{0,1}" — R and A, B C {0,1}", A, B # (), the
relation A <y B holds, iff f(a) < f(b) foralla € A, b € B.
We call Ay,..., A, an f-based partition, iff Ag,..., Ay, is
a partition of {0,1}", Ay <j --- <y A,,, and A,,, contains
optima only, i.e., f(a) = max{f(b)|b € {0,1}"} for each
a € A,,. Moreover, for i € {0,...,m — 1} let p(a), a € A;,
denote the probability that a mutation of @ is in A;11U---UA,,
and p(4;) := min{p(a) |a € A;}, i.e., p(4;) is a lower bound
on the probability to leave A; with a mutation.

A. (1+)M)EA

For the (1+)\) EA to leave A;, i < m, once and for all, at
least one of the \ offspring must be in A; 11 U---UA,,.

Lemma 6 Given f : {0,1}" — R and an f-based partition
Ag, ..., A, let

p=1— (1 —p(A) forie{0,...,m—1} .
The (1+X) EA (with an arbitrarily initialized x1) optimizes f
in an expected runtime of at most
1

1
1+/\.(7+_|_... })Tl

Do

+ )

Proof: 'We describe a Markov process M on m + 1
states with the following property. The probability that M is
in a state i,...,m after ¢(n) steps is at most the probability
that the (1+)\)EA generates an element @,y with xy(,) €
A;U---UA,,. If this holds for all 7 € {0, ..., m}, the (1+\) EA
generates at least with the same probability an optimum as M
reaches state m (in a given number of steps). We set pg := 1
and p; := 0 for ¢ > 1, so that M has the claimed property for
t(n) = 1 and arbitrary x1. If M is in state i after ¢(n) steps,
with at least the same probability () € A;U- - -UA,, for the
(1+X) EA with z4(,,). In this situation, it is impossible to create
an @y(n)41 € AgU---UA;_1. Moreover, p; is a lower bound
on the probability to create x;(,)41 € Aj41U---UA,, since it
suffices that at least one of A offspring is therein. Thus, we set
piji=0for0<j<i<mandi+2 <j<m,piiq ::pj,
and p; ; 1= 1—pj‘ for 0 <7 < m, and p,, , := 1. This ensures
that M has the desired property also in the following step.

The expected number of steps to move from state ¢ to state
m equals El =1 +p;r . Ei+1 + (1 7p;r) . El = 1/p;r +Ei+1
for i € {0,...,m — 1}, and E,, = 0. Thus, Ey equals
1/p$+---+1/p; _,. With the initialization and the \ function
evaluations in each further step, the (1+)\) EA optimizes f in
an expected runtime of at most 1 + A - Ej. |

For A = 1 we obtain the original result for the (1+1) EA
presented in [10]. We apply this method exemplarily to
ONEMAX. We consider the partition Ay, ..., A, with A; :=
{a||z| = i}. Then pi” > 1 — (1 — n=6)"

1- o 19“ en;(i(fgl) (cf. [5]). Hence, by applyin,

Lemma 6, the (1+)) EA optimizes ONEMAX in an expected
runtime of at most 1+ A"} % =O(nlnn+ An).
This already proves a major part of Theorem 5.1.

X(n—1)
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B. (LAM)EA

Theorem 4 enables us to easily transfer Lemma 6 to the
(1,A) EA. For steps which do not create a duplicate, we may
pessimistically assume that they lead to a disadvantage, or
we may optimistically assume that they lead to an advantage,
depending on whether we aim at an upper or at a lower bound
on the (expected) runtime.

Given f {0,1}" — R, let Ap,...,A,, be a (not
necessarily f-based) partition of {0, 1}" such that A,, consists
of optima only. Let the probability that a mutation of a € A;
generates some b

e in AgU---UA,;_1 such that f(b) > f(a) be denoted by

p~(a),

e in A;11U---UA,, such that f(b) > f(a) be denoted by

p*(a).

Thus, p~ (4;) := max{p~(a)|a € A;} is an upper bound on
the probability that an offspring is generated such that A; is
(possibly) left, but in the wrong direction (namely Ay U---U
A;_1 is hit) — even if a duplicate of the parent is generated.
Moreover, pT(A;) := min{p™(a)|a € A;} is a lower bound
on the probability that an offspring is generated such that A;
is left in the right direction, namely A;.q U---U A, is hit.

Lemma 7 Given f :{0,1}"—R and a partition Ay, ..., Amn
of {0,1}"™ such that A,, consists of optima only, let for
i€{0,...,m}

pr = max{(1-p(4)) - (1 - p~(A) — p+(4)),
p(Ai)’\} and
pr o= 1= (1—p (A)) + (B - pm(4) — p(4) .

The (1,\)EA (with an arbitrarily initialized x1) optimizes f
in an expected runtime of at most

1 1 1
I+A (F+—F——+ +—F—""—)
Py by +p1 Prm—1 +pm—1
pi +pr __.p;—1 + P
pi Pt

Proof: Note that p?’ is a lower bound on the probability
that the (1,A)EA with x,,) € A; generates an Zy(n)41 €
A1 U---UA,,, since — for this to happen — it is sufficient
that either

o at least one offspring in A;;; U---U A, with a larger
function value than each element of A; and no offspring
in Ag U --- U A;_1 with a function value at least as
large as the one of each element in A; are created
(the probability of this event is bounded from below
by S0, () pF (A - (1 —p(A) — pH(4) T =
(1=p(4))" = (1=p~(A) —p*(4)) ) or
all offspring are in A;11 U---U A, (the probability is
bounded from below by p(A;)™).

Moreover, p; is an upper bound on the probability that the
(1,A) EA with x4,y € A; generates Ty(,)41 € AgU---UA; 1,
since for this not to happen it is sufficient that

(2
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o at least one offspring in A; U A;4 1 U---U A, with a
function value at least as large as the one of each element
in A; is generated but no offspring in Ao U---U A;_1
with a function value at least as large as the function
value of an element in A;. The probability for this is
bounded from below by Z . (?) (6/17 + p*(A;)) -

A

(1=p(4) = (6/17+p" (A) " = (1=p(4))* =
(11/17 — p~(A) — p* (A ))/\ since the probability of
generating a duplicate equals (1 — 1/n)"™ > 6/17.

Let p, .+ denote the probability that the (1,A\) EA generates
2’ as next parent when z is mutated, and let 7, denote the
expected number of steps until an element in A,, is generated
(for the first time) when starting with z. Obviously, 1, = 0 if
x € A, Forx € A; with i <m,

Tz =1 + Z pz,m’Tr’ + Z pm,z’Tr’
' €AgU---UA; _1 /€A,
+ Z px,x’Tx’ .

/€A 1U--UA,

Since T, < max{T, |z € A; U---U A} =: T; (so that

T; > Tit1),
Tz < 1 + Z pI,I’TO + Z pz,z’Ti
z'€AgU---UA; _1 x' €A
+ Z Pz,x'Lit1 -

2/ €A 41U UAp,

As we have seen above, ), '€ A4 1U-UA,, Poa’ > P and

> eleAgu..UA,_, Pear < p; - Hence, for each z € A,
T, <1+4p; To+ (1 —p; —p))Ti+pf T -

Thus, max{T, |z € A;} < 1+p; To + (1 — p; —p )T, +
P Tiwr and with Ty1 < 14p; To+(1—p; —p ) Ti+p] Tia

T, = max{max{T, |z € A;},Ti11}
< l4p; To+(L=p; —p) )T+ Tipr .
Since T,, < Tp for all z € {0,1}", we are interested in an

upper bound on Tj.

We consider the following Markov process M on m + 1

states. For ¢ € {1,...,m—1} let p,o := p; , Piit1 = pi*,
pii = 1—p; —pf, and poo == 1 — pg, po1 = pg.
DPm,0 = Dms Pm,m = 1 — p,,. Moreover, let p; ; := 0 for
ie{l,...om—1}and j€{1,...,i—1,i +2,...,m}.

For the expected number of steps F; to move in M from
state ¢ to state m in fact F; > T;. We prove

1 1 1
Ey < -+ R
(pé Py 43 P+ i
pl+pr PP
T C T + E;
Py Pi—1

for all i € {0,...,m} by induction over i. With the first step
and the A\ function evaluations in each further step, and with
i = m, the (1,\) EA optimizes f in an expected runtime at
most 1+ A - Ey since E,,, = 0. Obviously, £y = Ejy, and for
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i = 1, it is readily seen that Ey = Fy/p{. Similarly, for the
estimation of E;,, we utilize that

Ei = 1+4+p;Eo+(1—p; —p/)Ei +pf Eisa
_ 1+p; Eo +pi Ei1
pi +p;
T e TR 2 A ey JRT R
Now, since ++ S o] o using the
estimate for E (1nduct10n) ylelds
p._
Ey-(1- ﬁ)
p; +p;
1 1 1 1
< (==+—=— = =
(p(-)'— pT+p1 P;'F—l + P pj_‘*‘pi )
PP PPy P Ein
2 P vl +p;
_ o
Finally, (1 — fT’p,) . % = 1, so that the claimed

b; i i
inequality holds also for 7 + 1. ]

We apply this lemma exemplary in the following section.

C. Application to CLIFF

A comparison of the (1+A\)EA and the (1,\)EA for the
optimization of a function f with a unique optimum is
interesting especially for A = ©(Inn): On the one hand, for
A < In(n)/14, the (1,A) EA cannot optimize f efficiently at
all. On the other hand, for A = w(Inn), it is impossible that
the (1x\) EA is efficient for f when the (1x)\)EA is totally
inefficient for f.

Let us investigate the function CLIFF : {0,1}" — R with

ONEMaAX(z) — [n/3]
ONEMAX(z)

if |z| >n—|n/3],

CLIFF(7) = { if |z < n—[n/3].

Its analogue in continuous search spaces has been studied in
[12]. Typically, the (1+X) EA waits for a long time at the cliff,
which consists of all elements x with |z| < n—|n/3], whereas
the (1,\) EA approaches the border of the cliff and, after a
short while, jumps over the cliff and hardly ever drops back.
The following theorem proves that the (1,A\) EA is efficient
with an offspring population size that is logarithmic in n,
whereas the (1+)) EA is totally inefficient for any offspring
population sizes. (The opposite effect could also be illustrated.)

Theorem 8

1) With probability 1 — 2= the (1+\) EA needs a runtime
larger than n™'* to optimize CLIFF.

2) If A < e(n)In(n )/7 for e(n) € [7/lnn,1/2], with
probability 1 — 2 Q(” =) the (1,A\) EA needs a runtime
larger than 7' " optimize CLIFF.

3) If A > 5lan, the expected runtime of the (1,\)EA on
CLIFF is O(e’).

4) The expected runtime of the (1,\)EA on CLIFF is larger
than min{n"/*, e/*}/3.

Proof:
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D

2)

3)

The (1+))EA with (), where |2;,)| < n — [n/3],
generates Xy(,)4+1, where [Ty 1] < n — [n/3] (case 1)
or |Xy(n)+1| > |Te(ny| + [1/3] (case 2) only. For case 2 to
occur, at least any [n/3] bits have to flip. The probability
that this happens at least once in |n™/*| mutations is
bounded from above by |n"/%| - 1/|n/3|! < n™/*.
(e/|n/3])n/3) = 2-9%nnn) Ag long as only case 1
occurs, the optimum is not generated. The probability that
for x; holds |z1| > n — |n/3] is bounded from above
by Z?:nftn/i’)j (M2 < n- (Ln%J)/Z”. Furthermore,

n- ( nn3 ) <n- n(nf]'n/GLF(i)/r(LT)LI”[;L?/)Tl)Jl(n7[n/$J+1) <

, where Stirling’s formula is

2 n["761.(5n/6)Ln/31=n/6]
2/n/3-(n/(3e))L7/2)
applied. Moreover, the former expression is bounded from
above by n2,2Ln/3J~(log2 (5/6)/2+log,(3¢)) < 22871/29. Hence,
S i tnysy (3)/27 < 2280729 o = 9790 and with
probability 1 — 2~2(nInn) _ 9=0(n) the (1+)X) EA has not
optimized CLIFF in runtime n™/* .
The result follows by Theorem 1 since CLIFF has a unique
optimum, namely 1.
For A > nlnn the result follows since the optimum is
generated with probability at least 1/n™ in each mutation
as at most n bits have to flip. So, let A < nlnn and ¢ :=
[InA/Inln A|. In order to apply Lemma 7, we distinguish
three classes of partitions A; and determine p;r and p; in
each case. Note that (11/17)* < (11/17)°!"™ < 1/n?.
a) A; = {z|]z| =i}, 0 <i<n-—[n/3] —1. Since
p~(4;) = 0 it holds

p; <1/n*for0<i<n—|[n/3]—1.
Moreover, (1—p~ (4;)* — (1—p~ (A;) —p*(4;)* >
>

1—(1-p"(4)) = [n/3] - (1/n)(1=1/n)""1 > 1/9,
and hence, (movement towards the cliff)

pf >1/9for 0<i<n—|n/3] -1

and (jump over the cliff)

+ Y
Pr—ins3j—1 =9

since we obtain (similarly to above) p(A,,_ |3 )N >
(ln/3] - (1/n)(1 = 1/m)"=H)A > (1/9)*.
Ao gy = (o= [n/3] il < Ja] < n—[n/3]+
(i+1)¢}, 0<i<|n/(120)]. It holds
L71/3J7(7?+1)Z)
‘
7

b)

p+ (A7L7L7L/3J+i) > en

since it is sufficient to flip exactly ¢ out of n — |z| >
[n/3] —(i+1)€ > n/5 specific bits of € A,,_ |, /3)+i-
Hence,

(Ln/3j;(i+1)€)

n Z
; > (#) — o~ tIn(e:5)—1

en ent
> e~ minx (InnA-InnlnA+ln5)-1 5 1

by
since (InA/InlnA) - (Inlnln A — In5) — 1 > 0. Fur-
thermore, we obtain (probable return to the cliff)

for0<:<1

<1-

- +
pn—l_n/3j+i pn—Ln/3j+i
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c)

and (improbable movement off the cliff)
+
pn— [n/3]+i
- A
(1=~ (An—tnss)41))
—(1=p (An—nszj+1) =P (Apns3j+1))

A
= > ()P (An_pnysy i)’

J
(1= p~ (An—ns3)4+i) — P (An—n/3)44))
+(Anf[n/BJJri)

_ A—1
1= p (An_ny3)+i) — 2 (An_n/3)44))
(6/17) /A for0<i<1

Y%

A=j

\%
—_3

v
=)

since ij(Anan/SjJri) > 1/)‘ and p~ (Anf[n/SjJrz) +
pt(An_|n/3)+:) < 11/17. Hence, we obtain

D (A7L7L7L/3J+i) < 1/(61)' < (e/(gz))lz

3lnlnAy.( InA ; .
< e~ (12222 (25— 1) < 1/)\31/4 )

for 2 < i < |n/(12¢)] since at least any ¢i bits have
to flip, for the last but one inequality holds e/(¢i) <
1/(e In®/4 A), and for the last inequality

In A 3lInA  3lnlnA  —-3lnA
- +1- + < .

Inln A 4 4 4
Thus,

_ A i/aA _3;
(1=p™ (An—nyagei) " 2 (1=1/A%4)7 > 1-A1780/1
and we obtain (improbable return to the cliff)
< AT/ L1 n? for 2 < i < |n/(120)]
as well as (probable movement off the cliff)
>(1= A3 — (1—1/0) > 12

for 2 <i < [n/(120)] .

Ay ny3)+n/20)+i = {zlr = n — [n/3] +
In/(120)]0 41}, 0 < i < [n/3] — |n/(120)]¢. It holds

_ A
(L=p ™ (An—n/3j+1n/a20))+i) " > 1/2
)f"/lfﬂ

Pr—|n/3)+i

+
Py [n/3]+4

1 A e
> (U= ) Zl’”([n/m
> 1—e™"

since at least any |n/(12¢)]¢ > [n/13] bits have to
flip. We obtain (improbable return to the cliff)

Prn/3)+|n/(120) ] +i
< e "+ 1/n%for 0<i<|n/3| —|n/(120)]¢
and furthermore, since pt(A,_(n/3)+|n/(120)]+i) >
(1/n)(1 — 1/n)"~t > 1/(en) for i < |n/3] —
[n/(12¢)|¢, we have (probable movement off the cliff)
+
Pr—|n/3]+|n/(120) ] +i
_ A
> (L=p (Au-pna)+in/a20)+4)
A
—(1 =27 (An-(ns3) 4 1n/0120)) 40))
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L—e) = (1= (/m-1/m1)

>
> 1/(3n) for 0 <i< |n/3] — |n/(12¢)]¢ .

As argued, Lemma 7 implies for the (1,\) EA an upper
bound on the expected runtime to optimize CLIFF of

n—|n/3]—-2
(1+)\-(( St t1+1
1=0
ln/(120)] -1 Ln/3)—|n/(120))¢
+( 2) + ( 3n)) )
1=2 1=0
n—|n/3]-2 1
w (). st
i=0 9 9
1 1
® - G G
A

[n/(126)] -1 %+(>\173i/4+

— )

=2
n —|n 0) |4
[n/3]—In/(12¢)] ﬁ+(617+n712)
© I ()
i=0 3n

The letters on the left identify the class of partition
investigated. The expression in the first line is bounded
by O(n2X), and (a) is bounded by O(1) - O(9*/n?) =
O(e®*/n?) since In9 < 9/4. The expression (b)
is bounded by (17/6)*\ - (17/6)*\ - O(eM*/\3) =
O(e™M4/)) since In(17/6) < 5/4 and

[n/(120)] -1

[

1 _|_ 2A173i/4 _|_ 2/n2

=2
[Inn] [n/(12¢)]—1
< Iz ] «+3/m?
=2 i=|Inn]+1
< n-2=0(MN3) .

Finally, the expression (c) is bounded by O(1). Therefore,
the (1,A\)EA optimizes CLIFF in an expected runtime
O(n2\) - 024 /n?) - O(e"M4A/N) - O(1) = O(e?).
4) By part 1), with probability 1—2~%(") the (1+\) EA needs
a runtime larger than min{n™/4, e*/4} to optimize CLIFF.
If min{n"/4,e*/*} < 1+ X, by Theorem 4.1, the (1,\) EA
needs a runtime larger than min{n"/4, e*/*} to optimize
CLIFF with probability 1 — 2~ > 1/3, too.
If min{n™/*e**} > 1 + A, by Theorem 4.2, where
c¢(n) = 3/5, the (1,A)EA needs a runtime larger than
min{n"/* e**} to optimize CLIFF with probability at
least (1 —272() —1/23/5 > 1/3 since 2 < t(n) < M4
and A > (5/2) - (14 3/5)Int(n).
Consequently, the (1,A\)EA needs an expected runtime
larger than min{n"/4, e*/4}/3 to optimize CLIFF.
|
It is worth to note that the proof of Theorem 8.3 implies the
following: For A > 51nn, the (1,A) EA creates the optimum of
CLIFF in runtime O(An?) with probability Q(e~>}), at least.

Let us take a short look at the multistart variant/extension of
EAs, where a particular EA A is (independently) restarted after
runtime £(n), denoted by Ag,). We observe the following
for A > 3In{(n) and polynomially bounded values of ¢(n).
If the (1+A\)EA(,) is efficient, then also the (1,A\)EAy,) is
efficient. And as we have seen, there exist functions where
the (1,A) EAy(,) is efficient, but the (1+A) EAy(,) is not. So,
in this situation and in case of doubt, one should prefer
the (1LA)EAg,). In cases when A\ < In(n)/14, however,
one should definitely prefer the (1+)\) EAy(,,). Thus, we have
obtained a somewhat general rule when to apply the comma
or the plus selection.

V. SUMMARY AND CONCLUSIONS

We have compared the (1,\) EA and the (1+)) EA operating
on {0, 1}™, and it has been pointed out why only the consider-
ation of offspring populations of logarithmic size in n are in-
teresting. For smaller values of A, the (1,)) is totally inefficient
on every function with a unique optimum, whereas for larger
values, the (1,\) EA and (1+)\) EA behave equivalently with
a high probability. These investigations have been exemplified
by ONEMAX. For the example function CLIFF, we have
analyzed rigorously when and why the (1,\) EA outperforms
the (1+)\) EA. Therefore, a simple but powerful proof method
has been developed. However, our results support — depending
on the offspring population size — the importance of a correct
choice of the selection operator.
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