
A Genetic Algorithm Based on Stochastic Crossover for DHCP 

A b s t r a c t  We introduce a genetic model based on 
stochastic crossover to solve the Harniltonian cycle 
problem (DHCP) for random digraphs containing 
a random Harniltonian cycle. The genetic model 
represents a new decision computational method 
inspired by the remark that  DHCP can be formulated 
as determining the compatibility of a quadratic 
system over the finite field GF(2) A (simple) 
genetic algorithm based on the stochastic crossover 
is experimentally compared with a randomized 
algorithm based on the Angulin and Valiant classic 
technique designed to find Hamiltonian cycles in 
random digraphs 

1. Introduction 
Genet~c algor ithrni ( G i i )  are probah~l~stic sea~ch 

algorithms inspired b j  mechanisms of natuial selection 
and genetics, introduced b> John Holland in the 1970s. 
The> haxe ieceived considelable attention because of 
the11 man> applications to sexeial ieseaich fields such 
as optimization, adaptihe contiol and otheis [23]. [28], 
L - J L  J 

i c c o ~  ding to the c lassic genetic algo~ ithrn theor J ,  the 
fittest indn iduals chiomosomes ale formed hj  meiging 
i h o ~  t definition length and small specificit) order allele 
schemata. \\hose fitness remains aboxe the aveiage fit- 
ness of the populations generated b> the genetic c> cles 
(Holland [23]. [28]. [29]). This centla1 iesult has in t~o-  
duc ed the concept of iepa1 a b i l ~ t ~  of the fitneii funct~ons, 
$5 1t1i lespect to sl.101 t ch~ornoiorn~c t r a ~ t i  that 1s lecog- 
n~zed [14]. [42]. [46] as a basic ploper t j  ~equiled to justif5 
the application of a genetic algorithm UIoie ~ecently, a 
nen class of maiginal distribution genetic algo~ithms is 
appeared in the literatuie [3]. [A] [ll] [12] [53] Such 
nen a l g o ~ ~ t h m i  based on rnodels lelated n ~ t h  the clas- 
ilc ones, consent to per f o ~  rn (state t1 ansit~on) effic~ent 
~rnplernentat~on for the assoc~ated ~nf in~te  populat~on 
genetic systems, the anal> sis of the ma~ginal dist~ibution 
genetic s> stems has shon n important analogies R ith a 
class of local optimizeis in nhich Hopfield Netno~lis 
[32] ale included. Note it is me11 ltno15n that Hopfield 
netx~or Its can be used to pro5 ide appr ox~rnated solut~oni 
foi hard optimization problems [31], hut theie are also 
algorithmic techniques that exhibit better theoretical 
error bounds and better experimental performances (for 
euarnple [25]). 

The class~c genet~c a l g o ~ ~ t h m i  (and those based 
on maiginal distilbution models) do not seem to be 
competitixe nith the specialized efficient optimization 
techniques [2]. [GI. [20]. [25], [52] designed to solxe 
ipeclfic h a ~ d  ploblerns [13]. [31]. T I  tiat ieerni to male 
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difficult the genetic algorithms appioach is that the 
plopelties of separabilit> and statistic independence 
requned (the second one In ma~ginal d~stribut~on G I s )  
bj  the class~c genet~c computation are not sat~sfied 
Thls prohlern 1s also connected 1r ~ t h  that of efficient 
lmplementatlon In case of Infinite populations slnce 
euponential complevit> seems to be i equired to i epiesent 
the states and consequentl'i the dynamics computation 
time of the genetic sjstemi Such rerna~lts rnotnate 
the need of des~gn~ng nex\ genet~c rnodels (plobabl~ 
replesenting approximat~ons of the true ones) aimed 
to p~ohide efficient computation methods to solxe haid 
optimization problems. Related noili connected nith 
the more recent dehelopment of maiginal distilbution 
G -Is, can be found in the literatu~e of the Estimation of 
D~itr~bution i l g o ~  ~thrns f o ~  an ~ntroduct~on the reader 
is refeiied to [38]. [40]. [45] [58] [59] 

i diffe~ent apploach adopted to applj genetic algo- 
rithrni to t i ad  opt~rn~zation ploblems tias been intro- 
duced in the 1980s considering chromosomes encoding 
permutations of I-air. alleles ( I  t N) instead of arbit iar~ 
binarj stiings. In this setting, man> autho~s  studied the 
problern of designing effec t15e genet~c ope1 ator i (depend- 
ing on the conside~ed specific prol~lern) able to exchange 
chr ornosornic traits p~eier x ing the per mutation itr 11c tur e 
[i]. [lo] [15] [lo] [I;-] [18] [19] [24], [2B] [27]. [30]. [33] 
[35], [XI, [39], [All. [43]. [48]. [49]. [50]. [Sl]. [55]. [SO] 
Rexiening the gieat amount of xhoili in the literatuie, the 
readel shall find that serela1 researchers haxe ~ecogn~zed 
that useful operators f o ~  ploblems iuch as the (Dnec ted) 
Harn~lton~an C j  cle Ploblem (DHCP) [31] 01 the Tr axel- 
ing Salesman P~oblem T S P  [13] do not haxe to pleseive 
order 01 positions as in the classic G -Is, but connections 
betxheen consecutlx e alleles in the chi omosomes In spite 
of all these efforts, as the authoi is axhale, it is not cleai 
ne~ther 11 hether the genet~c algor ithrni could replesent 
(efficient) optirn~zation techniques cornpet~t l~e  111th the 
(Itno\\ n )  best class~c rnetl.iods x\ hose per f o ~  mance can be 
theoi eticalll estimated (foi euample [2] [8] [20], [25] 
[52]), no1 xh hethei the genetic algorithm pal adigm could 
be reall\ used to impiove the results obtained b~ such 
(rnor e ipec ~alized) techniques. 

In this papel T\e introduce a genetic model based on 
stochastic ciossoxer to sohe (the SP-complete problem 
[31]) D H C P  for p-iandom digiaphs ['2]. [B], [13]. [20]. 
[31], [47]. [52] c onta~ning a (superposed) r andorn Harn~l- 
ton~an c~c le .  This class of grapl.1~ 1s conslde~ed both since 
is a natur a1 extens~on of the r andorn graphs and (main15 ) 
since in case of small edge densities ( p  = 0 ( y)) . the 
classic techniques. sucl.1 as those presented i n  [2]. [20]. 
are ~insucc essful (otlie~ 11as1c rnotl~atlons can be found In 
[h]). The genetic model ne present 1s c h a ~  actenzed b5 the 
non-classic propel ties that selection and ieplacement are 
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dete~ rnlnist~c pr oceiies. \\ Iiile the genet~c r ecornb~nat~on 
is peiformed b) a stochastic binaly opeiatol hose 
action can also depend on specific propel ties of the input 
instances (digraphs). The definition of the (clossoxer) 
opelato1 1s q u ~ t e  fle\~ble and includes the poii~bilit) of 
~ncor por a t ~ n g  other u n a ~  j oper at01 s sucl.1 ai  those used 
to find a i  long as possible s~mple paths. One of the 
main differences evhibited b) the model nith iespect to 
the classic genetic ones is that the ch~omosomes encode 
pelmutations (of heltices) In such a contevt, as \he 
hate ahead) discuised ahoxe. a (111nmJ ) recornb~nat~on 
ope1 at01 exchang~ng chrornosorne t~ a ~ t s  tias to complete 
them pleser ting the permutation structure. 4 specific 
implementation of the offspring chlomosomes completion 
is designed folloning tno main plinciples 

1) the connect~ons betsteen consecut~te t e ~ t ~ c e s  In 
the pment st hose first chrornosorn~c segment IS 

supelposed b> the corresponding tiait of the other 
parent in the child cop3 haxe to be pleseixed 

2) \\hen an allele is set in the chlomosome com- 
plement of a ch~ld and the connect~ons (bet\\een 
consecutlxe xelt~ces) In the parent cannot be pre- 
s e l ~ e d ,  the nevt allele 1s selected accold~ng to a 
stochastic greedy choice that depends on a small 
depth deterministic simulation of a nondetel min- 
istic x isit of a suitable subglaph 

The cornplet~on process (after the exchange of the 
trio initial segments of the parents chlomosomes) is 
inspiled 1,y some lemarlcs about the algeblaic nature 
of D H C P  In fact, n e  shon that the Hamiltonian cacle 
problem can be stated as the problem of determ~ning the 
c o r n p a t ~ b ~ l ~ t ~  of sorne q u a d ~ a t ~ c  ?)items oxer the finite 
field G F(2) Such f o ~  ma1 model can be coniide~ed a i  
alter natlxe to the other ones iuch as Nondeter rn~n~stic 
Tuling Machines [31]. 'Leiification llgorithms [13] and 
Integel Quadi atic Optimization Plogl ams [25] that mole 
frequently can be found in the literatule llthough our 
rernarlc 15 quite itra~ghtfo~\\ar d. f o ~  rnulat~ng D H C P  In 
iuch a n a j  suggeiti a nest computat~onal scherne to 
tr) to solxe the ploblem based on sea~cl.i~ng for. 135 
subsequent appi ovimations, a pel mutation tl ansfol ming 
the input instances into isomoiphic graphs containing a 
fixed unit Hamiltonian c3cle. [Ye shall introduce tno 
d~stinct genet~c algor~thrns the firit one 15 based on 
the prex~ouslj descr  bed ~rnplernentat~on of the 111nmJ 
itochastic croiiotel. sth~le the o the~ on ingulin and 
Ihliant heulistic [2]. Note that the lesults prox ided b) 
lngulin and 'Lhliant in [2] legard iandom digraphs and 
ale theoletical [Ye p1ox ide an expel imental ehaluation of 
the per f o ~  rnance of then algor ithrn (eten ~f ~n the con te~ t  
of a rnor e gene1 a1 i t  hema) i n  exper irnental cornpar ison 
betn een the tno genetic algol ithms is perf01 med. 

TT. Preliminaries 

A. Notation 
In the rest of the papel \he shall adopt the follon ing 

notation Let G = (1'. E )  be a dilected graph (diglaph) 
nith xertex set 1. = { l .  . . , I). edge set E C {(&. 
L~ # L ~ '  and L ~ , ~ '  E 1 ) arid adjacencj rnat~ix = 

[u! j]l 5 ,  J-i. 4 simple ([13]) path from xertey .i. to 
tertex L' is an ordered sequence ( L l .  . . . L b t )  ( e  > 2)  
such that (L17.Lq,+l) t E .  d.l # &J for 1 # 3 (7.3 = 

1 . .  . . . r )  and L = ~ '1  . d l  = Li The path 1s Ham~ltonian 
if e = 1 and, in such a case, if there exists the edge 
(dl. ) t E we shall also say that i: is (01 ieplesents) 
a Hamiltonian cycle. Note that if i: is Hamiltonian 
(r = I). then such sequence of 1 tert~ces denote also 
permutation ~1 : 1 1 defined 11y &(I) = L Z  for 
7 = 1 , . . , I  Throughout n e shall mean b) ~ 1 %  11y salie of 
conciseness and with abuse of notation. naths. cvcles and 
pel mutations. The meaning of the &-notation shall be 
clear fiom the contevt in n hich the s> mbol appears B> 
%(G) \\e shall rnean the glaph ~sorno~pl.iic (%(G) z G) to 
G obta~ned bj  relabel~ng the xer tices In G as spec~fied b) 
.i. The Harn~ltonian c j  cle (01 Harn~lton c ~ r  cult) ploblem - 

[31] consists in, given a diglaph G. deciding nhethei 
thele exists a Hamiltonian path & that visits each heltex 
in 1' evactl3 once and letulns to its staiting point. 

B. Bacliground 
The Hamiltonian Cycle problem fol random di- 

iected graphs (digraphs) [31]. denoted by DHCP,  is 
a SP-complete (decision) problem that has i eceived 
cons~derable attention In the l ~ t e r a t u ~ e  due to its mac- 
tical applicat,ions and to its cornput,ational struct,ural 
complexity properties. Recent,ly, a great deal of a-orlr has 
been dedicated to consider the problem of finding effi- 
cient solution algorithms in case of random (di)graphs. 
One of the first results about Hamiltonian cycles in (ran- 
dom) die~anhs is due to Pe~enelica 1441 \\ho int,roduced 

- 2  L ,  

randomized plocedules of time comple~ity O ( l i )  for 31- 
most cer t a~n l j  [2] find~ng HamiltonIan cj cles in d~graphs 

a - 
n ~ t h  at least cl- dlogl edges. sthere c 1s a sufficientl) 
large constant (throughout the paper bj 1 a e  shall denote 
the number of xei tices of the diglaphs) [Yright [5T] 
gaxe a non-algolithmic pioof-of the fact that almost all 
(r andorn) d~graph rr ith ~ ( l ) l ?  edges haxe a Ham~ltonian 
cjcle. \\l.iele b) O(1) \\e mean an) function such that 
O(1) + x as 1 + x .  Angulin and Ihliant [2] ploposed 
a pol3 nomial algorithm, of time complexit3 O(l(1og I)'). 
for almost ceitainl> finding a Hamiltonian cycle in a 
(r andorn) dig1 aph st 1tl.1 (at least) cl log 1 edges (in t h ~ s  no- 
tat~on c 1s also an unsnecified suffic~entl~ l a ~ a e  constant) " - 
Othe~  \\orlc ahout Hamiltonlan c~c les  in  diglaphs 1s due 
to TvIcDialmid [3T] nho presented a non-constructive 
pioof that lim,+, P r  (DGr is Hamiltonian ) = 1 foi 
dig1 aphs n it h L = 1 log 1 + lci edges and ci - log log 1 + 
x. Frieze [20] sho\\ed that for diglaph in DGL n ~ t h  
L = 1 log1 + lcl edges there e \ ~ s t s  a 0(11 ') pol~norn~al 
r andorn~zed algor~thm to find Harn~ltonian CJ cles n ~ t h  
piobabi1it.i e-"-' if c1 + c and nith probabilit> 1 if 
ci x (as 1 x ) .  

C .  Xngulin and 'lTaliant Heuristic 
lngulin and Ihliant plocedure denoted D HC, tl ies 

to construct as long as poss~ble sirnple paths 4 s t a ~  t ~ n g  
fiom an 1n1t1a1 landorn xerte\ LCi. Let .b' be the endpo~nt 
of d, the path 15 const~ucted b) ~ te~a t i t e l )  add~ng 
iandom xeitices adjacent to the endpoint &' Each time 
a nen iandom xei tex adjacent to &' is selected 
the collesponding edge (&' is deleted b> the input 
digr aph G. In the case i n  n hlch L 1s alread) In 4 and 
it IS sufficientl~ far fionl the endpo~nt &', a rotational 
tr ansf01 rnation is applied to t ~ a n s f o ~  m into a nea 
subpath and a cjcle &". othernise is simpl~ 
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d~scar ded. The rotational tr ansfor rnation computes the 
nen path as the subpath in s ta t ing  fiom &. and 
reaching the pledecessor of LL in k r  n hile the c j  cle kll 

is indiriduated bj the subpath (in k) s ta t ing  from & 

and ending In The endpo~nt 1s updated beconi~rig 
the last cei tex of the path iftei the application of 
the transformat~on nen iandom cei t~ces LL (adjacerit to 
the endpoint &I), being neithel in nor in ale 
appended to d' (along with a consequent updating of 
&sf) '\\'hen a random relteu is found to be in dl. it is 
s~rnply discarded. nhile if is in  a nen unique path is 
composed fiorn g' and appl~irig a second iotat~onal 
transforrnat~on This nen ti ansfoi mation is implemented 
joining the endpoint of d1 to the pledecessor of in dl1 

so constructing a new unique path i, (folmed by the 
rertices in d' and in d") The path d' and the cycle 

are discarded Thus, the piocedure cont~nues to add - 
random ceitices to the path g (delet~ng the edges 

d) from the input graph) alteinat~ng the applicat~on 
of the tno  rotational tiansfoi mat~ons, nhen iequ~red, 
until eithel a Hamiltonian c> cle is found or an endpoint 

is leached that does not hare adjacent reltices (in 
such a case DHC fails). 

' In e\arnnle ~ l l u s t r a t ~ n ~  hon the ingul~n and \allant - - 
procedme operates IS d ~ s p l a ~ e d  in  Figure 1 Fnst. \\e 
see a simple path from &. to &'  1 random relteu 
LL adjacent to & '  is selected this relteu & belongs to 
and is fa1 mole than $ - 2 rertices from (suppose 
1 = 7 )  Thus the path is split into a subpath and 
a cjcle &". -1fter that a nen landom rertex LL adjacent 
to the (updated) endpoint of IS selected slnce & 

IS neither In rior %lir IS apperided to (updat~rig the 
ne\\ endpoint) i ne\\ iandom \erte\ iL (adjdcerit to &I) 
is selected, is in &" and a unique path fiom &, to the 
predecessol of & in &" is composed. 

EJ uslng the ~ntertranslatiori cond~tions pro\ ided 133 
'Ingulin and \allant, then rnain iesult ([2], pag. 156) 
ma) be stated as follo\\s. 

Theoleml [2] If p c s ,  then DHC is a 
O(l(1og 1)" polj nomial randomized plocedure finding a 
Hamiltonian c j  cle nith plobabilit> 1 - O(1- ' )  (a > 0 
constant) in a glaph taken from DG,, for (sufficientl> 
large) i E N and \\here c E R +  is a sufficientl~ large 
constant 

TTT. Genetic hlodel 
Denote by 

oi; : Ri4[0 .1 ]  

a probabil~t~ d~s t r~ l~u t ion  ocei the set Ri = . 
of chrornosornes that are permutations of the 1 xert~ces 
in 1 Tie shall adopt notation &, = (&! I , .  . . .&, J )  to 
represent the chiornosome E Ri foi i = 1 . .  . . . / I  The 
fitness function IS 

defined by 

'I population P is iepiesented 133 a multi-set 
{i,,, , . . , i,,,,} of 12 chromosomes in ni. In the folloning, 

1. Path a 

2. Path m' Cycle a' 

3. Path B' Cycle a" 

4. Path g 

F1g 1. DIIC' Example 

n e  shall suppose that the multi-sets P = {&,, . . . . . &, } 
(= IS used irith ab~lse of notation) are such that 

1) \ 1. . . A /, . . , \ i L l  1.. . , i L l i  A / in- 
clude all d~stinct subpaths of length k In G f o ~  some 
k E N  ( k < l )  

Pioper t~  1) IS intended to let the genetic s~stern take 
adcantage fiorn the infoimation got 133 an efficient 
detelministic risit of the paths in the glaph G simulating 
a 1;-time nondetelministic procedule to find a Hamil- 
tonian clcle (b> efficient n e  mean that it is required 
n = O(1 ) foi sorne su~table constant c E R + )  The 
ciossoxer of t\\o chroniosornes El. (1 5 7, j 1 11) is a 
(stochast~c) b~nai J ope1 at01 

* 2 i , .  : .-, --[0.1] 

n hose definition depends on the plobabilit> distribution 
or,(). If the populat~on at t~rne t 1s P, then the next 
population IS generated a p p l ~  Ing the folio\\ ing sequence 
of actions 

1)  select a pan (E l ,  , E l ; )  of chiornosornes (1 5 r ,  s 5 
7) ) 

2) pei for rn the crossocei pioduc~ng a pan of children 
I I I I 

( I L ~ ~ , C L ~ \ )  111th p~0bdbllltJ TI;, r , 3 ( ~ l  .i~!.)% 

3) leplace &, n ith & ,  on11 if it holds that f (&, ) , 
f (k7 1 

4) ieplace iLz- 11 ~ t h  k:G or113 ~f it holds that f (=:-) / 
f (k , , ) .  

The selection-clossorer-leplacement clcle desclibed bj  
the steps 1) - 4) fol r s = 1. . . , n is lepeated until 
some halt~ng condit~on is sat~sfied. Note that the model 
diffeis fiorn the class~c genet~c schemes slnce selection 
and replacement me deter min~st~c  processes 11 hile the 
crossover is a stochastic operator. 
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TV. DHCP 
Let L4 = (&I .  . . . & I )  be a Harn~ltonian c j  cle in  G. 

G ~ t e n  an3 pe1niutat1on &' of the 1 te~tices i n  the teltex 
set 1' of G, the isomolphic graph &'(G). has the c1 cle 

(I\ hele b1 o n e  denote the usual composition of per- - 
mutations). Note that there allha1 s exists a pelmutation 

producing a nen glaph &'(G) := G in I\ hich & o d' is - 
the unit Hani~ltonian cjcle 1 = (1, . . .1) Consequentlj, 
the Harn~ltonian c3 cle p~obleni can be 1efo~ rnulated as . dec~de ~ ~ h e t h e r  there e\ists a permutation r' of the 

vertices in such that the graph d '(G) isomorphic 
to G has the Hamiltonian cycle 1. 

A\ny permutation d' transforming a Hamiltonian cycle 
into the cycle r o = 1 gene~ates a rie\\ isom01phic - 

glaph g '(G) s G. Consequently, for each pel niutat~on 
d' of tertices such that go,' = 1 \\e I.1ax.e ~t holds that: - 

st here 113 1,) ste denote the pel rnutation mat1 I \  defined 
bj x,; , = 1 fol 1 < 3 < 1. zero othernise and Ii ,,((,) 
is the adjacencj matlir of the glaph k'(G) Since the 
adjacencj matriv IT = [ w ,  , ] 1 ~ , ,  5, of G is lcnolhn. each 
pel mutation uni'i ocallj indi'i iduates the adjacencl 
niatr I \  TI assoelated to the ~sonio~pl.iic g ~ a p h  &'(G), 
thus the Harn~ltonian c ~ c l e  problern can be stated as . determine the conipatib111t3 of the quadratic system 

~11th (unltno\\n) solutions (17, TI ') being l7 = 
[x, , ] I  5 ,  , 51 a /-order permutation matrix and IT-' 
a partially specified adjacencJ' matrix having entries 
zc; = 21'; = . . = wiPl = zci = 1 and all other 
entr~es unhnost n In (0.1 ). 

The follost Ing lemma states that for each Harn~ltonlan 
cjcle in a d~gr apt1 G t t ie~e  are e\ac tlj 1 dist~nc t pel niu- 
tations tlansforming it into the Hamiltonian clcle 1, 
moreo'i er if k'' &"' are trio pel mutations tl ansfol ming 

1 111 the c1 cles & &' into the c1 cle o &I' = & o & = 1 
respectitelj, \\1.iele & and are dlstinct. tiler1 k'' arid 

111 
LC ale also distinct. - 

Lemma 1 FOT ete13 cjcle & tl.ie1e ale e \ a c t l ~  1 
d~stinct permutations k,, (1 < 7. < 1) such that & o 

LC ok,, represent the Hamiltonian c1 cle 1 in the k , l .  . - 
corresponding isorno~pl.iic graphs kll (G) . . kl2 (G)' 
moreo'ier if & and are distinct c j  cles. then thele not 
evists a permutation &I1 sucl.1 that & o &I1 arid o k'' 

represent the sarne c3 c le 1 
E j  the prex ious lemma ste get that, f o ~  ete13 Harn~lto- 

nlan cjcle & i n  G, tl.ie1e exist evactl~ 1 d~stinct solut~ons 
(pel mutations) of Sj stem (1) that rnap k i n  the unit 
cjcle 1. In t h ~ s  legard note that there evist e\actlj 1' 
pel niutat~ons 1 and ~t IS stell hnost n that the nurnber 
of possible Hamiltonian clcles in graphs nith / 'iertices 
1s (1  - 1)'. 

V. Procedure SSC 
Reformulating D H C P  as an algebiaic problem pro- 

\ ides the basic ~ns~gl.its to design and intelplet a suitable 
Instance of the genet~c model descr~bed in Sect~on 111. 
In partlculm., the pol3 nornlal tinie reduction of D HCP 
to the problem of deciding the compatibilit1 of some 

sjsteni (1) suggests to solxe ~t 11) search~ng for iso- 
morphisms mapping the input digraph G into another 
graph containing the unit clcle (or honexel some other 
fived Hamiltonian cjcle) Since \he are intelested in the 
perf01 niance of the genetic algo~ ithni (s~rnulating the 
model) for se te~al  k-talues and the simulation tinie 
increases at least as the nunibe~ of k-length paths 
in G. \he require as quiclc as possible con'iergence to 
the fittest indi'iidual. The basic plocedule implements 
a specific (simplified, slight11 adapted) instance of the 
genetic rnodel ~11 th  stocl.iast~c crossoter. In suc1.i instance 
a niaxiniurn fitness cl.noniosorne E l ,  1s 1n1tiall3 selected 
and the clossoxer of ~ t s  cop3 L4 1s pe~fornied ~11th the 
cop1 of each other chlomosome &,, (1 < s 5 12) 

until a bettel child k:- such that f (k:,) , f (&,, ) IS 

found In  sucl.1 a case, k,, IS leplaced ~11th &, arid 
the pr ocedm e IS ( r  ec UT six elj ) applied to the niaxlrnuni 
fitness cl.ironiosorne (nost &,-) lint11 either a Hani~ltoriiari 
clcle is found or the fitness of the fittest chlomosome 
cannot ful ther on be impro'ied The stochastic crossox er 
is implemented as follons The child &:- is obtained 
fioni the parents izr and k,. f i~s t  copjing the first k 
alleles of k7- Into (the same loc~ of) k:, After that. if 
in fol ming the rest of the k:, chlomosomic complement 
steset an allele&:*, = LCli (3 > k) that is connected to ~ t s  
suc C ~ S S O I  LC rllodj+l 171 the sequent e spec~fied 11) k , ,  (arid 

' 1). the next it holds that &z,irni ,li+i @ {L:, 1..  . LC. , ,  , 
allele LC:G is set to LC ,,,, , , l i+l  if. instead, the allele , 
is not connected to ~ t s  successor In the sequence spec~fied 
113 &,, (01 the SUCCHSSOI IS 171 {LC:? 1 . .  . &:* ,}), the 
nevt allele LC:u is selected accolding to a (stochastic) 
greed1 choice stating that LC:G is a landom xel tev 
LC adjacent to L C : < ,  ~11 th  niininiurn nonzero out-deglee 
in  the rest~iction G I  -{A:c ,: ,) of the graph G to 
the \erte\ set T - {LC:. . ,&:< ,} ~f such a t e ~  tex 
does not e\ist. LC:? J+l is set to a landorn t e~ tex  In 
T -{LC:* . . &:- ,}. Note that such a lt~rid of choice 1s 
based on the idea of sealching fol infolmation about a 
nelh xeltev to select b j  performing a trio-lexel determin- 
istic simulation of a nondetelministic procedure designed 
to t~ach  all simple paths that can be fo~rned s ta~t ing 
fioni &:*, xis~ting on13 xert~ces in  T -{LC:- . ,&:* ,} 
Such hind of crlte11on is s ~ r n ~ l a ~  to that used In [9] 
but that is d j  namicall1 pledetelmined b1 the alreadj 
assigned xel tices . . . . LC:. ,. JbIoleo'ier, the reader 
could lecognize in the completion process adopted in 
iniplenient~ng the stochastic clossoxer a \allant of the 
Edge Recornbination Oper at01 ~nt~oduced 113 \L I.iitlej et 
al. In [55], [56] (see also [I 61. [35], [Jb] [SO]) The genetic 
procedule is named SS'C and is repolted in Figule 2 

Note that the ploceduie S S C  staiting fiom a pel- 
mutation k , _ ,  searches for a nest offspring &: such 
that the giaph & ' l l (G)  has more edges in the set 
{(l.l).(LC,LC + 1) for LC = 1 . .  . ,1 - 1 )  than in  k;l(G) 
the procedure tlies to compute (or bettel complete) 
k:, 171 such a \\a3 that shifts simple subpatl.is 
along the sequence of teltices i n  the unit c ~ c l e  1 fioni 
di l  (G) to &I,' (G) (the shifts ale interleaxed adding 
ne\\ edges determined 11) rneans of an opelator based 
on a srnall depth simulation of a nondetelm~n~stic xis~t 
of su~table restr~ct~ons of the Innut dieranhi. In other 

- 2 ,  

~vords. S S C  searches for a permutation transforming G 
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F i g .  2 .  F'rcicedure SSC. 

J 

Into another ~soniorph~c graph contain~rig the unit cjcle 
1 b1 subsequent appi oximations. 

In Figme 4 an example of the $!a) In \rl.iicl.i the 
stochastic ci ossover operates is displal ed stai ting fi om 
the giaph (in Figuie) 3 and tno initial chiomosomes 
d, = (1.2.4.3) andkJ  = (1.4.3.2) 

F i g .  3. h I I a m i l t i : ) ~ l i a n  C i r a p h  

Procedure SSC(G. I )  
Set to the fittest chromosome in P: 
1 .  For eatti k-length path (L;. . . . . d;) i n  G 

For z = k + l  t o l - 1  
If iu.LP1 = d,, And (b,,, d,,, , l , + l )  E 

And w. , , , , , 0 ~  # w'; for J < z then 
w'/= w. , , l l lO( l l+ l  . 

Else 
If there isn't a veitex in GI 

adjacent to LL-, $!itti minlmuni non- 
zero out-degree the11 
w./= w. $!here L is rnndorn In T - 

{d;. , , , . bLPl 1: 
Else 

w./= w. $1 here L is n r nndorn minimum 
nonzeio out-degiee veitex in Gr - 

L ~ - l )  adjacent to d l .  
If f (A') > f (&) the11 

d = A'. GO to 1 .: - 

VI. Sirnulatioil 

1 

The I.ieurist~c in Section IT-C can be quite stra~ght- 
forn ardly incoi poi ated in the genetic model and con- 
sequently a proceduie, n e  shall name S.41 . similai to 
S'SC, can be designed b1 using the double rotation 
method suggested by -Ingulin and 1-aliant to complete 
the cl.ironiosorn~c structure of the offspring after the 
exchange of the alleles in the first k loci has been 
performed Honexei. in the case of the genetic model 
based on ingulin and Lallant niethod, the crossoxer 
coniplet~on does not depend on the parents chrornosoniic 
complement. This is due to the fact that the replacement 
operator substitutes paients having the same initial 
k-alleles of the offspring and since the ,\ngulin and 
1-aliant technique is basicall1 a unai1 operator. As a 
consequence. the procedure S 11 siniplj produces a 
random process In n h ~ c h  all in~tial k-length paths of 
the input graph G are completed as explained In Sect~on 
11-C (in othei no1 ds the initial xertex i.. is the endpoint 

Crossover 

Corn plet~on 

Fig. 4. Sti 1c11;istic C'ri ~sii I\-rr: Exarnl)lr ( k  - 2 )  

of n short sirnple path). In the tables 1.1 - 2.4 an 
experimental comparison b e t ~ ~ e e n  the genet~c algoritl.inis 
S I T  G I based on S 11 and SSC'G 1 (on S S P )  IS 

pel formed for undii ected graphs (I\ ith k = 1). I\ here the 
(iandomized) algorithms simply consist of independent 
iepetitions of a (balanced) number (not less than I) of the 
corresponding procedure. Note that. talting into account 
of the fact that the population sizes depend also on 
the nurnber of k-length paths in the input digraphs. 
the fiist success evnected times. ienorted in bold in 
the tables, indicate hon much large a population has 
to be, in average. in ordei to solxe D H C P  (most11 
n 1tl.1 high confidence) for all p-xalues greater than some 
tl.iresl.iold pi,,,,, (p-xalues In the heading). Notation -- 
i n  the tables means that, for the cons~dered p and 1 
xalues, n e  ale not able to provide suitable estimates 
nith high confidence since the population sizes. and 
consequently the simulation time, become too laige 
Similar iesults can be observed in the mole geneial 
case of dnec ted graphs, but that the per for mantes 
ale slight11 norse, hloreoxei. in the expeiiments nith 
directed graphs n e  haxe noticed that. converse11 to nhat  
happens in the case of undlrected graphs. the s~rnpler 
r andorn selection of a next (adjacent) xer tex can be used 
instead of the (stochastic) greed) cl.io~ce in completing 
the offspring chromosomes .rc. ithout meaningful changes 
in the perf01 mances. ,\ more gene1 a1 comparison betneen 
the tno algorithms is displayed in Figuie 5 in nhich the 
mlnlmuni p-xalues are reported (interpolated 11) least 
squares niethod against the input slze I )  sucl.1 that the 
tiro algor ~ttims (dotted plots for S 11 G 1) me estlrnated 
to solxe D H C P  nith high confidence (foi k = 1.2 .3  and 
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In tnie of populnt~oni of ilzei at moit cl nhere c /- 1 
is a suitable constant) \\B obse~ve that the stochastic 
crossovel consents to obtain much better pe~formances. 
Note that p1eliminar1 (similar) evperiments state that 
the perfo~mancei obtn~ned 113. the genet~c algor~thm 
based on the S S C  plotedure cannot finther on be 
Irnploxed 115 lls~ng othel tecl.inlquei iuth those d e w   bed 
( f o ~  digraphs) in [20] [52] (note a compalison nith 
more sophisticated techniques lequiling computational 
complevit1 g ~ e a t e ~  than lngulin and Ihliant or Rieze 
procedmes, tendi to be pr oh~b~t lxe  as the Input dlgl aphi 
ilze 1 ~ntrenies). 

TaL>le 1 1 - First Success Expectecl Time of .SA\ ' i :A  ( k  - 1). 

TaL>le 1 2 - First Success Expectecl Time of .SA\ ' i :A  ( k  - 1). 

TaL>le 2.1. - First Success Expectecl Time o f  S.SCrC:A ( k  - I) .  

\\B have introduced a genetic model based on stochas- 
t ~ c  cr ossoxer to solxe the Harniltonlan c j  cle problem 
(D HCP)  for r andorn digraphs to \r I.11cl.i a random Hamil- 
tonian c j  t le IS super posed. The computation tecl.inlque 
is inspired and interpreted by reformulating D H C P  

Table 2.2 - First Success Expeiteil Time of .SS'i'i:A4 ( k  - 1) 

Table 2.3 - First Success Expeiteil Time of .SS'i'i:A4 ( k  - 1) 

, / P  1/26 1/28 ~ / 3 n  1/32 1 / 3 1  

613 
"(i0 

l2ii 
0 1 2 0  
18ii 

0180 
2 lii 

0 2 4 0  

as an algebraic problern. To mahe n tompm-lson, n e  
tiate ellosen ingulin and Ialiant I.ieurist~c, that is, a 
xer1 efficient method. designed for (a single-processor) 
Random ,lccess Computer (R.4C) [2]. to solxe D H C P  
in time O(1 log' I) for random digraphs n i th  sufficient11 
large edge densities (p < e, nhere c 2 1). Rieze s 
technique [20] improves ,lngulin and I'aliant result re- 
ducing the edge d e n s ~ t ~  (p ) *) ngalnst a nor st case 
t ~ m e  bound 0(11 '). In our s~rnulat~ons. ingulin-'lhl~ant 
onerator has not exhibited meaningful imnrovements - 
in the pe~fo~mance nith ~espect  to nhat  indicated b1 
the bound p > in case of landom digraphs nith 
superposed landom Hamiltonian cycles (for 1 5 2'") 
Conte~selj, the genet~c algor ~ttirn based on itochast~c 
cloiioter In n h ~ t h  a landorn tl.io~ce of a next ter te\ 1s 
uied In the tomplet~on proceii of the offipr~ng (Instead 
of the greedy rule depicted in Section 1'). improxes the 
perfo~mances of 9 41'GA4 for X > 1. More specifically 
the genetic algorithm nith stochastic clossoxer sensib11 
i t  alei don n Fr ~eze'i bound p /- for irnall k - t  alues 
( X  < 2 and I < 2') .  In case of undirected g~aphs  the 
greedj lule 1s uiefill to get (alio slgn~fitant) Irnploxe- 
ments of the perf01 mances. 0u1 results are evpe~ imental 
n hile it is due to remark that lngulin-Ihliant and Frieze 
resulti ale theo~et~ta l  and hold fol l a~ge  s ~ z e  graphs 
(ai 1 - x) S t a ~ t ~ n g  from such lemalki tons~del~ng 
that the stothait~c cloiioter tan Incolpolate iexeral 
(also adapted) unaly operato~s and since GA4s rep~esent 
heavily dist~ibuted computing systems n e  conclude that 
a suitable implementation of the genetic model is useful 
In pract~ce to Improte the perf01 mance of seteral pl Inel- 
pal spec~al~zed tecl.inlquei [2]. [20], [b] dei~gned to solxe 
D H C  P fol random gr aptis (a ~ t h  supel posed random 
Hamiltonian c1 cles). This n o ~ k  aims at supporting the 
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TaL>le 2.1.  - First Success Expeitecl Tiime o f  S.SCrC:.4 ( k  - I ) .  

Fig. 5. C'i:i~nparisi:in t~etw-eel1 SAl'C.4 and SSCC.4 (1  5 k 5 
3). 

belief that there is an e\olutioriary ad\aritage in  ap- 
plying, suitabl~ designed, (stotliast~c) binary opelato~s, 
$1 it11 lespect to tlie simpler una1J ones. to fiindaniental 
case study such as SP-complete problems [Ye leave 
theoretical analysis as an important open problem for 
further research some fundamental guidelines can be 
found in [h] and In tlie Goernans ~ ~ o ~ l c  [22]. [25] 

This paper is in memory of my father Mario Carpen- 
tieri. 
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