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Abstract—The aim of this paper is to demonstrate the 
feasibility of Whale Optimization Algorithm (WOA) in 
solving complex control design and tuning problems of fuzzy 
control systems (FCSs) with a reduced parametric sensitivity. 
The sensitivity analysis of these FCSs implies the use of 
sensitivity models defined with respect to the parametric 
variations of the processes. The main goal is solving the 
optimization problems defined for servo system processes 
controlled by Takagi-Sugeno-Kang proportional-integral 
fuzzy controllers (TSK PI-FCs), through minimization of 
objective functions that include the output sensitivity 
functions. A design method is proposed in this regard, and it 
is validated through experimental results using a laboratory 
nonlinear servo system. 

Keywords— experimental validation, fuzzy control system, 
parametric sensitivity, Whale optimization algorithm  

I. INTRODUCTION

The current design of fuzzy controllers (FCs) has taken 
a steep rise in recent years [1]–[5]. Still, in real life 
applications, the controlled processes for which fuzzy 
control systems (FCSs) are designed and tuned are 
subjected to parametric variations; therefore, a sensitivity 
analysis with respect to the parametric variations of the 
controlled process is required. Nevertheless, the 
optimization of FCs together with sensitivity models is a 
difficult challenge, mainly because the mathematical 
models used, employ non-convex and/or non-differentiable 
objective functions (OFs). The minimization of these OFs 
with the aid of Whale Optimization Algorithm (WOA) 
expresses this papers’ main objective, formulated in the 
framework of an optimization problem (OP). A second 
objective is the introduction of a WOA-based design 
method for the optimal tuning of Takagi-Sugeno-Kang 
Proportional-Integral fuzzy controllers (TSK PI-FCs) with 
a reduced process parametric sensitivity. 

In solving this type of OPs, various nature-inspired 
optimization algorithms (NIOAs) can be employed with a 
significant success rate. Particle Swarm Optimization 
(PSO) is employed in [6] to identify fuzzy parameters in a 
zero-order Takagi-Sugeno system with a standard fuzzy 
partition. Gravitation Search Algorithm (GSA) is 
employed 

in [7] for the optimization of a Takagi-Sugeno fuzzy model 
using in wind power interval prediction. A hybrid Firefly-
PSO is introduced in [8] for optimizing the parameters of an 
interval type-2 fractional order fuzzy proportional integral 
derivative based power system stabilizer with the aim of 
minimizing low-frequency oscillations in a power system. 
Proportional-Integral-Derivative (PID) and Proportional-
Integral (PI) fuzzy control in interconnected hydro-thermal 
power system, servo systems and tower crane systems is 
based on Grey Wolf Optimizer (GWO) in [9]–[13]. 

The third objective set for this paper is the development 
of a reduced sensitivity solution for TSK PI-FCs with 
respect to a small time constant of the process. In order to 
achieve this objective, a sensitivity analysis with respect to 
the variations of that parameter will be conducted. Deriving 
the obtained sensitivity models is required prior to their 
addition to the OFs. Solving the OP associated to the 
combined mathematical models, requires the use of a 
substantial level of computational resources; therefore, a 
WOA-based solution is desired in order to avoid this 
downside. 

WOA [14] is a newly introduced method in the variety 
of NIOAs which is getting good traction [15]–[17]. WOA 
bases its mathematical model on the social behavior and 
interaction of humpback whales. WOA uses three operators 
to simulate the phases of the hunting behavior namely: 
search for prey, encircling prey and bubble-net foraging. As 
presented in [14], WOA has a competitive performance 
compared to other well-known NIOAs. In [15] a modified 
WOA in used for tuning the parameter of an adaptive fuzzy 
logic PID controller used for load frequency control of an 
autonomous power generation system. Similarly, in [16] the 
controller parameters of a fuzzy lead�lag controller 
employed in a coordinated structure combining static 
synchronous series compensator and power system 
stabilizer are tuned using a WOA derived for balancing 
exploration and exploitation stages. An upgraded WOA is 
introduced in [17] for parameter tuning of an FC applied to 
a seismically excited nonlinear steel building. All these 
applications are relying on variants of WOA designed for 
specific OPs. Although the results have shown 
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improvements compared to the standard version of WOA, 
they lose the ease of implementation for WOA, as each case 
would require a specific version. As stated, the main goal is 
to use the standard version of WOA in solving our OP. 

The following sections of this paper will be structured 
as follows: in Section II the optimization problem is defined 
for the FCS and associated models are given, Section III is 
dedicated to the novel solution to the OP based on WOA, 
which produces optimally tuned TSK PI-FCs, focused on 
servo system processes modeled by second-order dynamics 
with an integral component, and the design method is 
formulated, experimental results and a case study for WOA-
solution is included in Section IV, while Section V presents 
the conclusions. 

II. OPTIMIZATION PROBLEM AND MODELS

The FCS structure is given in Fig. 1, where C is the 
fuzzy controller, P is the nonlinear process, F is the set-
point filter, ݎ	is the set-point (the reference input), ݎଵ is the 
filtered reference input, ݕ is the controlled output, ݑ is the 
control signal, and ݁ = ଵݎ − ݕ  is the control error. 
Disturbance inputs are not considered in Fig. 1 because the 
integral component in the controller ensures the 
disturbance rejection. 

Fig. 1 illustrates a set-point filter control system (CS) 
structure in the framework of two-degree-of-freedom (2-
DOF) CS structures. The parameters of both F and C blocks 
can be tuned. 

The state-space model of P specific to the nonlinear 
servo systems is ݊௦ௗ௭(ݐ)
= ۔ۖەۖ
ۓ −1, (ݐ)ݑ	݂݅ ≤ (ݐ)ݑ],௕ݑ− + ௕ݑ)/[	௖ݑ − ,(	௖ݑ ݂݅ − ௕ݑ < (ݐ)ݑ < ,௖,0ݑ− ݂݅ − ௖ݑ ≤ |(ݐ)ݑ| ≤ (ݐ)ݑ],௔ݑ − ௕ݑ)/[	௔ݑ − ,(	௔ݑ ௔ݑ	݂݅ < (ݐ)ݑ < ,௕,1ݑ (ݐ)ݑ	݂݅ ≥ ൨(ݐ)ሶଶݔ(ݐ)ሶଵݔ௕,൤ݑ = ൤0 10 −1/ ஊܶ൨ ൤ݔଵ(ݐ)ݔଶ(ݐ)൨ + ൥ 0݇௉ܶஊ ൩ ݊௦ௗ௭(ݐ), (ݐ)ݕ = [1 (ݐ)ଵݔ][0  (1)   ,்[(ݐ)ଶݔ

where ݐ ≥ 0 is the continuous time, ݇௉ > 0 is the process 
gain, ஊܶ > 0 is the small time constant, the control signal (ݐ)ݑ applied to the DC motor is a pulse width modulated 
duty cycle, ݔଵ(ݐ) = (ݐ)ଶݔ ,is the angular position (ݐ)ߙ  is the angular speed, and the superscript ܶ indicates (ݐ)߱=
matrix transposition. The variable ݊௦ௗ௭(ݐ) is the output of 
the saturation and dead zone static nonlinearity, which is 
modeled by the first equation in (1) with the parameters ݑ௔, ݑ௕ and ݑ௖, 0 < ௔ݑ < ௕, 0ݑ < ௖ݑ <  .௕ݑ

The state-space model (1) includes the actuator and 
measurement instrumentation dynamics. The nonlinearity 
in (1) is not symmetric, and this offers a more general 
model compared to that investigated in [18]. 

The nonlinearity in (1) is neglected in the simplified 
model of the process expressed as the transfer function (t.f.) ܲ(ݏ) ܲ(ݏ) = ݇ா௉/[1)ݏ + ஊܶ(2) ,[(ݏ 
where ݇ா௉ is the equivalent process gain 

݇ா௉ = ൜݇௉/(ݑ௕ − ,(௖ݑ ݂݅ − ௕ݑ < (ݐ)ݑ < ௕ݑ)/௖,݇௉ݑ− − ,(௔ݑ ݂݅ − ௔ݑ < (ݐ)ݑ <  ௕. (3)ݑ−

It is convenient to use ܲ(ݏ)  in the linear and fuzzy 
controller design and tuning in two cases out of the five 
cases concerning the nonlinearity in (1). As shown in [19], 
PI controllers can cope with the process modeled in (2) in 
terms of Fig. 1, with a PI controller instead of FC. The PI 
controller t.f. is (ݏ)ܥ = ݇௖/(1 + ݏ ୧ܶ)/ݏ = ݇஼[1 + ݏ)/1 ୧ܶ)], ݇஼ = ݇௖ ௜ܶ (4) 
where ݇஼ > 0 (or ݇௖ > 0) is the controller gain and ௜ܶ > 0 
is the integral time constant. 

Considering that the process parameters 
Pk  and ஊܶ are 

variable and the other ones are constant, the process 
parameter vector is ࢻ = ଵߙ] ்[ଶߙ = [݇௉ ஊܶ]் (5)

The definitions of the state sensitivity functions ߣ஥, ߥ =1. . ݊, and output sensitivity function ߪ areߣ஥ = ቂడ௫ഌడఈഓቃ଴ , ߪ = ቂ డ௬డఈഓቃ଴ , ߥ = 1. . ݊, ߬ ∈ {1,2}, (6) 

where the subscript 0 indicates the nominal value of the 
process parameter ߙ௝, ݆ ∈ {1,2} , and ݊  is the number of 
state variables of the FCS. The state sensitivity models of 
the FCS with respect to ߙ௝ are derived using (6), with ݊ =4 
for TSK-PI-FCs. 

Using the notation ࣋  for the controller parameter 
vector, ࣋ ∈ ܴ௠ , the OP that ensures the sensitivity 
reduction with respect to the modifications of the process 
parameter ߙ௝ is defined as ࣋∗ = argmin࣋∈஽࣋ (࣋)ܬ ,(࣋)ܬ = ∑ {݁ଶ(ݐௗ, (࣋ + ,ௗݐ)ߪ]ଶߛ ଶ},ஶ௧೏ୀ଴[(࣋ 	 (7)
where ߛ is a customizable weighting parameter, ࣋∗ is the 
optimal controller parameter vector (the optimal value of ࣋), ࣋ܦ  is the feasible domain of ࣋ܦ ,࣋ ⊂ ܴ௠  is the (࣋)ܬ ,
OF, and ݐௗ ∈ ,ࢆ ௗݐ ≥ 0, is the discrete time argument. 

The ESO method [19] is applied to tune the PI 
controller parameters in (4), and it guarantees a trade-off to 
the linear CS performance specifications (maximum values 
of CS performance indices, i.e., percent overshoot, settling 
time and rise time) of the linear CS using only one design 
parameter ߚ within the largest recommended domain 1 ߚ> ≤ 20 . The PI tuning conditions specific to the ESO 
method are ݇௖ = ா௉݇ߚඥߚ)/1 ஊܶଶ), ୧ܶ = ߚ ஊܶ, ݇஼ = 1/(ඥ݇ߚா௉ ஊܶ)   (8) 
and the t.f. of F that exhibits CS performance improvement 
by the cancellation of a closed-loop CS zero is (ݏ)ܨ = 1/(1 + ߚ ஊܶ(9) .(ݏ

The TSK PI-FCs are designed and tuned using the 
knowledge from the PI controller structure to ensure an 
additional CS performance improvement. The structure 
and the input membership functions of a cost-effective 
TSK PI-FC are presented in Fig. 2, where ିݍଵ  is the 
backward shift operator, TISO-FC is the Two Inputs-Single 
Output fuzzy controller block that produces a nonlinear 
input-output static map, ∆݁(ݐௗ) is the increment of control 
error, and ∆ݑ(ݐௗ) is the increment of control signal. 

The two increments result by discretizing the 
continuous-time PI controller by Tustin’s method, which 
leads to the recurrent equation of the incremental discrete-
time PI controller ∆ݑ(ݐௗ) = (ௗݐ)݁∆]௉ܭ + (10) [(ௗݐ)݁ߤ
and its parameters ܭ௉ and ܭ ߤ௉ = ݇௖( ௜ܶ − ௌܶ/2), ߤ = 2 ௌܶ/(2 ௜ܶ − ௌܶ) (11)
where ௌܶ > 0 is the sampling period. 

Fig. 1.  Set-point filter fuzzy control system structure. 



As shown in [20], TISO-FC employs the weighted 
average method for defuzzification, and the SUM and 
PROD operators in the inference engine. The rule base is 
IF (݁(ݐௗ) IS N AND Δ݁(ݐௗ) IS N)  
      OR (݁(ݐௗ) IS P   AND Δ݁(ݐௗ) IS P)  
      THEN Δݑ(ݐௗ) = (ௗݐ)݁߂]௉ܭ	ߟ + 	,[(ௗݐ)݁	ߤ
IF (݁(ݐௗ) IS ZE) OR (݁(ݐௗ) IS N AND Δ݁(ݐௗ) IS ZE)  	OR (݁(ݐௗ) IS N AND Δ݁(ݐௗ) IS P)  
      OR (݁(ݐௗ) IS P   AND Δ݁(ݐௗ) IS ZE)  
      OR (݁(ݐௗ) IS P AND Δ݁(ݐௗ) IS P)	
      THEN Δݑ(ݐௗ) = (ௗݐ)݁߂]௉ܭ + (12) [(ௗݐ)݁	ߤ

The parameter ߟ, with the largest domain 0 < ߟ < 1, is 
introduced to mitigate the fuzzy CS overshoot, which 
occurs if the two TISO-FC inputs have the same signs. This 
controller structure and the rule base given in (12) indicate 
that our cost-effective TSK PI-FC behaves as a bump-less 
interpolator between two linear PI controllers. 

The modal equivalence principle [21] is applied to this 
TSK PI-FC resulting in the tuning equation ܤ୼௘ = ௘ܤߤ = 2 ௦ܶܤ௘/(2ߚ ஊܶ − ௦ܶ) (13) 
which along with (8), (10) and (11) give the parameter 
vector of TSK PI-FC ࣋ = ߚ] ௘ܤ  (14) ்[ߟ
with ݉ = 3 in order to match the OP in (7). 

The parameter vector expressed in (14), associated to 
the OP defined in (7), will be obtained in the next section 
by the WOA-based tuning approach. 

Accepting that ݑ is changing at the discrete sampling 
intervals and the presence of the zero-order hold, the 
derivation of the output sensitivity function ߪ(ݐௗ) requires 
the state sensitivity model of the fuzzy CS. With this regard 
the state variables ݔଷ and ݔସ of the TSK PI-FC are defined 
in terms of [18] ݔଷ(ݐௗ) = ௗݐ)ݑ − (ௗݐ)ସݔ  ,(1 = ௗݐ)݁ − 1)  (15) 
and the state variable of F, ݔହ, is its output. 

For a constant FCS input, namely (ݐ)ݎ = const , 
assuming ݎଵ(ݐ) = const  for simplicity, the discrete-time 
state sensitivity model of the FCS with respect to ܶఀ  is 
obtained by applying (6) to the discrete-time state-space 
model of the FCS with the state variables ݔଵ, ݔଶ, …, ݔହ. 
The nonlinear input-output static map of TISO-FC is 
involved in the expression of ߪ(ݐௗ). The expression of the 
state sensitivity model of FCS is given in [22]. 

III. WHALE OPTIMIZATION ALGORITM-BASED SOLUTION 

INTEGRATION AND FUZZY CONTROLLER DESIGN METHOD

The operation principle of WOA is comprised on three 
separate stages [14]: encircling the prey, spiral bubble-net 
feeding maneuver, and search for prey. The location of the 
agents employed in WOA is described using a position 
vector 	࢞௜ ∈ ܴ௠: ࢞௜ = ௜ଵݔ] … ௜௝ݔ … ,்[௜௠ݔ ݅ = 1…ܰ,    (16)

where ݔ௜௝ is the position of ݅th agent in ݆th dimension, ݆ =1…݉, and ܰ is the number of agents in the population. 
The ability of humpback whales to recognize the 

location of the prey and encircle them is modeled in the 
WOA. Based on the fact that the position of the optimal 
agent is not known a priori in the search space, WOA 
assumes, as most NIOAs, that the best candidate position 
is the target or is close enough to the optimum position. 

For modeling the prey encircling method at each 
iteration ݇ , a set of search coefficient vectors ࢏ࢇ(݇) 	∈ܴ௠	and ࢏ࢉ(݇) 	∈ ܴ௠ are introduced: ࢇ௜(݇) = [ܽ௜ଵ(݇) … ܽ௜௝(݇) … ܽ௜௠(݇)]், (݇)௜ࢉ (17) = [ܿ௜ଵ(݇) … ܿ௜௝(݇) … ܿ௜௠(݇)]், (18) 
with elements defined as: ܽ௜௝(݇) = ௝ݎ2)(݇)ܽ − 1)       (19) ܽ(݇) = 2[1 − (݇ − 1)/(݇௠௔௫ − 1)]       (20) ܿ௜௝(݇) = ௝ݎ2       (21) 
where 	݅ = 1…ܰ ௝ݎ ,  are uniformly distributed numbers 
within 0 ≤ ௝ݎ ≤ 1 , ݆ = 1…݉ , the scalar coefficients ܽ௝(݇) are linearly decreased from 2 to 0 for all stages of 
the search process including exploration and exploitation. ݇ is the iteration index in WOA, ݇ = 1…݇௠௔௫, and ݇௠௔௫ 
is the maximum number of iterations. 

The mathematical model of the next phase, bubble-net 
attacking method, is associated to the exploitation phase of 
WOA and is comprised of two approaches: shrinking 
encircling and spiral position updating. The shrinking 
encircling mechanism model is attained by decreasing the 
value of ܽ(݇) in terms of (20), which determines the range 
variation of ܽ௜௝(݇) to [−ܽ(݇), ܽ(݇)].

The first step in the spiral position updating calculates 
the distance vector ࢊ௜(݇) of ݅௧௛ agent between the current 
agent vector ࢞௜(݇)  and the best agents’ position (prey) 
vector ࢞௕௘௦௧(݇) in the population at the iteration ݇. ࢞௕௘௦௧(݇) = ௕௘௦௧ଵݔ] (݇)	… ௕௘௦௧௝ݔ (݇)	… ௕௘௦௧௠ݔ (݇)]் ∈ ܴ௠ 

(22) 
Using the notation ܬ for the OF, ࢞௕௘௦௧(݇) is computed 

in terms of ܬ൫࢞௕௘௦௧(݇)൯ = min௜ୀଵ...ே{ܬ൫࢞௜(݇)൯} (23) 

which also indicates that ܬ൫࢞௕௘௦௧(݇)൯ ≤ ,௜(݇)൯࢞൫ܬ	 ݅ = 1. . . ܰ.  (24) 
The general expression of the distance vector ࢊ௜(݇) of ݅௧௛ agent at iteration ݇ is  ࢊ௜(݇) = [݀௜ଵ(݇) 	… ݀௜௝(݇)	… ݀௜௠(݇)]் ∈ ܴ௠  (25)

and its elements, which depend on the elements of ࢞௜(݇) 
(defined in (16)) and ࢞௕௘௦௧(݇)  (defined in (22)), are 
obtained as ݀௜௝(݇) = หݔ௜௝(݇) − ௕௘௦௧௝ݔ (݇)ห, ݆ = 1…݉, ݅ = 1…ܰ.      (26) 

The helix shaped movement of the agent is modeled 
using a spiral equation using the current agents’ position 
and the best solution: ࢞௜(݇ + 1) = ௜(݇)݁௕௟ࢊ cos(2݈ߨ) +  ௕௘௦௧(݇),                (27)࢞
where ܾ  = const is used to define the shape of the 
logarithmic spiral, set to b = 1 for simplifying the shape, 
and ݈ is a uniformly distributed number, −1 ≤ ݈ ≤ 1. 

As the humpback whales swim around the prey within 
a shrinking circle and along a spiral-shaped path 
simultaneously, a probability-based model is introduced 
using a 50% chance to choose from either position update 
methods. The position update in (27) is further modified ࢞௜(݇ + 1) = ൜ࢊ௜(݇)݁௕௟ cos(2݈ߨ) + ݌	݂݅		(݇)௕௘௦௧࢞ ≥ (݇)௕௘௦௧࢞0.5 − ݁ݏ݅ݓݎℎ݁ݐ݋																										(݇)࢏ࢌ

(28) 

Fig. 2.  Structure and input membership functions of TSK PI-FC. 



where ݌  is random number, 0 ≤ ݌ ≤ 1 , and the vector ࢏ࢌ(݇) is computed as ࢏ࢌ(݇) = [ ௜݂ଵ(݇)	… ௜݂௝(݇) 	… ௜݂௠(݇)]் 
=[ܽ௜ଵ(݇)݀௜ଵ(݇) … ܽ௜௝(݇)݀௜௝(݇)… ܽ௜௠(݇)݀௜௠(݇)]் ∈ ܴ௠ 

(29) 
Our WOA implementation will make further use of the 

update equation (28) instead of (27). A further addition 
with the goal of extending the exploration capabilities, even 
in later stages of the search process, is introduced when ݌ < 0.5  and หܽ௜௝(݇)ห > 1 .This extension introduces an 
arbitrary component in order to force the agents to move 
from a reference point by choosing a random agents’ 
position instead of the global solution. 

For this case ࢍ௜(݇) is defined as: ࢏ࢍ(݇) = [݃௜ଵ(݇)	… ݃௜௝(݇)	… ݃௜௠(݇)]் 
=[ܽ௜ଵ(݇)݃௜ଵ(݇)… ܽ௜௝(݇)݃௜௝(݇)… ܽ௜௠(݇)݃௜௠(݇)]் ∈ ܴ௠ 

(30) 
Thus, the elements are calculated as: ݃௜௝(݇) = หݔ௜௝(݇) − ௥௔௡ௗ௝ݔ (݇)ห, ݆ = 1…݉, ݅ = 1…ܰ  (31) 

where ݀݊ܽݎ is the arbitrary agent index. 
Summing up, the complete position update model 

becomes ࢞௜(݇ + 1) =

ەۖۖ
۔ۖ
ۓۖ (݇)௕௘௦௧࢞ − ݌	݂݅																																										,(݇)௜ࢌ < 0.5	ܽ݊݀	หܽ௜௝(݇)ห ≤ 1, ∀݆ = (݇)௥௔௡ௗ࢞݉…1 − ݌	݂݅																																									,(݇)௜ࢍ < 0.5	ܽ݊݀หܽ௜௝(݇)ห > 1, ∀݆ = ௜(݇)݁௕௟ࢊ݉…1 cos(2݈ߨ) + 																																																								݁ݏ݅ݓݎℎ݁ݐ݋																			,(݇)௕௘௦௧࢞

		 (32) 

Equation (32) is repeated by incrementing the iteration 
index ݇ until ݇௠௔௫ is reached. The initial whale population, 
represented by ܰ  agents’ positions in the ݉-dimensional 
search space, is generated randomly using the a priori 
information on the OP. 

Equations (16), (23) and (32) are used for the integration 
of the WOA onto the OP defined in (7) as follows: ࣋ = ,(݇)௜࢞ ݅ = ∗࣋ (33)     ,ܰ…1 = 	݃ݎܽ min	௜ୀଵ…ே  ௜(݇௠௔௫)൯.   (34)࢞൫ܬ

Equation (34) indicates that WOA is stopped at iteration ݇௠௔௫, and the final solution obtained so far is actually the 
solution to the OP defined in (7). Therefore, the formation 
of the design method for TSK PI-FCs is completed. 

Based on the aspects presented in the previous and 
current sections, the design method dedicated to TSK PI-
FCs is described by the following design steps: 

Step 1. The sampling period is set in accordance with 
the requirements of quasi-continuous digital control, and the 
sensitivity model of the FCS is derived. 

Step 2. The weighting parameter ߛ in (7) is set with the 
aim of meeting the performance specifications of FCS. The 
values of  ߛ	were considered such that the ration of the two 
right-hand members in (7) to take the values {0,0.1,1,10}. 

As well, in this step, the feasible domain ࣋ܦ  is set to 
include all constraints imposed to the elements of ࣋. For 
example, inequalities resulted from the stability analysis of 
FCS can be included to define ࣋ܦ . Several representative 
constraints including stability ones can be applied from 
[23]–[30] by adapting them to this FCS structure. 

Step 3. WOA is integrated in solving the OP in (7) thus 
resulting the optimal value of the parameter vector ࣋∗ and 
the optimal parameters ܤ ,∗ߚ௘∗, ߟ∗(for ݉ = 3): 

∗࣋ = ∗ଵߩ] ∗ଶߩ ∗ଵߩ   	,[∗ଷߩ = ,∗ߚ ∗ଶߩ = ,∗௘ܤ ∗ଷߩ =  (35)   .∗ߟ
 Step 4. The optimal value of the parameter ܤ୼௘∗ of TSK 
PI-FC results from the expression of (13) calculated for the 
optimal parameter values from (35).  ܤ୼௘∗ = 2 ௦ܶܤ௘∗/(2ߚ∗ ஊܶ − ௦ܶ).                (36) 
 The t.f. of F is obtained from the following expression 
of (9) for ߚ = (ݏ)ܨ :∗ߚ = 1/(1 + ∗ߚ ஊܶ(37)    .(ݏ  
 The nominal value of ஊܶ is thus employed in the design 
of TSK PI-FCs as shown by (36) and (37). 

IV. EXPERIMENTAL VALIDATION 

The proposed optimization method that optimally tunes 
the parameters TSK PI-FCs is validated using the INTECO 
DC servo system laboratory equipment. The main features 
of the experimental setup are [31]: rated amplitude of 24 V, 
rated current of 3.1 A, rated torque of 15 N cm, rated speed 
of 30000 rpm, and weight of inertial load of 2.03 kg. 

The parameters of the linear dynamics of the process 
models presented in (1) and (2) have the following values: ݑ௔ = 0.15 ௕ݑ , = 1 ௖ݑ , = 0.15 , ݇௉଴ = ݇ா௉଴ = 140  and ܶఀ ଴ = 0.92	s. Since a reduced process small time constant 
sensitivity is targeted, ஊܶ is variable, therefore ߙଵ = ஊܶ in 
(6). 

Steps 1 to 4 given in the previous section were applied 
for validating the proposed design method. Step 1 starts 
with defining the valued for the sampling period as ௦ܶ  in order to fulfill the conditions for quasi-continuous	ݏ0.01=
digital control. 

The weighting parameter in (7) in step 2 is set such that 
to take four possible values, ߛଶ ∈{0, 0.002214,0.02214,0.2214} , to satisfy the parameter 
ratio restriction imposed for this step. The search space 
representing the feasibility domain of ࣋	was set to: ࣋ܦ = {3 ≤ ߚ ≤ 17} × {20 ≤ ௘ܤ ≤ 40} × {0.55 ≤ ߟ ≤ 0.75}. (38) 

Step 3 deals with the evaluation of the OF (࣋)ܬ using 
an experimental scenario characterized by a time horizon 
of 20ݏ in terms of the dynamic regimes of the CS with 
respect to the step-type modification of the reference input ݎ to measure the values of (࣋)ܬ. The presented results were 
obtained for the ݎ = ݀ܽݎ40  step-type modification of ݎ . 
The only parameters of WOA used in this step are ܰ = 20 
and ݇௠௔௫ = 100. 

The optimal values of the tuned controller parameters 
obtained using the WOA-based design method are 
presented in Table I. The values presented are the best 
results obtained by using five trials on each scenario. 

The results for the weighting parameters and controller 
parameters obtained using WOA-based design method are 
compared in Table II with other NIOAs: GWO, GSA and 
PSO applied in [11], [18] and [22] in the same way in Step 
3 instead of WOA. The main parameter values of GWO, 
GSA and PSO are the same of those for WOA, namely ܰ =20 and ݇௠௔௫ = 100; this ensures a fair comparison. The 
other search process parameters values specific to GWO, 
GSA and PSO are specified in [11], [18] and [22]. 

The data given in Table II demonstrates that our WOA-
based solution leads to similar values with marginal 
improvements in majority of cases. Therefore, the design 
method proposed here is a viable alternative to solve (7) 
with a reduced implementation complexity compared to 
other NIOAs due to the reduced number of parameters. 



TABLE I.  WEIGHTING PARAMETER AND CONTROLLER PARAMETERS FOR WOA-BASED MINIMIZATION OF (ߛ) ܬଶ ୣܤ∗ ∗ߟ ∗୼ୣܤ ∗ߚ ݇஼∗  ௜ܶ∗  ܬ
0 40 0.75 0.1385 3.1438 0.0044 2.8923 390459

0.002214 40 0.75 0.1386 3.1421 0.0044 2.8907 393501 

0.02214 40 0.75 0.1388 3.1276 0.0044 2.8774 421012 

0.2214 40 0.75 0.1366 3.1388 0.0044 2.8811 693374

TABLE II.  WEIGHTING PARAMETER AND CONTROLLER PARAMETERS FOR NIOA-BASED MINIMIZATION OF (ߛ) ܬଶ ୣܤ∗ ∗ߟ ∗୼ୣܤ ∗ߚ ݇஼∗  ௜ܶ∗  ܬ

G
W

O
 

0 40 0.75 0.1386 3.1433 0.0044 2.8919 390459

0.002214 40 0.75 0.1388 3.1369 0.0043 2.8859 393508

0.02214 40 0.75 0.1387 3.1395 0.0044 2.8883 421041

0.2214 40 0.75 0.1332 3.2686 0.0043 3.0071 695761

G
SA

 

0 40 0.75 0.1385 3.1437 0.0044 2.8922 390459 

0.002214 39.9979 0.75 0.1385 3.1454 0.0044 2.8937 393520 

0.02214 40 0.75 0.1393 3.1274 0.0044 2.8772 421083 

0.2214 40 0.75 0.1369 3.1813 0.0043 2.9268 696525 

PS
O

 

0 40 0.75 0.1452 3 0.0045 2.76 392076

0.002214 40 0.75 0.1452 3 0.0045 2.76 395143

0.02214 40 0.75 0.1395 3.1211 0.0044 2.8714 420966

0.2214 40 0.75 0.1452 3 0.0045 2.76 698859

The performance of the presented algorithm was 
quantified using two performance indices. The first index 
relates to the convergence speed ܿ௦ of the WOA algorithm 
by measuring the number of evaluations required for (࣋)ܬ 
before the optimal solution ࣋∗ is reached. 

The second performance index evaluates the accuracy 
of WOA. Before defining it, the average value of the OF (࣋)ܬ is introduced as: ݃ݒܣ(ܬ௠௜௡) = ( ଵே್೐ೞ೟) ∑ ௠௜௡(௛)ே್೐ೞ೟௛ୀଵܬ (39) 

where ܬ௠௜௡  is the value of (࣋)ܬ  obtained after using the 
WOA-based solution, ௕ܰ௘௦௧  is the number of best values 
used for this index and is set to ௕ܰ௘௦௧ = 5  and the 
superscript ℎ indicates the observed trial, 1 ≤ ℎ ≤ ௕ܰ௘௦௧ .  

The accuracy rate ܽ௥  is defined as the percent of 
standard deviation of (࣋)ܬ  obtained by running WOA 
divided to ݃ݒܣ(ܬ௠௜௡): ܽ௥ = (௠௜௡ܬ)%ݒ݁ܦݐܵ = 100 (௠௜௡ܬ)ݒ݁ܦݐܵ(௠௜௡ܬ)݃ݒܣ(௠௜௡ܬ)ݒ݁ܦݐܵ =ට ଵே್೐ೞ೟ିଵ∑ ௠௜௡(௛)ܬ) − ே್೐ೞ೟௛ୀଵ((௠௜௡ܬ)݃ݒܣ ଶ 		 (40) 

The values provided in Table III show the search 
performance of WOA in terms of accuracy and resource 
usage. In addition, this way of presenting the performance 
is fair in because it mitigates the effects of the random 
parameters of WOA on both WOA and FCS performance. 

TABLE III.  VALUES OF PERFORMANCE INDICES ܿݏ AND ܽ(ࢽ) ݎ૛ ࢘ࢇ ࢙ࢉ 
0 93 0

0.002214 79 0.0016 

0.02214 65 0.098 

0.2214 94 0.1813

Fig. 3 gives the experimental results that correspond to 
the FCS with the TSK PI-FC that operates with the 
parameters given in the second row of Table I and for the 
nominal process. The average OF measured for FCS is ܬ =393519. 

The results show that the nonlinearity of the servo 
system as the proportional component of the controller is 
not capable of triggering an aggressive control signal. 
Consequently, the level of the control signal varies in the 
vicinity of the dead zone. The time responses of the 
experimental results were influenced by the friction in the 
bearings of the experimental setup. 

Fig. 3.  Real-time experimental results of the fuzzy control system 
for the nominal process parameters. 



V. CONCLUSION

This paper has achieved its main objective of 
introducing a viable WOA-based solution to the optimal 
tuning of fuzzy controllers with a reduced process small 
time constant sensitivity. This solution is advantageous as 
it is computational efficient as proved by the performance 
indices along with a simplistic configuration due to a small 
number of setup parameters. 

The second objective was achieved by the introduction 
of an improved cost-effective approach to optimal tuning 
of fuzzy controllers expressed as a four-step design 
method. This has beneficial effects in various servo 
systems and mechatronics applications. 

The third objective was accomplished as a sustainable 
solution for the development of TSK PI-FCs with reduced 
sensitivity. This objective was supported by a sensitivity 
analysis with respect to the parametric variations of the 
controlled process. 

Future research will approach other optimization 
problems, and their application to optimal control of 
complex applications. 
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