Midpoint Representation of Fuzzy-Valued Functions
and Applications
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Abstract—We present new results in the calculus for fuzzy-
valued functions of a single real variable. We adopt exten-
sively the midpoint-radius representation of intervals in the real
half-plane and show its usefulness in fuzzy calculus. Concepts
related to convergence and limits, continuity, level-wise gH-
differentiability have interesting and useful midpoint expressions.
Partial orders for fuzzy numbers and extremal points (min
and max) for fuzzy functions associated to a partial order are
discussed and analysed in detail. Graphical examples and pictures
accompany the presentation.

I. Fuzzy INTERVALS NOTATION

To describe and represent basic concepts and operations for
real intervals, the well-known midpoint-radius representation
(midpoint for short) is very useful (see [6]): for a given interval
A = [a",a"], the midpoint @ and the radius @ are, respectively,
v

a —a

" _
. a +a —
and a = T

a=—
so that a~ =@ —a and a* =a +a. We denote an interval by
A = [a~,a"] or, in midpoint notation, by A = (a;a); so, the
family of all compact intervals in R is denoted by

Ke ={(@a)|a,acR and a > 0}.

Given A = [a",a*], B = [b~,b'] € K¢ and T € R, we
have the following classical (Minkowski-type) addition, scalar
multiplication and difference (see [1], [2], [8], [9], [10]):

e« A®yB=[a +b ,a" +b"],
[ta~,ta*],
[ta*,ta™],

e —A=(-1A=[-a* -a7],

e« Aoy B=A®y (-1)B=[a -b",a* -b"].

Using midpoint notation, the previous operations, for A =
(a;a), B=(b;b) and T € R are:

« A®y B=@+b:a+b),

. TA = (1a; [tla),

o —A=(-aa),

if 7> 0,

e TA={ta:acA}= fr<0 °
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« Aoy B=@-ba+b).

Generally, the subscript (-)y; in the notation of Minkowski-
type operations will be removed, and classical addition and
subtraction will be denoted by & and ©, respectively.

The gH-difference of two intervals always exists (see [7],
[11], [12], [14]) and, in midpoint notation, is equal to

A B=(@—b;[a-bl) S Aoy B.

The Minkowski addition @ is associative and commutative
and with neutral element {0}; hereafter O will also denote the
singleton {0}. In general, additive simplification is not valid,
ie, (A® B)© B # A. Instead, we always have A 6,z A = 0
and (A® B) S, B = A, YA, B € K¢ (and other properties that
will be given in the following, when needed).

If A € K¢, we will denote by len(A) = a* —a~ = 2a the
length of interval A. Remark that ¢A & fA = (@ + §)A only
if a8 > 0 (except for trivial cases) and that A ©,; B=A© B
only if A and/or B are singletons.

The introduction of the addition @ and two differences
©, ©gn for intervals is not motivated here as an attempt to
define some “true” arithmetic in Kc; these operations are
each-other strongly related and their properties motivate their
(appropriate) use in the context of interval and fuzzy analysis
and calculus (see [3], [4], [17], [18]).

For two intervals A, B € K¢ the Pompeiu—Hausdorff dis-
tance dy : Ke X K¢ — R, U {0} is defined by

dy(A, B) = max {max d(a, B), max d(b, A)}
acA beB

with d(a, B) = mingep |a—b|. The following properties are well
known (see [3], [16]):

dy(tA,TB) = |t|ldy(A, B),VT € R,
dy(Ae C,Be C) =dy(A, B),
dy(A® B,C® D) <dy(A,C) + dy(B,D).



It is known (see [12], [15], [16]) that dy(A,B) =
HA OgH B|| where for C € Kc, the quantity
[|Cll = max{|c|;c € C} = du(C,{0}) is called the magnitude
of C and an immediate property of the gH-difference for
A,B¢€ 7(C is

dy(A,B)=0 & Aoy B=0 < A=B. (1)

It is also well known that (Kc,dy) is a complete metric
space (see [3]). The concepts of a convergent sequence of
intervals (A,)nen, Ay € K¢ is considered in the metric space
Kc, endowed with the dy distance (as in [2], [7], [10]):

Definition 1: We say that lim,_,., A, = A if and only if for
any real € > 0O there exists an n, € N such that dy(4,,A) <&
for all n > n,.

The following equivalence is always true, as it is a trivial
application of (1):

lim A, = A if and only if lim (AvemA)=0. (2
A fuzzy set on R” is a mapping ( [3]) u : R" — [0,1]; we
denote its a-level set as [u], = {x e R": u(x) > a} for any
a € [0, 1]. The support of u is supp(u) = {x € R"lu(x) > 0}. 0-
level of u is defined by [u]y = cl(supp(u)) where cl(M) means
the closure of subset M C R".
Definition 2: A fuzzy set u on R is a fuzzy number if:

(i) u is normal, i.e., there exists xy € R such that u(xy) =1,
(i) u is a convex fuzzy set (ie. u(tx + (1 — f)y) =>
min{u(x), u(y)}, ¥t €[0,1], x,y € R),
(iii) u is upper semi-continuous on R,
(iv) clfx € Rlu(x) > 0} is compact, where cl denotes the
closure of a subset.

Let Ry denote the family of fuzzy numbers. For any u € Ry
we have [u], € K¢ for all a € [0, 1] and thus the a-levels of a
fuzzy number are given by [ul, = [u,,u}], u,,u’ € R for all
a € [0, 1]; in midpoint notation, we will write [u], = (Uy; Uy)
so that u, = U, —U, and u} = U, +1u,. If [u]; is a singleton then
we say that u is a fuzzy number. Triangular fuzzy numbers are
determined by three real numbers a < b < ¢ and denoted by
u=<a,b,c >, with a-levels

[ule = [a+ (b - a)a,c - (c-b)],

for all a € [0, 1].

Addition u + v and scalar multiplication Au are defined level-
wise, in terms of all the a-cuts of u,v: for every a € [0, 1]
[+ V]e = [Ule + [V]e = [ug + vy, uy +vi] = (Uy + Vot + Vo)
and [Au], = [min{Au;, Aul}, max{Au;, Aul}] = (Auy; |Au,).

A notion of fuzzy difference that is somewhat more general
than the gH-difference, which we denotes as LgH-difference,
is the following:

Definition 3: (see [4], [15]) For given two fuzzy numbers
u,v, the level-wise generalized Hukuhara difference (LgH-
difference, for short) is defined as the set of interval-valued
gH-differences

UBLgH V = {Wuz | we = [uly OgH [Vle, a€]0, 1]} >

that is, for each a € [0, 1], either [u], = [V]q + W OF [V], =
[u](l - Weq.

In relation with the defined difference, we consider the
concept of LgH-differentiability (see [4])

Definition 4: Let xy €la, b[ and h be such that xo+h €]a, b],
then the level-wise gH-derivative (LgH-derivative for short)
of a function F :]a,b[— Rp at xy is defined as the set of
interval-valued gH-derivatives, if they exist for all « € [0, 1],

1
Flen(0)a = lim= (IF(xo + W)la ©grt [F(0)]a): ()

more precisely, if F igH(XO)w is a compact interval for all
a € [0, 1], we say that F is level-wise generalized Hukuhara
differentiable (LgH-differentiable for short) at xp; and the
family of intervals {F’LgH(xO)a | ae [0,1]} is the LgH-
derivative of F at x(, denoted by F, gH(xo).

Also one-side derivatives can be considered; the
right LgH-derivative of F at Xxo is F(,, (X0) =
/111{%% <[F(x0 + 1)y SOren [F(xo)]a) while, to the left, it is
defined as F(y, ,(x0) = 1111%% (LF(xo + )a Ogr [F(x0)]a ).

The LgH-derivative exists at x( if and only if the left and
right derivatives at xo exist and are the same interval.

In terms of midpoint representation [F(x)], = ( Ja(X); ﬁ,(x)),
for all « € [0, 1], we can write

[F(x + M)]a Ogn [F(X)]o
h

= (BeFalxh): BynFo(x. )

Falxx + h) = fu(x)

—_— h — ’

Falx +h) = fo(x)
h

where ZgHF (x,h) =

and AgyFo(x,h) =

Taking the limit for ~ — 0, we obtain the LgH-derivative of
L) fo®) iy | LD fo)
h ’ n

h—0*

F,, if and only if the limits hlimo

w exist in R and the last two have the

and lim

h—0~
same absolute value; remark that the midpoint function f, is
required to admit the ordinary derivative at x. With respect to
the left and right limits above, the existence of the left and
right derivatives ﬁ_a(x) and ff_a(x) is required with |ﬁ_a(x)’ =

fa'(x)' if £ (x)

7_0()6)' = We(x) = 0 (in particular wy(x) =

exists) so that we have
Fon @ = (fa (0: () @)
or, in the standard interval notation,
Flon@a = [fa () = W00, fo ) + W] ()

II. OrDERS FOR Fuzzy NUMBERS

The LU-fuzzy partial order is well known in the literature
and frequently considered to be the standard order for fuzzy
numbers (see, e.g., [5] and [13] for an account of its relations
with LgH-difference and LgH-derivative).

Definition 5: [13] Given u,v € R¢ and given «a € [0, 1], we
say that



1) uz
uy <vi,

(1) u =4-py v if and only if u, <py va,
(i) u <q-py v if and only if u, <py va.

Se-rv v if and only if u, Sru ve, that is, u;, < v, and

a — a

Correspondingly, the analogous LU-fuzzy orders can be
obtained by

(@) u gy v if and only if u oy v for all a € [0, 1],

(b) u <py v if and only if u <,y v for all a € [0, 1],

(¢) u<pyvifand only if u <,_ry v for all @ € [0, 1].

The reverse orders are, respectively, u L,y v < Vv ZLv U,
u>yv = vzipuand u >y v & v <y u.

Using midpoint notation for a-levels, i.e., uy, = (Uy;uy),
Ve = (Vg3 ve) for all @ € [0, 1], the partial orders (i) and (iii)
above can be expressed for all a € [0, 1] as

Uy < Vg
()4 Vo Sy + (Ve —Uy) and
V(I > M(y (V\a ”/T(x)
Uy <V
(m‘){ Vo <o+ Vo —Uy)
T;zy >FlZ(y - (‘7{1 _”Za)

while (i7) can be expressed in terms of (i) with the additional
requirement that at least one of the inequalities is strict.
In the sequel, the results are expressed without proof be-
cause they are similar to the ones in [17] and [18].
Proposition 6: Let u,v € Ry with uy = (g Uy), Ve = (Va3 Vy)
for all a € [0, 1]. We have
(i.a) u gy vifand only if vy—u, = [V — Ul for all @ € [0, 1];
(ii,a) u <py v if and only if u, <V, and V, — Uy > [V, — Uy
for all @ € [0, 1];
(iii,a) u <y y vifand only if v,—u, > [V, — | for all @ € [0, 1];
(i,b) u zry vifandonly if uy—v, = [Vy — Ul for all @ € [0, 11;
(ii,b) u >y v if and only if U, >V, and Uy — Vo = [Vo — Ul
for all a € [0, 1];
(iii,b) u >y v if and only if u,—v, > [V, — Uyl for all a € [0, 1].
Proposition 7: Let u,v € Ry with uy, = (Uy;uy), Vo =
(Vo3 V) for all a € [0, 1]. We have
(i.a)
(ii.a)
(iii.a)
(i.b)
(ii.b)

u 3y v if and only if u©ren v S 0;
u <ry vif and only if u©rey v <1y 0;
u <y v if and only if u©ren v <1y 0;
uzpy vif and only if u©rpv 21y 0;
u >y vif and only if u©reyv =1y 0;
(iii.b) u >y v if and only if u©rey v >1y 0;
(Gv) u<pwv = u=zyv = ugiwv;

V) u>yv = u>pyv = ugiyv.

Remark 8: Considering the distinction between type (i) and
type (ii) of LgH-difference, several other implications can be
established. For example in type (i), for all @ € [0, 1], it is
Uy >V, and we have

- u eLgH 1% zLU 0 if and only if

(e <V and V, 2 Uy + (U, —Vy)), for all « € [0, 1],
- uBrgn v zry 0 if and only if

(tty = Vo and v, > Uy + (Vy — Uy)), for all a € [0, 1].

Definition 9: Given u,v € Ry, we say that u and v are LU-
incomparable if neither u $zy v nor u Xz y v and u and v are
a-LU-incomparable if neither u $,—ry v nor u Zo-ry V.

Proposition 10: Let u,v € Ry with u, = Uy uy), ve =
(Va3 Vo) for all @ € [0, 1]. The following are equivalent:

(i) u and v are a-LU-incomparable;

(i1) Uy ©gH Vo is not a singleton and 0 € int(uy Sgn Vo );

(i) [ify — Va| < W — Ul for @ € [0,1];
(iv) u, C int(vy) or v, C int(uy,).

It is possible to see that Proposition 10 is not always valid
in the case of fuzzy LU-incomparability.

Proposition 11: If u, v, w € Ry, then

(1) ugyvifandonly if u+w Sy v+w;

(i) ifu+v gy wthen u $ry WOLeH V;

(iii) if u+vzry wthen u Xy wOren v;
@iv) u Zry v if and only if (—v) Sy (—u).

Definition 12: given u € Ry with u, = (Uy;uy), for all
a € [0,1] we define the following sets of fuzzy numbers y
which are

(a) (ZLv)-dominated by u:

Do(u; LU) = {y € Rglu Zrv yh (6)
(b) (Zry)-dominating u:

Dy (u; LU) = {y € Rgly Zrv ub, @)
(¢) (ZLv)-incomparable with u:

I(u; LU) = {y € Rely ¢ D(u; LU), y ¢ Ds(u; LU)}. (8)
Proposition 13: For any fuzzy numbers u,v € Ry, we have
a. u 3py v if and only if D.(v; LU) C D.(u; LU);

u =v if and only if D.(u; LU) = D(v; LU);
0 =D.(u; LU)N W(u; LU) = Ds(u; LU) O I(u; LU);

{u} = Do(u; LU) N D5 (u; LU);
Rp = I(u; LU) |J Do (u; LU) U D5 (u; LU).

o0 T

III. Fuzzy-VALUED FUNCTIONS AND MIDPOINT REPRESENTATION
In midpoint representation, we write [F(x)], = (ﬁ(x); ﬁ(x))
where f;(x) € R is the midpoint value of interval [F(x)], and

fa(x) € R* U {0} is the non-negative half-length of F,(x):
Fiw = Ty
fav) = M >0
so that
£ (0) = folx) = fa(x) and £7(x) = folx) + fa(0).

Proposition 14: Let F : T — Ry be a fuzzy-valued
function and xp € T € R be an accumulation point of T
If lim F(x) = L with L, = [I3,[%], then hm [F(x)]w = [1,,I}]

a’
X—X0

for all a and, for all a € [0, 1], the hmlts and continuity can
be expressed, respectively, as

lim £, (x) = I,
lim f,(x) = I ©

X—X)

lim[F(x)], =L, =

X=X



Fuzzy-valued function [F(z)]* =
: T

o™ (@), fo” (@)

Fig. 1. Level-wise endpoint graphical representation of the fuzzy-valued
function with a-cuts [F(x)], = (fa(x) f(,(x)s where f,](x) 2sin (=3x +7/3)

and fo(x) = (1 + cos(9x/4)(1 — 0.6ya) for x € [0,1.257]. The core,
intercepted by the black-coloured curves, is the interval-valued function
x — [F(h = [ff (), fl*(x)]. The other a-cuts are represented by red-
coloured curves for the left extreme functions f,, (x) and blue-coloured curves
for the right extreme functions f;(x).

and
}Lriloj’c;(x) = fulx0)

SR 10
lm 700 = Fo).

}Lr% [F(0)]e = [F(x0)]le =

The following proposition connects limits to the 5,y partial
order of fuzzy numbers; analogous results can be obtained for
the reverse partial order Xy .

Proposition 15: Let F,G,H : T — Ry be fuzzy-valued
functions and xo an accumulation point for 7.

(1) If F(x) 3y G(x) for all x € T in a neighbourhood of
xp and lim,,,, F(x) = L € R, lim,,,, G(x) = M € Rp,
then L 31y M,

(i) If F(x) Srv G(x) Sy H(x) for all x € T in a neighbour-
hood of xp and lim,—,y, F(x) = lim,,,, H(x) = L € R,
then lim,_,y, G(x) = L

Similar results as in Propositions 14 and 15 are valid for the
left limit with x — xg, x < xo (x /" xo for short) and for the
right limit x — xp, x > xo (x \y xp for short); the condition
that lim F(x) = L if and only if l1m F(x) =L = hm F(x) is

XX

obvious.

Example Consider the fuzzy-valued function F(x) having
- ~ 9
a-cuts f,(x) = 2sin (—3x + g) and f,(x) = (1 + cos(zx)(l -

0.6 v/a) for x € [0, 1.257]; remark that f;(x) does not depend
on «. Two alternative graphical representations of F are
possible in terms either of the standard plot (see Figure 1),
by picturing the level curves y = f;(x) and y = ff(x) in the
plane (x,y), or, using midpoint representatlon in the half-plane
(7;2), by plotting the parametric curves 7 = f,(x) and 7 = fo(x)
as in Figure 2; Figure 3 reproduces the membership functions
(left pictures) and the midpoint @-cuts (right pictures) of the
fuzzy values F(1) (top) and F(3.5) (bottom) of function F.

Fig. 2. Level-wise midpoint graphical representation in the half plane (z;7)
with 7 > 0 as vertical axis, of the fuzzy-valued function F(x), x € [0, 1.257],
described in Figure 1. In this representation, each curve corresponds to a single
a-cut (only n = 11 curves are pictured with uniform « = 0,0.1, ..., 1; the core
corresponds to the black-coloured curve, the support to the red-coloured one.
The arrows give the direction of x from initial O to final 1.257.

Membership of Fuzzy F(1)

Midpoint- r’\dlus a-cuts of F(1)

—ptpport

———————————— 03

1 02

3 2

0.1

0 0L- ~
22 21 -2 <19 -18 17 -16 -5 22 21 -2 <19 18 -17 -16 -5

)

Midpoint-radius a-cuts of F(3.5)
tpport

Fig. 3. Membership function and level-wise midpoint representations of
two values F(1) and F(3.5) of the fuzzy-valued function F(x) described in
Figure 1. In the midpoint representation, a vertical curve corresponds to the
displacement of the n = 11 computed a-cuts; the red lines on the right pictures
reconstruct the a@-cuts. Remark that y and Z represent the same domain and
that a linear vertical segment in the midpoint representation corresponds to a
symmetric membership function having the same value of f,(x) for all a.

IV. ExTrREMA OF Fuzzy VALUED FUNCTIONS

The three types of partial orders defined above, <,y (sim-
ple), <y (strict) and <.y (strong), lead to different concepts
of extrema. We will adopt the following terminology:

Definition 16: If F(xo) v F(x), we say that F(xp)
dominates F(x) with respect to the simple partial order $rpy
(for short, F(xp) (3rv)-dominated F(x)), or equivalently that
F(x) is (ZLy)-dominated by F(x). We say that F(x) and F(x)
are incomparable with respect to 5y if both F(xg) Srv F(x)
and F(x) Srv F(xp) are not valid. Analogous domination rules
are defined in terms of the strict and strong order relations <;y
and <y, respectively.

The corresponding important concepts of order-based mini-
mum and maximum points for a fuzzy valued function are the
following.

Definition 17: Let F : [a,b] — Ry be a fuzzy-valued
function and x¢ € [a, b]. We say that, with respect to 3.y,
(a) Xp is a local lattice-minimum point of F' (min-point for



short) if there exists § > O such that F(xg) Sy F(x) for all
X €]xp — 6, xo + 6[N[a, b], i.e., if all F(x) around xy are (Zry)-
dominated by F(xp);

(b) Xp is a local lattice-maximum point of F (max-point
for short) if there exists 6 > 0 such that F(x) $,uy F(xy) for
all x €]xy — 6, xo + 6[N[a, b], i.e., if all F(x) around xy (Zrv)-
dominate F(xp).

Conditions (a) or (b) in the deﬁnitigp above i{nply that
if there exists x' € [a,b] such that f,(x') = fu(xo) and
fa(x') # fo(xg) for all @ € [0, 1], then it is impossible to
have F(xo) Srv F(x') nor F(x') Srv F(xo), except for trivial
cases, in particular, if f,(x") = f,(xp) for all @ € [0, 1], then
F(x') and F(xp) are (Zry)-incomparable or coincident.

It will be useful to explicitly write the conditions for (Zrv)-
dominance of a general fuzzy function F(x), with respect
to fuzzy functions F(x,) and F(xy), that characterize the
minimality of a point x, and the maximality of a point x,.
Without explicit distinction between strict or strong domi-
nance, we have, for all a € [0, 1]:

@z fal)

Jo0) < fon) + (fol®) = falxm)

Fol ) 2 faCom) = (a0 = folim)
(11)

F(x) 2y F(x,) &=

and

W< hbw
Ja@) 2 folon) + (fo0) = Falew))
£ < falon) = (Fo) = Fuln)
(12)

The following proposition shows that lattice-type minimality
and maximality, with respect to the partial order 5;y can be
recognized exactly in terms of functions f, and f;, for all
a € [0, 1], as follows.

Proposition 18: Let F : [a,b] — Ry be a fuzzy-valued
function, where [F(x)], = [f, (%), fi(x)] for all @ € [0, 1].
Then

F(x) 3iv F(xy) &=

(a) Xm € [a,b] is a min-point of F if and only if it is a
minimum of functions f, and f; for all @ € [0, 1];
(b) xy € [a,b] is a max-point of F if and only if it is a

maximum of functions f; and f; for all @ € [0, 1].

The discussion above highlights the restricting notion of a
lattice-extreme point, as it is not frequent that simultaneous
extrema occur for the two functions f; and f;. The following
definition is more general, as it considers the possibility
that fuzzy function values F(x) for different x are locally
incomparable with respect to the actual order relation.

Consider again the function F(x) of the Example presented
in section III; the midpoint function f,(x) (independent on @)
has two minimal points x], = 0.87266461, x|, = 2.96705971
and a maximum at x); = 1.91986219 (see Figure 4); x,, and
X, are not lattice-type minima and xj, is not a lattice-type
maximum. These points are candidate to be best-type extrema
of F(x), according to the following definition.

Definition 19: Let F : [a,b] — Rp be a fuzzy-valued
function and x,,, x); € [a,b]. We say that, with respect to the

Fuzzy function F,(z) = [f, (z), fi ()]

Fig. 4. Graphical representation of the fuzzy-valued function F(x) in Example,
evaluated at points x,) = 0.87266, x\y = 2.96706 and xy = 1.91986. The
black line corresponds to function f(x), the core midpoint function, for which
the three points are two minima and a maximum.

strict order <;y,

(©) X is a local best-minimum point of F' (best-min for
short) if: _
(c.1) it is a local minimum for the midpoint function f,

for all @ € [0, 1], and

(c.2) there exists § > 0 and no point x €]x,, — &, x,, +
o[N[a, b] with F(x) # F(x,,) such that F(x) Srv F(xn);

(d) Xy 1s a local best-maximum point of F' (best-max for
short) if: _
(d.1) it is a local maximum for the midpoint function f,
for all « € [0, 1], and

(d.2) there exists ¢ > 0 and no point x €]xy — 8, xy +
o[N[a, b] with F(x) # F(xy) such that F(xy) v F(x).

Remark 20: The definitions above are clearly valid also for
points xo € [a, b] coincident with one of the end points a or
b. It is also evident that a lattice-type extremum is also a
best-type extremum.

Definitions of strict and strong (local) extremal points can
be given by considering the strict <;y or the strong <y orders
associated to the lattice order Zry.

Definition 21: Let F : [a,b] — R be an fuzzy-valued

function. With respect to an order Z;y and the associated
strict order <,y or strong order <y, we say that
- a best-min point x,, is a strict (respectively strong) best-
minimum point if there exists 6 > 0 and no point x €
1%, =06, xn+6[N[a, b] with F(x) <,y F(x,) (or F(x) <py F(x,),
respectively);
- a best-max point xj is a strict (respectively strong)
best-maximum point if there exists 6 > 0 and no point
X €lxpy =0, xpr +6[N[a, b] with F(xy) <ry F(x) (or F(xy) <y
F(x), respectively).

Remark 22: It is clear that the definitions of lattice-type
and best-type extremality do not require any assumptions on
continuity of the fuzzy-valued function F on [a, b); in the case
of continuity (or left/right continuity) the existence of extreme
points is also related to the local left andfor right monotonicity
of F (with respect to the same partial order Zry).

If x,, € [a,b] is a lattice-minimum point, i.e., there ex-



ists a neighbourhood of x,, such that all F(x) satisfy (11),
then no such F(x) is incomparable with F(x,,); analogously,
if xy € [a,b] is a lattice-maximum point, i.e., there exists
a neighbourhood of xj3; such that all F(x) satisfy (12), then
no such F(x) is incomparable with F(x,). We can express
this fact by saying that the (local) min-efficient frontier for
the min-point x,, is concentrated at the fuzzy value F(x,);
analogously, the (local) max-efficient frontier for the max-
point x;; is concentrated at the fuzzy value F(xyy).

When x,, and x, are best-type extrema and not lattice-
type, then it is important to identify the fuzzy values F(x),
in particular with x in a neighbourhood of x,, or x;, that
are not min-dominated by F(x,) (or not max-dominated by
F(xp)); clearly, these F(x) are necessarily (.y)-incomparable
with F(x,) (or with F(xy), respectively).

Corresponding to a minimum and to a maximum point of
F, we are then interested to identify the locally (min/max)-
efficient fuzzy values F(x) and the local min or max efficient
frontier for F(x,) and F(xj) around points x, and xy,
respectively.

The first step in finding the efficient frontier for a strict
minimum and a strict maximum is the following:

Proposition 23: Let F : [a,b] — Ry be a fuzzy-valued
function. Let x,,, x); € [a, b] be local strict best-min and local
strict best-max points of F. Then, there exist xL < x,,, 28 >
Xim» xﬁ,l < xp and xf,l > x (all belonging to [a, b]) such that,
respectively,

1. F(x) is incomparable with F(x,), for all x € [xL, xX],
X # X
2. F(x) is incomparable with F(xy), for all x € [x4, xX ],
X # Xy.

A first consequence of Proposition 23 is a sufficient condi-
tion for a lattice type external point.

Proposition 24: Let F : [a,b] — Ry ; if x,, (respectiy\ely,
Xp) 1s @ minimum point (a maximum point) of function f,(x)
for all @ € [0,1] and x%, = x,, = x& (or xk, = x) = xF)) then x,,
is a lattice min-point (respectively x,,; is a lattice max-point)
of F(x) and vice versa.

A second consequence of the last proposition is that the
efficient function F(x), relative to the best-min point x,, or to
the best-max point x,,, in the case where they are not lattice
extrema, are to be searched among the points x € [x,’;l, xﬁ] and
x € [xk, xR ], respectively.

The next step is to characterize the points of [xk, xf] and
[x},, xK ] that contain, respectively, x,,, x) and are such that
all the corresponding F(x) define the local efficient frontier of
F around F(x,,) and F(xy), respectively.

We start with a formal definition of the min/max efficient
frontier:

Definition 25: Let F : [a,b] — Rp be a fuzzy-valued
function and let x,,, x); € [a,b] be local strict best-min and
local strict best-max points of F with respect to the partial
order Z;yp.

(a) The (local) min-efficient frontier of function F associ-
ated to the best-min point x,, (or to the best-min fuzzy-value
F(x,,)) is the set Enin(F, x,,) of fuzzy-values F(x) such that:

(a.1) F(xpn) € Emin(F, ),
(a.2) if X',x" €la,b] and F(x'), F(x") € Epin(F, x,,) then
F(x') and F(x") are ($.y)-incomparable,

(a.3) no other set E’ containing Epi,(F, x,,) has property
(a.2).
(b) The (local) max-efficient frontier of function F associ-

ated to the best-max point x,, (or to the best-max fuzzy-value
F(xp)) is the set Epax(F, xp) of fuzzy-values F(x) such that:
(b.1) F(xy) € Emax(F, xum),

(b.2) if X', x"” € [a,b] and F(x'), F(x"") € Enax(F, x)) then
F(x") and F(x") are (ZLy)-incomparable,

(b.3) no other set E’ containing E.x(F, x,,) has property
(b.2).

The set of points x € [xL, xR] such that F(x) € Eyin(F, x,)
are the local min-efficient points corresponding to x, and is
denoted by Effi,(F; xn)

The set of points x € [x4, xR ] such that F(x) € Emax(F, xp)
are the local max-efficient points corresponding to xj; and is
denoted by Eff,,..(F; x).

Clearly, the efficient frontiers Eff, ; (F; x,,) or Effy. (F; xum)
are subsets of the interval in Proposition 23; but their char-
acterization is not easy, as we can imagine in cases where
the function F(x) has possible inflexion or angular points, or
complex patterns.

For a fixed @ € [0,1], let Cr, be the curve, in ﬂ‘le half-
plane (z;7) with parametric equations 7 = f,(x), 7 = fo(x) and
parameter x € [a,b] and assume that the curve is simple (no
multiple points) and differentiable (i.e., both f,(x) and f,(x)
are differentiable at internal points); one says that the curve
Cr, has the convexity property if each of its points is such
that the curve lies on one side of the tangent line to this point.
In our setting, the convexity of Cp, is required only locally,
by considering the restriction of F(x) to points around x,, (or
Xxu). More precisely, let’s fix the notion of local convexity of
Cr, by distinguishing the case of a minimum to the case of a
maximum point.

Assumption 1: For a minimum point x,, (not a lattice min)
we will assume that there exist ,,,6,, > 0 (not both equal to
zero) such that the curve corresponding to the restriction of
F(x) to the interval [xm — 6,y Xon + 6m] is simple and convex;
this happens if the portion of plane on right of the curve, i.e.,
for each «, the set

U

Prin(Xm) = (Efw)E= f),  (3)
xE[xm—é,',,,x,,,+6,/,:
is convex; in this case, the following portion of the half plane

is convex and bounded
Smin(xm) = Pmin(xm) ﬂ {(Z’E) Emin S’Z\SZnax’ Zmin < ZS ~max}
(14)

where Z,,;; = min {f;(x)lx € [xm — O Xm + 6;;,]},
Zmax = Max {ﬁ(x)lx € [xm — 6, Xon + O, }
Zoin = MiN {f;(x)lx € [xm — Oy Xom + 6m] and
Zmax = Max {ﬁ(x)lx € [xm — 6y Xon + O, }

Assumption 2: For a maximum point x,, (not a lattice max),
assuming the existence of (S’M, 6;;4 > 0 such that the curve



F(x) on interval [xM =8y xm + 6M] is simple and convex, we
obtain that the portion of plane on left of the curve, i.e., for

all «,
U

Xx€ [xM —6;/1,XM +6;[]

Prax(x) = Ero)E<fi), 19

is convex; in this case, the following set is convex and bounded

max(xM) - max(xM) ﬂ (AF_) rmtn < Z < Zma)rs me SFZ‘ max}
R (16)

where, this time, Z,;, = min {fw(x)lx € [xM — 8y X + (5;4]},
Zmax = Max {ﬁ(x)lx € [xM =8y xm + (5;,1]}, and similarly for
Zmin and Z, in terms of ﬁ(x).

Under Assumptions 1 or 2 (using the same notation) we can
prove the following results:

Proposition 26: Let 3y be a partial order on Ry and let
F : [a,b] — Ry be a fuzzy-valued function with [F(x)], =
[f, (x), £ (x)] for all @ € [0, 1] such that x,, €la, [ is a local
min point of j‘:,(x) for all @ € [0,1] and Assumption (1) is
satisfied. Then there exist two points xm,xm € [xm,xR ] with
X, < X, < x,, and such that, for x € [xm 8y Xy + 6,
(1) either x,, maximizes ﬁ(x) - ]";(x) or x
fa(x) + fa(x) for all @ € [0,1],
(2) or x,, minimizes f(,(x)+ fa(x) and x,, maximizes fa(x)—
fa(x) for all @ € [0, 1],
equivalently,
(i) either x), minimizes f, (x) or x/, minimizes f, (x) for all
a€[0,1],
(ii) or xj, maximizes f, (x) and x/, minimizes f, (x) for all
a €[0,1].
Furthermore, interval [x;,,x/] is the local efficient frontier
Eff,,in(F; xp,) of Definition 25

In particular, if x;, and x;; are internal to the local convexity
region and f,(x), fa(x) are differentiable at x for all « € [0, 1],
then

{ AR AN { fa G = Fa

minimizes

(17)
fa ()CN) = _fa (x”) fa (X )= _foz ()C )

Proposition 27: Let 3y be a partial order on Ry and let
F : [a,b] — Ry be fuzzy-valued function with [F(x)], =
Lf (%), (2] E(\)r all a € [0, 1] such that x;, €]a, b[ is a local
max point of f,(x) for all @ € [0,1] and Assumption (2) is
satisfied. Then there exist two points x},, xy, € [x},, x% ] with
xy; < xp < x}; and such that, for x € [xM 5 , XM+ 6;;4],

( 1) elther X, minimizes a(x)
fa(x) + f”(x) for all « € [0, 1], _
(2) or x}, maximizes f,(x)+ fa(x) and xy, minimizes f,(x)—
Fo(x) for all @ € [0, 1].
equivalently,
(i) either x}, maximizes f, (x) or x}, maximizes
all a € [0, 1],
(i) or x}, maximizes f;(x) and x, maximizes f; (x) for all
a€[0,1].

Furthermore, interval [x},, x};] is the local efficient frontier
Eff,,0x(F; xp) of Definition 25.

fo(x) or xy, maximizes

“*(x), for

Efficient Regions at all min, max points
T T T

Fig. 5. Midpoint representation of the fuzzy-valued function F(x) in Example,
evaluated at the best-minimal points xE,P = 0.87266, xﬁ,%) = 2.96706 (on the
left of picture) and the best-maximal point x); = 1.91986 (on the right of the
picture). The efficient regions are evidenced in green colour.

Efficient Regions at min, max points
T T

Fig. 6. Graphical representation of the fuzzy-valued function F(x) in Example,
evaluated at points x,, = 0.87266, x\y = 2.96706 and xy = 1.91986. The
black line corresponds to function f(x). The efficient regions associated to the
best-min and best-max points, in the x-domain, are delimited, for 11 @-cuts,
by vertical lines around the three points.

In partlcular if x), and x}, are internal to the local convexity
region and fc,(x) fo(x) are dlfferentlable at x for all @ € [0, 1],
then

PSRN HCH I A C AR A
Jo () = —f"(xy f @) = 1o ()
Returning to the the fuzzy-valued function F(x) of Example,
the efficient regions of the two best-minimal points x() =
0.87266, x2) = 2.96706 and the best-maximum x = 1.91986
are obtained according to the propositions above; they are
evidenced with green colour in Figure 5. The reconstruction of
the efficient regions in the x-domain is easily obtained (from
the midpoint representation) and pictured in Figure 6. The
values of the first-order gH-derivatives F éH(x,(,P), F ;H(xg))
and F;H(xM) are visualized in Figure 7; we see that in all
cases, they contain the zero value internally to all a-cuts.
Finally, the second-order gH-derivatives F ’ (x(l)) F e (2))
and F!,(xy) are visualized in Figure 8 and we see that
F (xﬁ)) >0 0, Flly(x 2 >, 0 and Fl},(em) <u 0. Remark
that these properties are analogous to the well-known sufficient

(18)
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Fig. 7. Membership (left) and midpoint (right) values of the fuzzy-valued
first-order gH-derivative F (x) in Example at points xﬁ,{) = 0.87266, xﬁf) =
2.96706 and xp = 1.91986.
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Fig. 8. Membership (left) and midpoint (right) values of the fuzzy-valued
seconf-order gH-derivative F,(x) in Example at points xﬁ,],) = 0.87266, x,(,%) =
2.96706 and x); = 1.91986.

conditions for minima and maxima for ordinary differentiable
real-valued functions.

We conclude this section to see how local extremality of a
point x,, (minimum) or x;; (maximum) is connected to the left
and/or right LgH-derivatives or to the LgH-derivative F’ ’Lg 1 (x0)
if the two are equal. So, we have the following Fermat-like
property:

Proposition 28: Let F :]a,b[— Rp be LgH-differentiable at
Xo €la, bl and 5y be a partial order on Rp. If x( is a lattice
extremum for F (a lattice-min or a lattice-max point), then
F ’Lg H(X()) =0.

Proposition 29: Let F : [a,b] — R, xo € [a,b] and $1p
be a partial order on Rp. Suppose that F' has left and right
LgH-derivatives at xy (if xo = a or xo = b we consider only
the right or the left LgH-derivatives, respectively)

(1.a) If xo is a lattice minimum point for F, then
Flpren(¥0) v 0 and F{), p(x0) Zru 0;

(1.b) If xo is a lattice maximum point for F, then
F(’I)LgH(xO) %LU 0 and F(',)LgH(XO) éLU 0.

Proposition 30: Let F :]a,b[— R be LgH-differentiable at
Xo €]a, b[ and consider the partial order 5,y (or Z.-ry level-
wise) on Rp.

(i) If xo is a best-minimum point for F, then 0 € F} gH(xO).
(ii) If xo is a best-maximum point for F, then 0 € F} gH(xO).

V. ConcLusioNs AND FURTHER WORK

We have developed new results to determine extremal
points (local or global minima and maxima) of fuzzy-valued
functions, in terms of the partial LU-order; the corresponding
efficient regions are obtained (using standard dominance rules)
from the newly introduced midpoint fuzzy representation. In
further work, we will analyse monotonicity and convexity and
we will extend our results to more general partial orders as
suggested in [5], by the use of first-order and second-order
LgH-derivatives.
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