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Abstract—We present new results in the calculus for in-
terval functions of multiple real variables in the setting of
gH-differentiability and, based on a new concept of interval
linear functions, we define and analyse Gateaux and Fréchet
differentiability and their properties. Finally, the results obtained
for interval-valued functions are easily extended (level-wise) to
define linear fuzzy-valued functions and corresponding Gateaux-
Fréchet fuzzy differentiability.

I. INTERVALS AND GH-LINEAR FUNCTIONS

We denote by K¢ the family of all bounded closed intervals
in R, ie. (see, e.g., [1], [8], [9], [10], [11]),

Ke = {[g,ﬁ]lg,ﬁeRanngE}
= {(@a)|a,aeR and @ > 0}

— at+a —~ a-a —_ - -~ —~
wherea:—T,azT—,gza—aandaza+a.

The pair (a;a) (with a semicolon ; separator) is called mid-
point notation for intervals. Minkowski operations on intervals
are the following, given A = [a,a] = (a;a), B = [b,b] = (b;b)
and T € R:

« Ay B=@+ba+b),

o TA = (7a; |tla),

. -A=(-@a), o

e« AOyB=A®y (-B)=(a-b;a+b).

The gH-difference of two intervals A and B is

(@A=B+C

AegHB:C‘:’{ or (B)B=A+(-1)C’

it always exists (see [4], [9], [13]) with
Aoy B=(@-bila-b)c Aoy B. )

Given A, B € K¢, the Pompeiu-Hausdorff distance is defined
by (see, e.g., [7], [9], [13])

H(A, B) = max |max d(a, B), max d(b,A)] 2)
acA beB

where d(a, B) = minyeg |la — bll. We have H(A, B) = ||A 44 B||

where, for C € K¢, ||IClly = max{|c|;c € C}; remark that, in

particular, if C = (0;¢) (i.e., the midpoint of C is zero), then

ICllg ="c.
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Given A, B € K¢, we define also the gH-addition (it always
exists) as

A®u B=AOu (-B)=@+b;[a-b)CAeyB. (3)

An interval-valued function f : X € R" — K¢ is of the
form

£ = [0, 7| = (Fx); )

with x = (x1, x2, ..., x,) € R".

The space K¢ of intervals can be ordered by several partial
orders (see [2], [3], [7], [16], [17]); we will use the so called
LU (lower-upper) partial order, defined by A < B
(g <banda SE); it is well known that A < B <
A,y B < 0; remark that two intervals with the same midpoint
values are either equal or LU-incomparable.

In terms of the LU partial order, the LU-convexity of an
interval-valued function f(x) = [ f(x),f(x)] on a convex set
X C R”" is defined by requiring f(ax + By) < af(x) ®y Bf(x)
for all x,y € X and all @,8 € [0, 1] with @ + 8 = 1.

Our definition of linearity for interval-valued functions is
the following; it will be called gH-linearity.

Definition 1: Given an interval-valued function L : R" —
Kc, we say that L is gH-linear if there exist two linear
functions L, W : R" — R such that L(x) = (Z(x); IW(x)I) for
all x € R”, ie., L(x) = [L(x) - IW(@)], L(x) + [W(x)]

The following property is immediate to prove:

Proposition 2: A necessary condition for a function F :
R" — K¢ to be gH-linear is that
(1) it is homogeneous, i.e., F(1x) = AF(x) for all A € R and
for all x e R”, and
(2) the following inclusions are satisfied for all x,y € R™:
F(x)®gn F(y) C F(x+y) C F(x) @y F(y).

Example 1: Given n intervals A; = (’c?j;'c?j) withdj,a; € R,
a; > 0 for j = 1,2,..,n, the following gH-combination of
the intervals with coefficients xi, X2, ..., X, , defined by f(x) =
(Z?:l xjaj; |Z;f=1 xﬁ,-|) is a gH-linear function.



Notation: In the rest of the paper, we denote a gH-
combination of n intervals A; = (Ej;ﬁj) with coeflicients

X1, X2, .0y Xy AS
] (4)

while the Minkowski combination (M-combination for short)
is denoted as

n

2%

J=1

P xa; = {Z Xjaj;

J=1 J=1

n n n
Z xjAj = Z Xjaj; Z |xj‘ aijfs
= j=1 j=1
remark that, for any set of intervals A; = (Ej;ﬁj), j=12,...n
and for any set of real coefficients xj, xy, ..., x, we have

n n
NPRLYEDIETY
= =

and the inclusion reduces to an equality if and only if the
nonzero coefficients in {x, x», ..., x,,} are all of the same sign.

Example 2: Let us consider the interval-valued function
f 1 R?2 = K¢, where f(x) = f(x1,x) = x1[2,5] ®&u x2[-1, 3],
i.e., f is the Minkowski combination of two intervals; it is easy
to see that f satisfies the conditions of proposition 2 but it is
not gH-linear; indeed, we have f(x) = (%xl + X3, %lel + 2|xz|)
and the radius function ﬂxl,xz) = %lel + 2|x3| cannot be
expressed as the absolute value of a linear function W(x1, x»).

More generally, given n intervals A; (a sa J) with @; 5 aj €

R, a; > 0 for j = 1,2,...,n, the M-combination Z xjA; of

Jj=

the intervals with coefficients xi, x», ..., x,, iS not a gH -linear

function, unless n = 1.

We can easily prove that an interval-valued function f :
R" — K¢ is gH-linear if and only if there exist two real vectors
C,C e R, say C = (¢1,...,¢y) and C = (cy,...,c,), with no
restrictions in the sign of the components ¢;,¢; € R,i = 1, ...,n,
such that

]- )

Note that any gH-linear interval-valued function f with in-
terval representation f(x) = (Z?zl XiCi; |Zf’=1 x,-ci|), with vectors

n

£ = (Fl); flw) = [Z XiC;

i=1

n

2 e

i=1

C,C € R", admits (obviously) also a second representation
with vectors C,—C € R", given by

The property above is indeed coherent with the definition of
interval gH-differentiability proposed in [16].

There exist several definitions of convexity for interval-
valued functions; we will adopt the one introduced in [17],
based on the LU partial order. It is easy to see that, as
desirable, a gH-linear function is convex.

n

fx) = [Z XiCi;

i=1

n

Z xi(=ci)

i=1

__Proposition 3: Any gH-linear function L : R" — K¢, L(x) =
(L(x); |W(x)|), is LU-convex on R”. Furthermore, for all a,8 €
R and all x,y € R" it is

aL(x) ®.u BL(y) < Liax + By) < aL(x) @y SL(y).

Proof 1: From the linearity of Z(x) and W(x) and from the
triangular inequality, we have

L(ax + By)

(@Z(x) + BLG); le W (x) + BW())
(@L(x) + BLG): le W) + [BW()I)
aL(x) &y BLG);

IA

by choosing «, 8 € [0, 1] with +8 = 1 we obtain the convexity
of L. The left inequality is deduced analogously.

II. INTERVAL FRECHET AND GATEAUX GH-DIFFERENTIABILITY

We have now all elements to define Fréchet and Gateaux
type differentiability for an interval-valued function F : K C
R" = K, F(x) = (F(x); F(x)).

_Definition 4: Let F : K CR" - K¢, F(x) = (F(x) F(x)) =
[F x)-F(x), F (x)+F (x)] and let x© € K such that x© +k € K,
for all & € R" with ||h]| < 6 for a given 6 > 0. We say that F
is Fréchet gH-differentiable at x if and only if there exist a
(continuous) gH-linear function Lo : R" — K¢ such that

I(FG® + 1) ©g1r F(X©) ©grr Lo (W)l
m
Iil~0 17

=0 (6)

The linear interval-valued function Lo : h — Lo(h),
h € R", is called the Fréchet gH-derivative (or Fréchet
differential function) of F at x©, denoted as DgyF(x©),
i.e.,DgHF(x(O))(h) = L.o(h) for all h € R".

The following are fundamental properties of Fréchet differ-
entiability (the proof of the first Theorem is easy and we omit
it).

Theorem 5: Let F : K C R" — K¢, F(x) = (F(x); F(x)). If
F is Fréchet differentiable at xX@ € K, then it is continuous at
X0,

Theorem 6: Let F : R" — K¢, F(x) = (F(x);F(x)) be gH-
linear. Then, at any points x € R”, F is Fréchet differentiable
and its differential is exactly the function DgyF(x)(h) = F(h)
for all # € R"” and all x € R".

Proof 2: Let F(x) = (F(x); F(x)) with F(x) = ¥, x;&; and
F(x) = |3, xici| with given (fixed) C;, c; € R". We then have
the following equalities for all x, 2 € R" with h # 0:

> xic

ol

i(xi + hi)ci
i=1

|

n

F(x) = [Z XiCis

i=1

n

F(x+h) = (Z(x,» + hiYCi;
i=1

|

F(h) = [Zn: hici; an hic;
=1 i=1



so that, the second component being the absolute value of the
difference of two absolute values,

Z(xi + hi)ci
=1

denoting the interval A, = (F (x+h)oeu F (x)) S.u F(h) by

n

§ XiCi

i=1

F(x +h) Oy F(x) = [Z hici;
i=1

Ay = (Ax,h;Zx,h) in midpoint notation, it follows that

{ N A =0
A =] B8 Gavhie] = B e[ = |21y hied] 5

on the other hand, from the fact that Zx,h =0, it is ”Ax,h” u
A xh with

n

n
Z XiCi+ Z hiCi
i=1

i=1

n

2w

i=1

Ax,h =l l

n
2 e
i=1

so that
[(Fr+ o Feo)ow F|, 7,

1l TN

Considering that the vector x € R” is fixed, we have three
cases for the sign of the quantity },?, x;c; (not depending on
h):

1) if 3,7, xic; =0, then

n
0+ Z hic;
i=1
A

so that = 0 for all & # 0;
2) if Y, xic; > p > 0, then for sufficiently small |||, it

will be X7, xic; + 2L hic; > 0 so that
i=1 i i=1

n n
2| =] ) e
i=1 i=1

3) if 3%, xic; < p < 0, then for sufficiently small |||, it
will be X%, xic; + X7, hic; < 0 so that

n n n
— Z XiCi — Z h,-c,- + Z XiCi
=1 =1

i=1
n n
i=1 i=1

Then, in all cases, Avx,h = 0 for all » € R" with suffi-
ciently small ||k|| and for all x € R"; we conclude that

. h h . )
”hllllmO”(F(H )egHmc))e”HF( Al 0 and F is Fréchet gH-

differentiable with differential Dy F(x)(h) = F(h) for all
h eR™

Using the same concept of gH-linear function, the definition
of Gateaux derivative is the following:

Definition 7: Let F : K CR" —» K¢, F(x) = (F(x);F(x)) =
[F(x)—F(x), F(x)+F(x)] and let x® € K such that x©+4 € K.

Ap = o] =0

n
2. e
i=1

n

n n
Z Xici+ Z h,'(,‘i— Z XiC;
i=1

Ax,h

n
2, e
i=1

:07

Ax,h

n
S
=1

=0.

We say that F is Gateaux gH-differentiable at x© if and only
if there exist a (continuous) gH-linear function L : R" — K,
depending only on x© such that, for all # € R” the following
limit exists:

(F® + th) 601 F(x©)
; (7

The gH-linear interval-valued function L : h — L(h) on R”
is called the Gateaux gH-derivative of F at x(*). Clearly, if it
exists, it is unique (by unicity of the limit for all #).

In a recent paper, the following definition of gH-
differentiability has been given; it implicitly suggest how to
define linearity in the context of interval-valued functions.

Definition 8: [16] Let F : K € R" —» K¢, F(x) =
(F(x); F(x)) = [F(x)— F(x), F(x) + F(x)] and let x© € K such
that xX© + h € K, for all h € R" with ||4|| < & for a given 6 > 0.
We say that F is gH-differentiable at x© if and only if there
exist two vectors w,w € R", W = (Wy, ..., w,), w = (W1, ..., W,)
and two functions e(h), €(h) with }{%E(h) = £iﬂ)§(h) =0, such
that, for all & # 0,

limy—so = L(h).

FGO + 1) = F&O) = 3 by, + Ikl &),

@®)
j=1

[FGO + )y = FGO)| = [>T hjw; + IIER|. (9)
j=1

The interval-valued function Dgy F(x®) : R" — K¢ defined,

for h = (hy, ..., hy) € R, by
n n
D hiwgs D b (10)
j=1 j=1

is called the gH-differential (or the total gH-derivative) of F
at x©,

In [16] we prov’e\d that if there existA two vectors W, WE,
and two functions &*(h), *(h) with iirr(z)s*(h) = iirr(z)s*(h) =0,

Do F(xX)(h) =

verifying equations (8) and (9), then w* =wand w* = W or
w* = —w.

Remark 9: The authors of [6] define a "linearity” concept
for a function L : X — K¢, with L(x) = [I:(x),Z(x)]for x € X,
X being a linear subspace of R", by requiring that
(i) L(Ax) = AL(x) for all x € X and 1 € R;

(ii) for all x,y € X,
(ii.a) either L(x +y) = L(x) &y L(y),
(ii.b) or L(x +y) and L(x) ®y L(y) are LU-incomparable.

Consider that a homogeneous F(x) such that F(x + y)
and F(x) ®y F(y) have the same midpoint value always
satisfy conditions (i)-(ii), as, for example, F(x;,x;) =
[F(x1, x2), F(x1, x2)] with

F(xi,x) = ajx;+ayx; — ch/blx% + ng%
F(x1,x2) = aix;+ax + a+b1x} + byx3

Ehere ai,b; € R, by >0,i=1,2and o > 0. F(x1,x2) and
F(x1,x) are both positively homogeneous, it is F(x +y) C



F(x) ®y F(y) and, using midpoint notation, it is F(x +y) =
F(x) + F(y) (i.e. F is linear) and F(x +y) < F(x) + F(x) (i.e.,
F is subadditive). Furthermore, it is possible to verify that
functions which are linear according to definition in [6] do
not necessarily satisfy the limit condition (6), as is the case,
e.g., of F(x1,x) = xila—1,a+1]+x[B—1,B8+1] and x = (0, 1)
for which the limit (6) does not exist for ||(hy, hy)|| — 0 with
(h1, hy) — (0%,07).

III. GENERAL CONSTRUCTION OF GH-LINEAR FUNCTIONS USING
INTERVALS

Note that the expression (10) valued for vectors w, w and for
vectors w*, w* is the same. This means that the gH-differential
of F at x(o) is unique and does not depend on the election of
w, w. But for each one of these pairs of vectors we define the
signed gH-differential, as follows.

To this end, we introduce a concept of a generator set of
Ke.

Definition 10: Given r € N and G = {G1,G»,...,G,}, with
Gi=(gi;g)eKcfori=1,...,r, G is said to be a generator
set of K¢ if for any A € K¢ there exist [; e R, i=1,...,r,

such that . .
A= (aa) = [Zlig';; Zlié]-
i=1 i=1

Proposition 11: The minimal numbers of elements in a
generator set of K¢ is two.

Proof 3: Clearly, K¢ cannot be generated by a set with
only one interval; we can provide G, G, € K¢ such that G =
{G1, G} is a generator set of K. Indeed, consider G| = (2; 1)
and G, = (0; 1). Considering any A = (a;a) € K¢, we calculate
l1, 1, such that the two equalities @ = 2/, and a = |l; + L| are
satisfied by /; = 4, 1, =a- 4. That is

s
a=@o- (30 (a-5Jefin+ (-5
In consequence, G = {G, G} is a generator set of K.
Definition 12: If G = {G1,G,}, G; = (gi;€), i = 1,2, is a
generator set of K¢, then G is said to be a base of K. Given
A = (a;a) € Kc, then [} and I, are said to be the coordinates of
A with respect to the base G if A = (L1g] + Lg2; 1181 + b g2l).
This is denoted as A = (I1, b)g.
We could introduce something like a canonical base.
Proposition 13: The set & = {Ey, E»} = {(1;0),(0; 1)} is a
base of K¢ and for any A = (a;a), a > 0, we have

A = (a,a)s = (a,-a)s.

Definition 14: The base & = {E1, E»} =
to be the canonical base of K.
Proposition 13 and Definition 14 imply that, given an interval
A = (u,v)g with respect to the canonical base, it follows
that A = (u;|v]). We say that A is written in positive signed
representation with respect to the canonical base if v > 0; and
in negative signed representation if v < 0. Then, we say that
an interval A can be represented as A® and A®, respectively.
So, A = (@;a) € K¢, a,a € R, a >0, can be represented by a

{(1;0), (0; 1)} is said

(positive or negative) signed notation A* = (u,v)g € {A®, A®}
with A® = (@,9)s, A® = (a,—a)g}, i.e., s € {®,0).

We denote by ‘Kg as the family of signed representations
(u,v)s, for any u,v € R, ie., for all A = (@Ja) € K¢ it is
A® A® € ‘Kg and for all A* = (u,v)g € 7(5 itis A = (u;v]) €
K.

Two arithmetic operations are natural in ‘Kg

Definition 15: Given A® = (u,v)g, A}' = (u1,v))e, A =
(ur, Mg € 7(5 the multiplication by a scalar 7 € R and the
addition are defined as

TA® =
81 52 —
Al'+AY =

(tu, v)g

(u1 + uz, vi + v)e.

We define —A® = (-1)A* = (—u, —v)g, so that —(—A%) = AS.
More generally, given r € N, Af” = (upv)g € K3,

their linear combination with scalar coefficients 7; € R for

i=1,...,r, 1S

r

Z T,‘Afi

i=1

TIA] + T AY +

r r
&

i=1 i=1

S+ TAY

(1)

12)

Definition 16: The (canonical) projection of ‘K*Cg onto K¢ is
the mapping P : 7(2 — K¢ defined by P((u,v)g) = (u; [v]) and
the interval (u;|v]) is said to be the projection of the signed
(u, v)g. The inverse mapping is P~1((@;2)) = (@, d)e, (@, —D)g).

We have that any gH-linear function L : R* — K¢ can be
obtained in terms of appropriate signed representations of n
intervals.

Proposition 17: Let L : R — K¢ with L(x) = (Z(x);Z(x))
be any gH-linear interval-valued function. Then there exist n
intervals Ay, A,, ..., A, € K¢ and there exist a selection of their
signed representations A;', Ay, ..., A" € K> with such that, for
all x = (x1,x2,...,x,) € R”

Lx)=P [i x,-Afi]

i=1

13)

More precisely, if AX" (uj, v)e with u;,v; e Rfori =1,2,...,n
and with v; > 0 if 5; =@, v; <0 if 5; = ©, then

n

Z(x) = Z x;u; and Z(x) =

i=1

n

E XivVi| .

i=1

Proof 4: The proof follows immediately from the fact that
any linear functions of n variables f : R* — R has the
form f(x) = ), x;a; with appropriate coefficients a; € R
and all linear functions can be obtained in that way. On the
other hand, the components u;,v; € R of (u;,v;)g € ‘Kg can
have any real value (consider the obvious bijection between
R? and K7 by the correspondence (u,v) < (#,v)g) so that
both llnear functions L(x) and W(x) such that L(x) |W(x)|

can be obtained by choosing the intervals A; = (a;;a;) with

a;i = u; and @; = v; or @; = —v; according to the value of

€ {®, 5}



Remark 18: For any set of n intervals A, As,....,A, € K¢,
the number of possible selections of their signed representa-
tions, i.e., the number of possible n-tuples (s, s, ..., 5,) With

€ {®,6}, is in general 2" (eventually reduced if v; = O for
some i) so that the construction of gH-linear functions has
a combinatorial nature. We can also remark that obviously,
from the presence of the absolute value in L(x), the gH-
linear function L(x) does not change for all x if the signed
representations Af" = (u;, v;)g are all reverted by changing each

=@ to © and each 5, = © to .

Proposition 17 provides a characterization for gH-linear
interval-valued functions, which is clearly a natural extension
of the classical linear functions in vector spaces. In general,
the functions pointed out in Remark 9 do not fulfil the gH-
linearity defined in this work, as expected, although they fulfil
the linearity definition given in [6]. Furthermore, it is also
expected that if one defines a class of linear interval-valued
functions, then this class is contained into the class of convex
functions that one defines too, such as we have proved for the
gH-linear functions.

Definition 19: Let x¥ € K, F : K € R* —» K¢ gH-
differentiable at x@, two vectors w,w € R", W = (W), ..., W),
w = (Wy,...,wy), and two functions e(h), €(h) with lzn?)s(h)

lzms(h) = 0, such that (8) and (9) are fulfilled. The signed

1nterval valued function Dg F(x©) : R* - ‘KS defined, for
h = (hy,...,h,) € R", by
n
DY FGO) ) = )" i, W) (14)
j=1
is called the signed gH-differential of F with respect to w, w €
R" at x©@,

A first relationship between the gH-differential and the
signed gH-differential is that the signed gH-differential of an
interval-valued function at a point x© is a signed interval-
valued function representation of the gH-differential at x©,
such as the following two results establish.

Proposition 20: Let xX© € K, F : K ¢ R* - K. gH-
differentiable at ¥, two vectors w,w € R, W = (W, ..., W),

w = (W1, ...,wy), and two functions €(h), (h) with ﬁirr(z)’é‘(h) =
lzms(h) 0, such that (8) and (9) are fulfilled. Then, for every

(hl, .oy hy) €RY,
Do F(xO)(h) = P(D3, F(xV)(h)). (15)

Proof 5: From the definitions 8 and 19, it is derived:
D) = Y e
j=1

Then,

PO i, > hjive)
j=1 j=1

|

n n
[Z hj;V\j; Z thj
=1 =1

Do F(xX)(h),

for all h = (hy,...,h,) €R".

On the other hand, we have the following representation
result.

Proposition 21: Let X9 e K F:KCR"— Kc be gH-
differentiable at x9, two vectors w,w € R, W = (W, ..., W,),
w = (Wy,...,wy), and two functions €(h), €(h) with linge‘(h) =
}llzms(h) = 0, such that (8) and (9) are fulfilled. Then, for every

=(hy,....,hy,) € R",

(Do FO) ) = (D3, FGO)h), DZFGO) ()}, (16)

where D;‘HF (xO)(h) is the signed interval-valued gH-
differential of F at x© with respect to A that corresponds
to w,w € R”, and D;ZHF (x©)(h) is the signed interval-valued
gH-differential of F at x¥ with respect to & that correspond
to w, —w € R".

Proof 6: From definitions 16, 8 and Definition 19, it is

PO FGO)R) = PO i, ))e)
j=1
= PO hiw; > hiwe)
j=1 j=1
Zhjwj; Zh/W}J
j=1 j=1
= D F(xO)(h,
for all h = (hy,...,h,) € R".

Proposition 20 shows that the interval-valued differential of
F at x© with respect to & does not depend on the election of
the signed interval-valued function representation of the gH-
differential at x@. Also,

Theorem 22: Let x© € K, F : K ¢ R" —» K. gH-
differentiable at x9, two vectors w,w € R, W = (W, ..., W),
w = (W1, ...,wy), and two functions €(h), €(h) with llrr(z)s(h)

lzms(h) = 0, such that (8) and (9) are fulfilled. Then, the

mterval valued function DyyF(x?) : R" — K¢ with the
signed interval-valued function Dg F (x((’)) :R" - K3 is gH-

linear. Furthermore, considering the intervals W; = (w;; [w;)I)
with signed representations W;." = W,w)eg for j=1,...,n,
we have
Do F(xO)(h) = P[Z h j<Wjif’>s] (17)
j=1
for all & = (hy, ..., h,) € R".

A final interesting result is that any Minkowski combination
of n intervals A; = (Zij;Zij), j=1,..,n, seems to be Fréchet
gH-differentiable only at points x¥ € R" devoid of null
components, i.e., 9 £ 0 for all j=1,..,n(the case n =1 is
well known, see [16]).

Proposition 23: Let A; = (ajap), j = 1,2,..n,
n > 1, be given intervals and consider the interval-
valued function F : R" — K¢ defined by F(x) =

n
Y XA = (Z, P Xjags X |xj|5j). Let @ e R"” with x© =
=



(x(lo),x(zo),...,xflo)) and ¥ = 0 = a; =0 for all j; then F is

Fréchet gH-differentiable at x© with
Doy F(x)(h) = Ly (h) for all h € R"

where the gH-linear function Lo : R" — K¢ (depending on
x?) is given by

n n
Lo(h) = | hag|)> hiw|| with
j=1 =1
_ a; if x§.°> >0 X
wij — . ,J=1,..,n
! —-a; if 1 <0 J
J
Proof 7: We have Fx© + h) =
(Z'}:l(X§-O) +hjaj ¥ ‘xi-o) + h,»"c?,») so
that (F 9 +h)yem F (x(o))) equals
(Z,;:l hj?ij; Z’;:l (|x§0) + hj‘ - |x§0)|)5j'); then, for
h # 0 and sufficiently small |h|| we have that
FXO+me,y F(x®))euu L (o) (h) .
p(h) = e = HZII Jout o ], is  @(h) =
[ on s v

o ; on the other hand, for small ||A]|,

hﬁj = hjvT/j, )C(.O) >0

0 0O\~ 0
(s A e At ;.Oz—o
—hjathjo, )Cj <0

and, under the assumption that =0 = a; =0, the

numerator of ¢(h) is HZ';ZI hjv~vj| - |Z;f=1 hjvT/j” =0.
Remark 24: Consider n = 2, X = 0, ) = 1, @, @ > 0;
with ¢(h) as in the proof of Proposition 23, the two limits

lim ¢(h) and lim  ¢(h), if they exist for some
}LL—>0::h2—>O+ h1—0+,h,—0~ .
wi,wp, cannot be equal; we conclude that lim ¢(h) does

1Al —0
not exist. This shows, in particular, that the definition of

Fréchet (or Gateaux) differentiability suggested in [6], based
on Minkowski linear combinations, is such that a linear
function in not differentiable at all points.

IV. THE FUZZY CASE AND SOME CONCLUSIONS

The concepts of Gateuax and Fréchet gH-differentiability to
the fuzzy case has been recently addressed, e.g., in [5], [12].
The extension of interval gH-linearity to the level-wise fuzzy
setting is an immediate by-product of the results introduced
in the previous sections and are simply obtained:

Definition 25: A fuzzy-valued function F : K CR" — Ry,
having a-cuts [F(1)], = (Fa(x); Fo(x)) for all @ € [0, 1], is
Fréchet-LgH-differentiable (or Gateaux-LgH-differentiable) at
a point xop € K if and only if all interval-valued functions
x — (Fw(x);ﬁ,(x)) for @ € [0, 1] satisfy Definition 4 (or
Definition 7, respectively) at xo.

Clearly, if F satisfies the definition above, it is possible
that the corresponding families of interval gH-linear functions
{Lyla € [0, 1]} do not define the level-sets of fuzzy numbers
(in particular, they may not satisfy the nesting property); we
then introduce the following definitions for the fuzzy case:

Definition 26: A fuzzy-valued function L : R" — Rg is
said to be gH-linear if all its a-cuts have the form [L(x)], =
(Za(x); |Wa(x)|) with linear functions Za(x) and W,(x) for all
a€[0,1].

Definition 27: A fuzzy-valued function F : K CR" — R¢
is said to be Fréchet-gH-differentiable at xy € K if it is Fréchet-
LgH-differentiable at xy with an associated gH-linear fuzzy-
valued function L : R" — Ry

Definition 28: A fuzzy-valued function F : K € R" —
Ry is said to be Gateaux-gH-differentiable at xy € K if it is
Gateaux-LgH-differentiable at xy with an associated gH-linear
fuzzy-valued function L : R” — Re.

We remark explicitly that the concepts and results on fuzzy
total and directional gH-derivatives and LgH-derivatives, as
obtained in [16], can be immediately applied to characterize
Gateaux and Fréchet LgH-differentiability. In a forthcoming
paper, we analyse and detail these facts and their usefulness
in applications.
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