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Abstract—We present new results in the calculus for in-
terval functions of multiple real variables in the setting of
gH-differentiability and, based on a new concept of interval
linear functions, we define and analyse Gateaux and Fréchet
differentiability and their properties. Finally, the results obtained
for interval-valued functions are easily extended (level-wise) to
define linear fuzzy-valued functions and corresponding Gateaux-
Fréchet fuzzy differentiability.

I. Intervals and gH-linear functions

We denote by KC the family of all bounded closed intervals
in R, i.e. (see, e.g., [1], [8], [9], [10], [11]),

KC =
{[

a, a
]
| a, a ∈ R and a ≤ a

}
=

{
(̂a; ã) | â, ã ∈ R and ã ≥ 0

}
where â = a+a

2 , ã = a−a
2 , a = â − ã and a = â + ã.

The pair (̂a; ã) (with a semicolon ; separator) is called mid-
point notation for intervals. Minkowski operations on intervals
are the following, given A = [a, a] = (̂a; ã), B = [b, b] = (̂b; b̃)
and τ ∈ R:

• A ⊕M B = (̂a + b̂; ã + b̃),
• τA = (τ̂a; |τ|̃a),
• −A = (−â; ã),
• A �M B = A ⊕M (−B) = (̂a − b̂; ã + b̃).

The gH-difference of two intervals A and B is

A �gH B = C ⇐⇒
{

(a) A = B +C
or (b) B = A + (−1)C

;

it always exists (see [4], [9], [13]) with

A �gH B = (̂a − b̂; |̃a − b̃|) ⊆ A �M B. (1)

Given A, B ∈ KC , the Pompeiu-Hausdorff distance is defined
by (see, e.g., [7], [9], [13])

H(A, B) = max
[
max
a∈A d(a, B),max

b∈B
d(b, A)

]
(2)

where d(a, B) = minb∈B ||a−b||. We have H(A, B) =
∥∥∥A �gH B

∥∥∥
where, for C ∈ KC , ‖C‖H = max{|c| ; c ∈ C}; remark that, in
particular, if C = (0; c̃) (i.e., the midpoint of C is zero), then
‖C‖H = c̃.

Given A, B ∈ KC , we define also the gH-addition (it always
exists) as

A ⊕gH B = A �gH (−B) = (̂a + b̂; |̃a − b̃|) ⊆ A ⊕M B. (3)

An interval-valued function f : X ⊆ Rn → KC is of the
form

f (x) =
[
f (x), f (x)

]
=
(
f̂ (x); f̃ (x)

)
with x = (x1, x2, ..., xn) ∈ Rn.

The space KC of intervals can be ordered by several partial
orders (see [2], [3], [7], [16], [17]); we will use the so called
LU (lower-upper) partial order, defined by A � B ⇐⇒(
a ≤ b and a ≤ b

)
; it is well known that A � B ⇐⇒

A�gH B � 0; remark that two intervals with the same midpoint
values are either equal or LU-incomparable.

In terms of the LU partial order, the LU-convexity of an
interval-valued function f (x) =

[
f (x), f (x)

]
on a convex set

X ⊆ Rn is defined by requiring f (αx + βy) � α f (x) ⊕M β f (x)
for all x, y ∈ X and all α, β ∈ [0, 1] with α + β = 1.

Our definition of linearity for interval-valued functions is
the following; it will be called gH-linearity.

Definition 1: Given an interval-valued function L : Rn →
KC , we say that L is gH-linear if there exist two linear
functions L̂,W : Rn → R such that L(x) =

(
L̂(x); |W(x)|

)
for

all x ∈ Rn, i.e., L(x) =
[
L̂(x) − |W(x)| , L̂(x) + |W(x)|

]
.

The following property is immediate to prove:

Proposition 2: A necessary condition for a function F :
R

n → KC to be gH-linear is that
(1) it is homogeneous, i.e., F(λx) = λF(x) for all λ ∈ R and
for all x ∈ Rn, and
(2) the following inclusions are satisfied for all x, y ∈ Rn:
F(x) ⊕gH F(y) ⊆ F(x + y) ⊆ F(x) ⊕M F(y).

Example 1: Given n intervals A j =
(̂
a j; ã j

)
with â j, ã j ∈ R,

ã j ≥ 0 for j = 1, 2, ..., n, the following gH-combination of
the intervals with coefficients x1, x2, ..., xn , defined by f (x) =(∑n

j=1 x jâ j;
∣∣∣∑n

j=1 x j̃a j

∣∣∣) is a gH-linear function.
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Notation: In the rest of the paper, we denote a gH-
combination of n intervals A j =

(̂
a j; ã j

)
with coefficients

x1, x2, ..., xn as

n⊕
j=1

x jA j =

⎛⎜⎜⎜⎜⎜⎜⎜⎝
n∑

j=1

x jâ j;

∣∣∣∣∣∣∣∣
n∑

j=1

x j̃a j

∣∣∣∣∣∣∣∣
⎞⎟⎟⎟⎟⎟⎟⎟⎠ (4)

while the Minkowski combination (M-combination for short)
is denoted as

n∑
j=1

x jA j =

⎛⎜⎜⎜⎜⎜⎜⎝
n∑

j=1

x jâ j;
n∑

j=1

∣∣∣x j

∣∣∣ ã j

⎞⎟⎟⎟⎟⎟⎟⎠ ;

remark that, for any set of intervals A j =
(̂
a j; ã j

)
, j = 1, 2, ..., n

and for any set of real coefficients x1, x2, ..., xn we have

n⊕
j=1

x jA j ⊆
n∑

j=1

x jA j

and the inclusion reduces to an equality if and only if the
nonzero coefficients in {x1, x2, ..., xn} are all of the same sign.

Example 2: Let us consider the interval-valued function
f : R2 → KC, where f (x) = f (x1, x2) = x1[2, 5] ⊕M x2[−1, 3],
i.e., f is the Minkowski combination of two intervals; it is easy
to see that f satisfies the conditions of proposition 2 but it is
not gH-linear; indeed, we have f (x) =

(
7
2 x1 + x2; 3

2 |x1| + 2|x2|
)

and the radius function f̃ (x1, x2) = 3
2 |x1| + 2|x2| cannot be

expressed as the absolute value of a linear function W(x1, x2).

More generally, given n intervals A j =
(̂
a j; ã j

)
with â j, ã j ∈

R, ã j ≥ 0 for j = 1, 2, ..., n, the M-combination
n∑

j=1
x jA j of

the intervals with coefficients x1, x2, ..., xn is not a gH-linear
function, unless n = 1.

We can easily prove that an interval-valued function f :
R

n → KC is gH-linear if and only if there exist two real vectors
Ĉ,C ∈ Rn, say Ĉ = (ĉ1, . . . , ĉn) and C = (c1, . . . , cn), with no
restrictions in the sign of the components ĉi, ci ∈ R, i = 1, ..., n,
such that

f (x) =
(
f̂ (x); f̃ (x)

)
=

⎛⎜⎜⎜⎜⎜⎝ n∑
i=1

xiĉi;

∣∣∣∣∣∣∣
n∑

i=1

xici

∣∣∣∣∣∣∣
⎞⎟⎟⎟⎟⎟⎠ . (5)

Note that any gH-linear interval-valued function f with in-
terval representation f (x) =

(∑n
i=1 xîci;

∣∣∣∑n
i=1 xici

∣∣∣), with vectors

Ĉ,C ∈ Rn, admits (obviously) also a second representation
with vectors Ĉ,−C ∈ Rn, given by

f (x) =

⎛⎜⎜⎜⎜⎜⎝ n∑
i=1

xîci;

∣∣∣∣∣∣∣
n∑

i=1

xi(−ci)

∣∣∣∣∣∣∣
⎞⎟⎟⎟⎟⎟⎠ .

The property above is indeed coherent with the definition of
interval gH-differentiability proposed in [16].

There exist several definitions of convexity for interval-
valued functions; we will adopt the one introduced in [17],
based on the LU partial order. It is easy to see that, as
desirable, a gH-linear function is convex.

Proposition 3: Any gH-linear function L : Rn → KC , L(x) =(
L̂(x); |W(x)|

)
, is LU-convex on Rn. Furthermore, for all α, β ∈

R and all x, y ∈ Rn it is

αL(x) ⊕gH βL(y) � L(αx + βy) � αL(x) ⊕M βL(y).

Proof 1: From the linearity of L̂(x) and W(x) and from the
triangular inequality, we have

L(αx + βy) =
(
αL̂(x) + βL̂(y); |αW(x) + βW(y)|

)
�

(
αL̂(x) + βL̂(y); |αW(x)| + |βW(y)|

)
= αL(x) ⊕M βL(y);

by choosing α, β ∈ [0, 1] with α+β = 1 we obtain the convexity
of L. The left inequality is deduced analogously.

II. Interval Fréchet and Gateaux gH-differentiability

We have now all elements to define Fréchet and Gateaux
type differentiability for an interval-valued function F : K ⊆
R

n → KC , F(x) = (F̂(x); F̃(x)).
Definition 4: Let F : K ⊆ Rn → KC , F(x) = (F̂(x); F̃(x)) =

[F̂(x)−F̃(x), F̂(x)+F̃(x)] and let x(0) ∈ K such that x(0)+h ∈ K,
for all h ∈ Rn with ‖h‖ < δ for a given δ > 0. We say that F
is Fréchet gH-differentiable at x(0) if and only if there exist a
(continuous) gH-linear function Lx(0) : Rn → KC such that

lim
‖h‖→0

‖
(
F(x(0) + h) �gH F(x(0)

)
�gH Lx(0) (h))‖H

‖h‖ = 0 (6)

The linear interval-valued function Lx(0) : h −→ Lx(0) (h),
h ∈ Rn, is called the Fréchet gH-derivative (or Fréchet
differential function) of F at x(0), denoted as DgH F(x(0)),
i.e.,DgHF(x(0))(h) = Lx(0) (h) for all h ∈ Rn.

The following are fundamental properties of Fréchet differ-
entiability (the proof of the first Theorem is easy and we omit
it).

Theorem 5: Let F : K ⊆ Rn → KC , F(x) = (F̂(x); F̃(x)). If
F is Fréchet differentiable at x(0) ∈ K, then it is continuous at
x(0).

Theorem 6: Let F : Rn → KC , F(x) = (F̂(x); F̃(x)) be gH-
linear. Then, at any points x ∈ Rn, F is Fréchet differentiable
and its differential is exactly the function DgH F(x)(h) = F(h)
for all h ∈ Rn and all x ∈ Rn.

Proof 2: Let F(x) = (F̂(x); F̃(x)) with F̂(x) =
∑n

i=1 xîci and
F̃(x) =

∣∣∣∑n
i=1 xici

∣∣∣ with given (fixed) ĉi, ci ∈ Rn. We then have
the following equalities for all x, h ∈ Rn with h � 0:

F(x) =

⎛⎜⎜⎜⎜⎜⎝ n∑
i=1

xîci;

∣∣∣∣∣∣∣
n∑

i=1

xici

∣∣∣∣∣∣∣
⎞⎟⎟⎟⎟⎟⎠

F(x + h) =

⎛⎜⎜⎜⎜⎜⎝ n∑
i=1

(xi + hi)̂ci;

∣∣∣∣∣∣∣
n∑

i=1

(xi + hi)ci

∣∣∣∣∣∣∣
⎞⎟⎟⎟⎟⎟⎠

F(h) =

⎛⎜⎜⎜⎜⎜⎝ n∑
i=1

hîci;

∣∣∣∣∣∣∣
n∑

i=1

hici

∣∣∣∣∣∣∣
⎞⎟⎟⎟⎟⎟⎠



so that, the second component being the absolute value of the
difference of two absolute values,

F(x + h) �gH F(x) =

⎛⎜⎜⎜⎜⎜⎝ n∑
i=1

hîci;

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

n∑
i=1

(xi + hi)ci

∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣

n∑
i=1

xici

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
⎞⎟⎟⎟⎟⎟⎠ ;

denoting the interval Ax,h =
(
F(x + h) �gH F(x)

)
�gH F(h) by

Ax,h =
(
Âx,h; Ãx,h

)
in midpoint notation, it follows that{

Âx,h = 0
Ãx,h =

∣∣∣ ∣∣∣∣∣∣∑n
i=1 (xi+hi)ci

∣∣∣ − ∣∣∣∑n
i=1 xici

∣∣∣∣∣∣− ∣∣∣∑n
i=1 hici

∣∣∣ ∣∣∣ ;
on the other hand, from the fact that Âx,h = 0, it is

∥∥∥Ax,h

∥∥∥
H
=

Ãx,h with

Ãx,h =

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

n∑
i=1

xici+

n∑
i=1

hici

∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣

n∑
i=1

xici

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ −

∣∣∣∣∣∣∣
n∑

i=1

hici

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

so that ∥∥∥∥(F(x + h) �gH F(x)
)
�gH F(h)

∥∥∥∥
H

‖h‖ =
Ãx,h

‖h‖ .

Considering that the vector x ∈ Rn is fixed, we have three
cases for the sign of the quantity

∑n
i=1 xici (not depending on

h):
1) if

∑n
i=1 xici = 0, then

Ãx,h =

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
∣∣∣∣∣∣∣0 +

n∑
i=1

hici

∣∣∣∣∣∣∣ − |0|
∣∣∣∣∣∣∣ −

∣∣∣∣∣∣∣
n∑

i=1

hici

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ = 0

so that Ãx,h

‖h‖ = 0 for all h � 0;
2) if

∑n
i=1 xici ≥ ρ > 0, then for sufficiently small ‖h‖, it

will be
∑n

i=1 xici +
∑n

i=1 hici ≥ 0 so that

Ãx,h =

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

n∑
i=1

xici+

n∑
i=1

hici−
n∑

i=1

xici

∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣

n∑
i=1

hici

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

n∑
i=1

hici

∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣

n∑
i=1

hici

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ = 0;

3) if
∑n

i=1 xici ≤ ρ < 0, then for sufficiently small ‖h‖, it
will be

∑n
i=1 xici +

∑n
i=1 hici ≤ 0 so that

Ãx,h =

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣−

n∑
i=1

xici −
n∑

i=1

hici +

n∑
i=1

xici

∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣

n∑
i=1

hici

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣−

n∑
i=1

hici

∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣

n∑
i=1

hici

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ = 0.

Then, in all cases, Ãx,h = 0 for all h ∈ Rn with suffi-
ciently small ‖h‖ and for all x ∈ Rn; we conclude that

lim
‖h‖−→0

‖(F(x+h)�gH F(x))�gHF(h)‖H
‖h‖ = 0 and F is Fréchet gH-

differentiable with differential DgH F(x)(h) = F(h) for all
h ∈ Rn.

Using the same concept of gH-linear function, the definition
of Gateaux derivative is the following:

Definition 7: Let F : K ⊆ Rn → KC , F(x) = (F̂(x); F̃(x)) =
[F̂(x)−F̃(x), F̂(x)+F̃(x)] and let x(0) ∈ K such that x(0)+h ∈ K.

We say that F is Gateaux gH-differentiable at x(0) if and only
if there exist a (continuous) gH-linear function L : Rn → KC ,
depending only on x(0) such that, for all h ∈ Rn the following
limit exists:

limt→0

(
F(x(0) + th) �gH F(x(0)

)
t

= L(h). (7)

The gH-linear interval-valued function L : h −→ L(h) on Rn

is called the Gateaux gH-derivative of F at x(0). Clearly, if it
exists, it is unique (by unicity of the limit for all h).

In a recent paper, the following definition of gH-
differentiability has been given; it implicitly suggest how to
define linearity in the context of interval-valued functions.

Definition 8: [16] Let F : K ⊆ Rn → KC , F(x) =
(F̂(x); F̃(x)) = [F̂(x)− F̃(x), F̂(x)+ F̃(x)] and let x(0) ∈ K such
that x(0)+h ∈ K, for all h ∈ Rn with ‖h‖ < δ for a given δ > 0.
We say that F is gH-differentiable at x(0) if and only if there
exist two vectors ŵ, w̃ ∈ Rn, ŵ = (ŵ1, ..., ŵn), w̃ = (w̃1, ..., w̃n)
and two functions ε̂(h), ε̃(h) with lim

h→0̂
ε(h) = lim

h→0̃
ε(h) = 0, such

that, for all h � 0,

F̂(x(0) + h) − F̂(x(0)) =
n∑

j=1

h jŵ j + ‖h‖ ε̂(h), (8)

∣∣∣F̃(x(0) + h) − F̃(x(0))
∣∣∣ =

∣∣∣∣∣∣∣∣
n∑

j=1

h jw̃ j + ‖h‖ ε̃(h)

∣∣∣∣∣∣∣∣ . (9)

The interval-valued function DgH F(x(0)) : Rn → KC defined,
for h = (h1, ..., hn) ∈ Rn, by

DgH F(x(0))(h) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝
n∑

j=1

h jŵ j;

∣∣∣∣∣∣∣∣
n∑

j=1

h jw̃ j

∣∣∣∣∣∣∣∣
⎞⎟⎟⎟⎟⎟⎟⎟⎠ (10)

is called the gH-differential (or the total gH-derivative) of F
at x(0).

In [16] we proved that if there exist two vectors ŵ∗, w̃∗,
and two functions ε̂∗(h), ε̃∗(h) with lim

h→0
ε̂∗(h) = lim

h→0
ε̃∗(h) = 0,

verifying equations (8) and (9), then ŵ∗ = ŵ and w̃∗ = w̃ or
w̃∗ = −w̃.

Remark 9: The authors of [6] define a ”linearity” concept
for a function L : X → KC, with L(x) = [L(x), L(x)] for x ∈ X,
X being a linear subspace of Rn, by requiring that
(i) L(λx) = λL(x) for all x ∈ X and λ ∈ R;
(ii) for all x, y ∈ X,
(ii.a) either L(x + y) = L(x) ⊕M L(y),
(ii.b) or L(x + y) and L(x) ⊕M L(y) are LU-incomparable.
Consider that a homogeneous F(x) such that F(x + y)
and F(x) ⊕M F(y) have the same midpoint value always
satisfy conditions (i)-(ii), as, for example, F(x1, x2) =

[F(x1, x2), F(x1, x2)] with

F(x1, x2) = a1x1 + a2x2 − α
√

b1x2
1 + b2x2

2

F(x1, x2) = a1x1 + a2x2 + α
√

b1x2
1 + b2x2

2

where ai, bi ∈ R, bi > 0, i = 1, 2 and α > 0. F(x1, x2) and
F(x1, x2) are both positively homogeneous, it is F(x + y) ⊆



F(x) ⊕M F(y) and, using midpoint notation, it is F̂(x + y) =
F̂(x)+ F̂(y) (i.e. F̂ is linear) and F̃(x + y) ≤ F̃(x) + F̃(x) (i.e.,
F̃ is subadditive). Furthermore, it is possible to verify that
functions which are linear according to definition in [6] do
not necessarily satisfy the limit condition (6), as is the case,
e.g., of F(x1, x2) = x1[α−1, α+1]+x2[β−1, β+1] and x = (0, 1)
for which the limit (6) does not exist for ‖(h1, h2)‖ −→ 0 with
(h1, h2) −→ (0+, 0−).

III. General construction of gH-linear functions using
intervals

Note that the expression (10) valued for vectors ŵ, w̃ and for
vectors ŵ∗, w̃∗ is the same. This means that the gH-differential
of F at x(0) is unique and does not depend on the election of
ŵ, w̃. But for each one of these pairs of vectors we define the
signed gH-differential, as follows.

To this end, we introduce a concept of a generator set of
KC .

Definition 10: Given r ∈ N and G = {G1,G2, . . . ,Gr}, with
Gi = (ĝi; g̃i) ∈ KC for i = 1, . . . , r, G is said to be a generator
set of KC if for any A ∈ KC there exist li ∈ R, i = 1, . . . , r,
such that

A = (̂a; ã) =

⎛⎜⎜⎜⎜⎜⎝ r∑
i=1

liĝi;

∣∣∣∣∣∣∣
r∑

i=1

lig̃i

∣∣∣∣∣∣∣
⎞⎟⎟⎟⎟⎟⎠ .

Proposition 11: The minimal numbers of elements in a
generator set of KC is two.

Proof 3: Clearly, KC cannot be generated by a set with
only one interval; we can provide G1,G2 ∈ KC such that G =
{G1,G2} is a generator set of KC . Indeed, consider G1 = (2; 1)
and G2 = (0; 1). Considering any A = (̂a; ã) ∈ KC , we calculate
l1, l2 such that the two equalities â = 2l1 and ã = |l1 + l2| are
satisfied by l1 = â

2 , l2 = ã − â
2 . That is

A = (̂a; ã) =

(
â
2

ĝ1 +

(̃
a − â

2

)
ĝ2;

∣∣∣∣∣∣ â2 g̃1 +

(̃
a − â

2

)
g̃2

∣∣∣∣∣∣
)
.

In consequence, G = {G1,G2} is a generator set of KC .
Definition 12: If G = {G1,G2}, Gi = (̂gi; g̃i), i = 1, 2, is a

generator set of KC , then G is said to be a base of KC . Given
A = (̂a; ã) ∈ KC , then l1 and l2 are said to be the coordinates of
A with respect to the base G if A =

(
l1ĝ1 + l2ĝ2; |l1g̃1 + l2g̃2|).

This is denoted as A = (l1, l2)G.
We could introduce something like a canonical base.
Proposition 13: The set E = {E1, E2} = {(1; 0), (0; 1)} is a

base of KC and for any A = (̂a; ã), ã ≥ 0, we have

A = (̂a, ã)E = (̂a,−ã)E.

Definition 14: The base E = {E1, E2} = {(1; 0), (0; 1)} is said
to be the canonical base of KC .
Proposition 13 and Definition 14 imply that, given an interval
A = (u, v)E with respect to the canonical base, it follows
that A = (u; |v|). We say that A is written in positive signed
representation with respect to the canonical base if v ≥ 0; and
in negative signed representation if v ≤ 0. Then, we say that
an interval A can be represented as A⊕ and A�, respectively.
So, A = (̂a; ã) ∈ KC , â, ã ∈ R, ã ≥ 0, can be represented by a

(positive or negative) signed notation As = (u, v)E ∈ {A⊕, A�}
with A⊕ = (̂a, ã)E, A� = (̂a,−ã)E}, i.e., s ∈ {⊕,�}.

We denote by KS
C as the family of signed representations

(u, v)E, for any u, v ∈ R, i.e., for all A = (̂a; ã) ∈ KC it is
A⊕, A� ∈ KS

C and for all As = (u, v)E ∈ KS
C it is A = (u; |v|) ∈

KC .
Two arithmetic operations are natural in KS

C .
Definition 15: Given As = (u, v)E, As1

1 = (u1, v1)E, As2
2 =

(u2, v2)E ∈ KS
C , the multiplication by a scalar τ ∈ R and the

addition are defined as

τAs = (τu, τv)E
As1

1 + As2
2 = (u1 + u2, v1 + v2)E.

We define −As = (−1)As = (−u,−v)E, so that −(−As) = As.
More generally, given r ∈ N, Asi

i = (ui, vi)E ∈ KS
C ,

their linear combination with scalar coefficients τi ∈ R for
i = 1, . . . , r, is

r∑
i=1

τiA
si
i = τ1As1

1 + τ2As2
2 + · · · + τrAsr

r (11)

=

⎛⎜⎜⎜⎜⎜⎝ r∑
i=1

τiui,
r∑

i=1

τivi

⎞⎟⎟⎟⎟⎟⎠
E

. (12)

Definition 16: The (canonical) projection of KS
C onto KC is

the mapping P : KS
C → KC defined by P((u, v)E) = (u; |v|) and

the interval (u; |v|) is said to be the projection of the signed
(u, v)E. The inverse mapping is P−1((̂a; ã)) = {(̂a, ã)E, (̂a;−ã)E}.

We have that any gH-linear function L : Rn −→ KC can be
obtained in terms of appropriate signed representations of n
intervals.

Proposition 17: Let L : Rn −→ KC with L(x) =
(
L̂(x); L̃(x)

)
be any gH-linear interval-valued function. Then there exist n
intervals A1, A2, ..., An ∈ KC and there exist a selection of their
signed representations As1

1 , A
s2
2 , ..., A

sn
n ∈ KS

C with such that, for
all x = (x1, x2, ..., xn) ∈ Rn,

L(x) = P

⎛⎜⎜⎜⎜⎜⎝ n∑
i=1

xiA
si
i

⎞⎟⎟⎟⎟⎟⎠ (13)

More precisely, if Asi
i = (ui, vi)E with ui, vi ∈ R for i = 1, 2, ..., n

and with vi ≥ 0 if si = ⊕, vi ≤ 0 if si = �, then

L̂(x) =
n∑

i=1

xiui and L̃(x) =

∣∣∣∣∣∣∣
n∑

i=1

xivi

∣∣∣∣∣∣∣ .
Proof 4: The proof follows immediately from the fact that

any linear functions of n variables f : Rn −→ R has the
form f (x) =

∑n
i=1 xiai with appropriate coefficients ai ∈ R

and all linear functions can be obtained in that way. On the
other hand, the components ui, vi ∈ R of (ui, vi)E ∈ KS

C can
have any real value (consider the obvious bijection between
R

2 and KS
C by the correspondence (u, v) ↔ (u, v)E) so that

both linear functions L̂(x) and W(x) such that L̃(x) = |W(x)|
can be obtained by choosing the intervals Ai =

(̂
ai; ãi

)
with

âi = ui and ãi = vi or ãi = −vi according to the value of
si ∈ {⊕,�}.



Remark 18: For any set of n intervals A1, A2, ..., An ∈ KC ,
the number of possible selections of their signed representa-
tions, i.e., the number of possible n-tuples (s1, s2, ..., sn) with
si ∈ {⊕,�}, is in general 2n (eventually reduced if vi = 0 for
some i) so that the construction of gH-linear functions has
a combinatorial nature. We can also remark that obviously,
from the presence of the absolute value in L̃(x), the gH-
linear function L(x) does not change for all x if the signed
representations Asi

i = (ui, vi)E are all reverted by changing each
si = ⊕ to � and each si = � to ⊕.

Proposition 17 provides a characterization for gH-linear
interval-valued functions, which is clearly a natural extension
of the classical linear functions in vector spaces. In general,
the functions pointed out in Remark 9 do not fulfil the gH-
linearity defined in this work, as expected, although they fulfil
the linearity definition given in [6]. Furthermore, it is also
expected that if one defines a class of linear interval-valued
functions, then this class is contained into the class of convex
functions that one defines too, such as we have proved for the
gH-linear functions.

Definition 19: Let x(0) ∈ K, F : K ⊆ Rn → KC gH-
differentiable at x(0), two vectors ŵ, w̃ ∈ Rn, ŵ = (ŵ1, ..., ŵn),
w̃ = (w̃1, ..., w̃n), and two functions ε̂(h), ε̃(h) with lim

h→0̂
ε(h) =

lim
h→0̃
ε(h) = 0, such that (8) and (9) are fulfilled. The signed

interval-valued function DS
gH F(x(0)) : Rn → KS

C , defined, for
h = (h1, ..., hn) ∈ Rn, by

DS
gH F(x(0))(h) =

n∑
j=1

h j(ŵ j, w̃ j)E (14)

is called the signed gH-differential of F with respect to ŵ, w̃ ∈
R

n at x(0).
A first relationship between the gH-differential and the

signed gH-differential is that the signed gH-differential of an
interval-valued function at a point x(0) is a signed interval-
valued function representation of the gH-differential at x(0),
such as the following two results establish.

Proposition 20: Let x(0) ∈ K, F : K ⊆ Rn → KC gH-
differentiable at x(0), two vectors ŵ, w̃ ∈ Rn, ŵ = (ŵ1, ..., ŵn),
w̃ = (w̃1, ..., w̃n), and two functions ε̂(h), ε̃(h) with lim

h→0̂
ε(h) =

lim
h→0̃
ε(h) = 0, such that (8) and (9) are fulfilled. Then, for every

h = (h1, ..., hn) ∈ Rn,

DgH F(x(0))(h) = P(DS
gH F(x(0))(h)). (15)

Proof 5: From the definitions 8 and 19, it is derived:

DS
gH(x(0))(h) =

n∑
j=1

h j(ŵ j, w̃ j)E.

Then,

P((
n∑

j=1

h jŵ j,

n∑
j=1

h jw̃ j)E) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝
n∑

j=1

h jŵ j;

∣∣∣∣∣∣∣∣
n∑

j=1

h jw̃ j

∣∣∣∣∣∣∣∣
⎞⎟⎟⎟⎟⎟⎟⎟⎠

= DgH F(x(0))(h),

for all h = (h1, ..., hn) ∈ Rn.

On the other hand, we have the following representation
result.

Proposition 21: Let x(0) ∈ K, F : K ⊆ Rn → KC be gH-
differentiable at x(0), two vectors ŵ, w̃ ∈ Rn, ŵ = (ŵ1, ..., ŵn),
w̃ = (w̃1, ..., w̃n), and two functions ε̂(h), ε̃(h) with lim

h→0̂
ε(h) =

lim
h→0̃
ε(h) = 0, such that (8) and (9) are fulfilled. Then, for every

h = (h1, ..., hn) ∈ Rn,

P−1(DgH F(x(0))(h)) =
{
Ds1

gH F(x(0))(h),Ds2
gHF(x(0))(h)

}
, (16)

where Ds1
gH F(x(0))(h) is the signed interval-valued gH-

differential of F at x(0) with respect to h that corresponds
to ŵ, w̃ ∈ Rn, and Ds2

gH F(x(0))(h) is the signed interval-valued
gH-differential of F at x(0) with respect to h that correspond
to ŵ,−w̃ ∈ Rn.

Proof 6: From definitions 16, 8 and Definition 19, it is

P(DS
gHF(x(0))(h)) = P(

n∑
j=1

h j(ŵ j, w̃ j)E)

= P((
n∑

j=1

h jŵ j,

n∑
j=1

h jw̃ j)E))

=

⎛⎜⎜⎜⎜⎜⎜⎜⎝
n∑

j=1

h jŵ j;

∣∣∣∣∣∣∣∣
n∑

j=1

h jw̃ j

∣∣∣∣∣∣∣∣
⎞⎟⎟⎟⎟⎟⎟⎟⎠

= DgH F(x(0))(h),

for all h = (h1, ..., hn) ∈ Rn.
Proposition 20 shows that the interval-valued differential of

F at x(0) with respect to h does not depend on the election of
the signed interval-valued function representation of the gH-
differential at x(0). Also,

Theorem 22: Let x(0) ∈ K, F : K ⊆ Rn → KC gH-
differentiable at x(0), two vectors ŵ, w̃ ∈ Rn, ŵ = (ŵ1, ..., ŵn),
w̃ = (w̃1, ..., w̃n), and two functions ε̂(h), ε̃(h) with lim

h→0̂
ε(h) =

lim
h→0̃
ε(h) = 0, such that (8) and (9) are fulfilled. Then, the

interval-valued function DgH F(x(0)) : Rn → KC with the
signed interval-valued function DS

gH F(x(0)) : Rn → KS
C is gH-

linear. Furthermore, considering the intervals W j = (ŵ j; |w̃ j)|)
with signed representations W

s j

j = (ŵ j, w̃ j)E for j = 1, . . . , n,
we have

DgH F(x(0))(h) = P

⎛⎜⎜⎜⎜⎜⎜⎝
n∑

j=1

h j(W
s j

j )E

⎞⎟⎟⎟⎟⎟⎟⎠ (17)

for all h = (h1, ..., hn) ∈ Rn.
A final interesting result is that any Minkowski combination

of n intervals A j = (̂a j; ã j), j = 1, ..., n, seems to be Fréchet
gH-differentiable only at points x(0) ∈ Rn devoid of null
components, i.e., x(0)

j � 0 for all j = 1, ..., n (the case n = 1 is
well known, see [16]).

Proposition 23: Let A j = (̂a j; ã j), j = 1, 2, ..., n,
n > 1, be given intervals and consider the interval-
valued function F : Rn → KC defined by F(x) =

n∑
j=1

x jA j =
(∑n

j=1 x ĵa j;
∑n

j=1

∣∣∣x j

∣∣∣ ã j

)
. Let x(0) ∈ Rn with x(0) =



(x(0)
1 , x

(0)
2 , ..., x

(0)
n ) and x(0)

j = 0 =⇒ ã j = 0 for all j; then F is
Fréchet gH-differentiable at x(0) with

DgH F(x(0))(h) = Lx(0) (h) for all h ∈ Rn

where the gH-linear function Lx(0) : Rn → KC (depending on
x(0)) is given by

Lx(0) (h) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝
n∑

j=1

h ĵa j;

∣∣∣∣∣∣∣∣
n∑

j=1

h jw̃ j

∣∣∣∣∣∣∣∣
⎞⎟⎟⎟⎟⎟⎟⎟⎠ with

w̃ j =

⎧⎪⎪⎨⎪⎪⎩ ã j if x(0)
j ≥ 0

−ã j if x(0)
j < 0

, j = 1, ..., n.

Proof 7: We have F(x(0) + h) =(∑n
j=1(x(0)

j + h j)̂a j;
∑n

j=1

∣∣∣∣x(0)
j + h j

∣∣∣∣ ã j

)
so

that
(
F(x(0) + h) �gH F(x(0))

)
equals(∑n

j=1 h ĵa j;
∣∣∣∣∣∑n

j=1

(∣∣∣∣x(0)
j + h j

∣∣∣∣ − ∣∣∣∣x(0)
j

∣∣∣∣) ã j

∣∣∣∣∣); then, for

h � 0 and sufficiently small ‖h‖ we have that

ϕ(h) =
‖(F(x(0)+h)�gH F(x(0)))�gH Lx(0) (h)‖H

‖h‖ is ϕ(h) =∣∣∣∣∣
∣∣∣∣∣∑n

j=1

(∣∣∣∣x(0)
j +hj

∣∣∣∣−∣∣∣∣x(0)
j

∣∣∣∣)̃aj

∣∣∣∣∣−∣∣∣∣∑n
j=1 hjw̃ j

∣∣∣∣∣∣∣∣∣
‖h‖ ; on the other hand, for small ‖h‖,

(∣∣∣∣x(0)
j + h j

∣∣∣∣ − ∣∣∣∣x(0)
j

∣∣∣∣) ã j = =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
h j̃a j = h jw̃ j, x(0)

j > 0

|h j |̃a j, x(0)
j = 0

−h j̃a j = h jw̃ j, x(0)
j < 0

and, under the assumption that x(0)
j = 0 =⇒ ã j = 0 , the

numerator of ϕ(h) is
∣∣∣∣∣∣∑n

j=1 h jw̃ j

∣∣∣ − ∣∣∣∑n
j=1 h jw̃ j

∣∣∣∣∣∣ = 0.
Remark 24: Consider n = 2, x(0)

1 = 0, x(0)
2 = 1, ã1, ã2 > 0;

with ϕ(h) as in the proof of Proposition 23, the two limits
lim

h1→0− ,h2→0+
ϕ(h) and lim

h1→0+,h2→0−
ϕ(h), if they exist for some

w̃1, w̃2, cannot be equal; we conclude that lim
||h||→0
ϕ(h) does

not exist. This shows, in particular, that the definition of
Fréchet (or Gateaux) differentiability suggested in [6], based
on Minkowski linear combinations, is such that a linear
function in not differentiable at all points.

IV. The fuzzy case and some conclusions

The concepts of Gateuax and Fréchet gH-differentiability to
the fuzzy case has been recently addressed, e.g., in [5], [12].
The extension of interval gH-linearity to the level-wise fuzzy
setting is an immediate by-product of the results introduced
in the previous sections and are simply obtained:

Definition 25: A fuzzy-valued function F : K ⊆ Rn −→ RF ,
having α-cuts [F(x)]α =

(
F̂α(x); F̃α(x)

)
for all α ∈ [0, 1], is

Fréchet-LgH-differentiable (or Gateaux-LgH-differentiable) at
a point x0 ∈ K if and only if all interval-valued functions
x −→

(
F̂α(x); F̃α(x)

)
for α ∈ [0, 1] satisfy Definition 4 (or

Definition 7, respectively) at x0.

Clearly, if F satisfies the definition above, it is possible
that the corresponding families of interval gH-linear functions
{Lα|α ∈ [0, 1]} do not define the level-sets of fuzzy numbers
(in particular, they may not satisfy the nesting property); we
then introduce the following definitions for the fuzzy case:

Definition 26: A fuzzy-valued function L : Rn −→ RF is
said to be gH-linear if all its α-cuts have the form [L(x)]α =(
L̂α(x); |Wα(x)|

)
with linear functions L̂α(x) and Wα(x) for all

α ∈ [0, 1].
Definition 27: A fuzzy-valued function F : K ⊆ Rn −→ RF

is said to be Fréchet-gH-differentiable at x0 ∈ K if it is Fréchet-
LgH-differentiable at x0 with an associated gH-linear fuzzy-
valued function L : Rn −→ RF .

Definition 28: A fuzzy-valued function F : K ⊆ Rn −→
RF is said to be Gateaux-gH-differentiable at x0 ∈ K if it is
Gateaux-LgH-differentiable at x0 with an associated gH-linear
fuzzy-valued function L : Rn −→ RF .

We remark explicitly that the concepts and results on fuzzy
total and directional gH-derivatives and LgH-derivatives, as
obtained in [16], can be immediately applied to characterize
Gateaux and Fréchet LgH-differentiability. In a forthcoming
paper, we analyse and detail these facts and their usefulness
in applications.
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