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Abstract— This paper explores the connection between fuzzy
inference systems and kernel methods. Particularly, we explore
the connection between the fuzzy-basis-function expansion of non-
singleton fuzzy systems and regularized kernel methods with
positive-definite kernels. We show that positive-definite kernel on
fuzzy sets, i.e., a real-valued function defined on the set of fuzzy
sets, is the core concept enabling such a connection. Furthermore,
we rewrite the fuzzy-basis-function (FBF) expansion of non-
singleton fuzzy systems in terms of a Kkernel-basis-function
expansion with positive-definite kernels on fuzzy sets. The
consequence of doing this is that fuzzy systems can be trained by
regularized kernel methods, and the advantages of doing this are:
1) fuzzy systems can have more resistance to the curse of
dimensionality, 2) they can explicitly regularize the function being
approximated, 3) they can satisfy the Representer Theorem of
kernel methods, which bounds the number of learned rules to the
number of training observations, and, 4) they can learn functions
in the functional space induced by the kernel on fuzzy sets.
Consequently, from this perspective fuzzy systems can be
regarded as kernel methods. Different from previous works, this
connection relates the FBF-expansion directly to kernel methods
without dropping the denominator of the expansion; also, thanks
to the use of kernels on fuzzy sets, we provide an algorithm that
makes it possible to drop the restriction of having fuzzy sets that
share some of their antecedent parameters, e.g., Gaussian
membership functions with the same variance in rule antecedents
as is usually done in related works.

Keywords— fuzzy systems, kernel methods, kernel on fuzzy sets,
non-singleton fuzzy systems, positive-definite kernel.

I. INTRODUCTION

Fuzzy systems and kernel methods are two important fields
of scientific research that have greatly impacted not only science
but several industrial applications. Fuzzy systems are learning
machines based on fuzzy logic inference. Their learning process
can be done using numerical data (data-driven) and/or using
knowledge in the form of linguistic IF-THEN rules (knowledge-
driven) [12]. On the other hand, the kernel method [18], [20],
[21] is an approach for machine learning based on two parts: 1)
a mapping defined by a kernel function, that embeds the data
into a feature space and; 2) an algorithm defined on this feature
space. Machine learning models based on the kernel method are
known as kernel machines or kernel methods.
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Kernel methods can use several types of kernel functions,
however, positive-definite kernels are the most used in practice.
Those kernels can embed different types of data like strings,
graphs, numerical data, distributions, images, etc., into a feature
space called Reproducing Kernel Hilbert Space (RKHS). Kernel
algorithms implicitly perform computations in a RKHS by using
the widely-known "kernel trick" [18], [20], [21].

In this paper, we provide the first step to research the
connections between fuzzy systems and kernel methods, so as to
discover how they both can benefit from each other.
Specifically, we explain how to express a fuzzy system as a
kernel basis-function expansion, using positive-definite kernels
and non-singleton fuzzy systems. These two-way connections
are important in terms of the adoption of the main properties and
advantages of both methods. A direct consequence of this
connection is a new view of a class of fuzzy systems in terms of
kernel machines.

A core concept in our work is the positive-definite kernel on
fuzzy sets, which is a real-valued symmetric function defined on
the set of fuzzy sets [11], [36]. This kind of kernel is important
because it provides a direct connection between fuzzy systems
and kernel methods. Not all kernels on fuzzy sets provide this
kind of connection; however, we show how a positive-definite
kernel on fuzzy sets can be naturally derived from the input-
antecedent interactions in non-singleton fuzzy systems.

We conjecture the following benefits for both areas:

A. Benefits for Fuzzy Systems Using Kernel Methods

1) Resistance to the Curse of Dimensionality [46], [47]:
Kernel methods based on positive-definite kernels are non-
parametric consistent estimators that show good asymptotic
convergence properties, i.e., they converge to a true function as
the number of observations goes to infinity. Their rate of
convergence depends only on the number of observations if the
true underlying function belongs to the kernel space. In the
worst-case scenario, the rate of convergence will have an
exponential dependence on the number of dimensions of the
data. In general, kernel methods show some kind of resistance
to the curse of dimensionality when the true underlying
function is smooth and lies between Lipschitz-continuous



functions and functions in the induced kernel function space
[42], [46], [47]. This kind of resistance is governed by a
regularization parameter which deals with overfitting. To the
best of our knowledge, the curse of dimensionality is a
disadvantage of fuzzy systems since having a good
approximation of an arbitrary function may mean that the
number of rules has to grow exponentially with the number of
dimensions of the data.

2) Function Approximation with Explicit Regularization:
Regularization plays an important role in the resistance to the
curse of dimensionality and overfitting. A fundamental
characteristic of regularized kernel methods with positive-
definite kernels is the explicit regularization of the function that
is being approximated; this is stated in terms of a kernel matrix
estimated from the data and the kernel function, and provides
a clear interpretation of the regularization of the model.

3) Training Fuzzy Systems with  Regularized Kernel
Methods: Connecting fuzzy systems and kernel methods can
allow the training of fuzzy systems using regularized kernel
algorithms, and the use of those fuzzy systems for solving
machine learning tasks. For example, we conjecture that: a)
kernel PCA may be used to train a fuzzy system for novelty-
detection and image de-noising; b) kernelized Lasso Machine
may define a fuzzy system able to perform variable selection; c)
Support Vector Machine may define a fuzzy system operating
as a maximal margin classifier; d) Support Vector Data
Description may define a fuzzy system working as a minimum
enclosing ball; etc.

4) Representer Theorem for Fuzzy Systems: The
Representer Theorem of kernel methods [20] can provide a
bound on the number of rules learned from data by a fuzzy
system, limiting the number of those rules to be at most the
number of observations.

5) Learning Fuzzy Systems in Reproducing Kernel Hilbert
Spaces (RKHS): Fuzzy systems can learn or approximate
functions within a RKHS, which is a proper Hilbert space of
functions, with the property that the closeness of two functions,
in the sense of a norm, means closeness on the image values of
those functions. This provides fuzzy systems additional
mathematical tools for learning on those spaces.

6) Design of Fuzzy Systems for Structured Data: Positive-
definite kernels can be defined on structured data like graphs or
strings. We conjecture that the connection between fuzzy
systems and kernel methods can leverage further research on this
topic.

B. Benefits for Kernel Methods using Fuzzy Systems

1) Priors on the Structure of the Model: We conjeture that
kernel methods will be able to impose priors on the structure of
the learned function by using prior-knowledge encoded in the
form of linguistic IF-THEN rules. To the best of our
knowledge, the fuzzy-basis-function expansion of a fuzzy
system is the only basis function expansion that incorporates
both linguistic and numerical information for function
approximation.

2) Applying Kernel Machines on Fuzzy Data: We show in
Section IV that fuzzy systems naturally induce some class of
positive-definite kernels on fuzzy sets. We conjecture that this
will allows kernel machines to deal with fuzzy sets as inputs via
the kernel on fuzzy sets thereby leveraging machine learning
applications in datasets containing point-wise uncertainty
(ontic and epistemic uncertainty).

3) Explainability of Black-Box Kernel Methods: 1t is widely
known that in some applications fuzzy systems are highly
interpretable thanks to the use of linguistic IF-THEN rules.
Kernel methods can benefit from this property of fuzzy
systems.

4) Noise-Resistant Kernel Machines: Non-singleton fuzzy
systems, which are explained in Section III, can provide a pre-
filtering of the inputs to a kernel machine via a non-singleton
fuzzification operation. Consequently, we conjecture that the
resulting non-singleton kernels can be used for creating noise-
resistant kernel machines.

Remark about the word kernel. The word kernel is widely
used by the fuzzy set community to denote the crisp subset of a
fuzzy set where all the elements are ones. In machine learning
the word kernel is used to denote statistical models based on
non-negative kernels, e.g., kernel smoothing (Nadaraya—Watson
kernel regression) and Kernel density estimator. In this paper,
we deal strictly with positive-definite kernels, consequently:

Kernel Machines ¥ regularized machine learning models

with positive-definite kernels
Related work

Previous works apply support vector machines (SVMs)
(which is a kernel machine) for learning singleton fuzzy systems
[33] and [34] (and references therein). However, those works
link SVMs directly to fuzzy systems by using a simplified
version of the fuzzy-basis-function expansion of fuzzy systems.
They ignore/remove the denominator of the fuzzy-basis-
function expansion. The main consequence of doing this is that
they transform a non-linear representation of a FBF to a linear
one (linear in the basis functions). See for example a related
discussion in the context of RBF-networks and fuzzy systems in
[29]. In the present paper, we provide a connection not only
between SVMs but also between kernel methods in general and
non-singleton fuzzy systems, without dropping the denominator
from their fuzzy-basis-function expansion.

On the other hand [35] and references therein introduce
fuzzy numbers into SVMs algorithms. The main disadvantage
of this approach is that one has to then modify the kernel
algorithm. A more convenient way to do this in terms of kernels
on fuzzy sets without modifying the kernel algorithm is
described in [11], [36], [37].

II. KERNEL MACHINES

Kernel machines are a class of algorithms used for statistical
machine learning. They have two components: a positive-
definite kernel function that maps the input data into a RKHS
(ak.a. kernel feature space), and a kernel algorithm defined in
the RKHS that performs the analysis of the mapped data. The
RKHS is a space that can be infinite-dimensional, however,



thanks to the Reproducing property of positive-definite kernels,
inner products in a RKSH are equivalent to kernel evaluations
in the input space. Moreover, kernel methods are modular, i.e.,
it is always possible to change the kernel function without
changing the algorithm. Popular examples of kernel machines
are Support Vector Machines, Kernel PCA, Support Vector Data
Description, etc., [14], [18], [20], [21].

A. Positive-definite Kernels and Reproducing Kernels

Positive-definite kernels play an important role in fields such
as analysis [14], [28], approximation theory [15], engineering
[16], geostatistics [17], probability theory and statistics [18],
[19], among others. Although kernel functions can be complex-
valued or operator-valued, the most common kernels in machine
learning are real-valued functions of the form: k: X X X - R,
where X is a non-empty set. Note that there is no topological
restriction about the input space X, consequently X can be any
set, e.g., the set of real numbers, multi-dimensional vectors,
probability distributions, fuzzy sets, strings, graphs, etc.

Herein, X denotes a non-empty set, H a real RKHS of real-
valued functions on X. Notation k(-, x) means the mapping
x' - k(x', x) with fixed x where k is a function on X x X.

Definition 1 [Reproducing kernel] A real-valued function k
on X X X is a Reproducing kernel of a Hilbert space H if [18]:

1) vxeX, k(mx)eXH
2) Vx€X,VheH, h(x)=(hk(, %))y,
Requirement (2) is called the Reproducing Property. Thus:
Vix,x)eX x X, k(x,x") = (k(,x),k(,x))ee (1)

Definition 2 [RKHS] A real Reproducing Kernel Hilbert Space
(RKHS) # is a Hilbert Space of real-valued functions on X
with Reproducing kernel [18].

RKHS are interesting for statistical Machine Learning
because: 1) if two functions are close in the sense of a norm then
their function images are also close (i.e., a sequence converging
in the norm also converges pointwise); 2) it is possible to
implicitly perform inner products in H as k(x,x") = (k(:
,X), k(:,x"))4; and 3) the evaluation of the estimated function h
on a point x' is interpreted as h(x) = (h, k(:,x))s , this
leverage: a) the design of geometrical algorithms (e.g. Support
Vector Machines, Minimum Enclosing Balls), b) the extension
of widely-known methods (Kernel PCA, Kernel Ridge
Regression) and 3) the design of regularizers that explicitly
penalize the function that is being approximated.

The equivalence between Reproducing Kernels and
positive-definite kernels is given as follows:

Theorem 1 [RKHS] Any Reproducing kernel , k: X x X —
R is a symmetric positive-definite kernel, that is, it satisfies:
M Y aaik(x;, %) = 0 (2)

for all positive integer numbers N, all a;@; € R and, all x;, x; €
X. The converse is also true.

Examples of positive-definite kernels k(x,x") are: the
linear kernel xTx’, the polynomial kernel (xTx’ + 1)",y >0,
the Gaussian kernel exp(y||x — x'||?), ¥ >0, kernels on
measures [38], [39], kernels on strings [40], kernels on graphs
[41], kernels on fuzzy sets [11], among others [20], [21].

B. Kernel Algorithms and the Representer Theorem

Given a dataset:
D ={(x, 1) . (xp, Yn)} € X XY, (3)

where X = X; X X, X .. X X, and x; = (xjq, .., X;p)T € X
for i =1, ...N; kernel algorithms seek to solve the following
optimization problem:

N
1
in Q4[| —ZL Ch(x),
argmin 0L [hlle) + 3 ). L0 AG) W

i=1

where H is a RKHS, A is a non-negative regularization
parameter, (1 is a regularization function and L is a loss
function.

1) Representer Theorem [20]: The Representer Theorem
characterizes the solution of (4) in terms of the data sample D, a
symmetric positive-definite kernel k, an empirical loss L and a
regularizer (2. It states that any minimizer h* of (4) has the form:

h*(x) =X aik(x',x) ®)

where a; € R.

2) Regularization: The regularizer (2, explicitely penalizes
the function that is being approximated, e.g. 2(4, ||h||3) =
AR5 = Ah, )y = a’Ka, where @ = (ay, ...,ay)Tand K
is the kernel matrix, i.e., K;; = k(x;, x;).

III. Fuzzy SETS AND SYSTEMS

Many fuzzy systems are universal approximators of
functions [1], and have been used successfully in robotics,
control, dynamic systems, machine learning, deep learning,
intelligent systems [2], [3], [4], [5], [6], etc. Fuzzy systems
approximate a function h: X = Y by applying operations from
fuzzy set theory and fuzzy logic. At the heart of fuzzy systems
is the concept of fuzzy set, originally defined by Zadeh as a
mapping X: X —= [0,1] , where X(x) is interpreted as the
membership degree of element x in the fuzzy set X and is also
called membership function that plays an analogous role to the
characteristic function in classic set theory [7]. Fuzzy sets are
used in fuzzy logic to extend the true values of classic Boolean
logic to a [0,1]-valued logic, and, according to Dubois and Prade
[13], they have three semantics: 1) similarity between a value
and a prototype, 2) degree of uncertainty about an ill-known
value, and 3) preference. Generalizations of fuzzy sets include
the L-fuzzy set, which is a mapping X: X — L, where L is a
complete lattice [8]; type-2 fuzzy sets which are mappings of the
form X: X — F(X) where F(X) is the set of all the fuzzy sets
on X, etc. For an account of different kinds of fuzzy sets and
their generalizations, see [10].

A. Mamdani Fuzzy Systems

In Mamdani fuzzy systems [25] the approximation of a
function h: X — Y is carried out by applying a sequence of
fuzzy logic operations to the input x' € X, where x'=
(1, e, xp)T € X; X Xy X ..o X Xp = X. Given a fuzzy rule-
base, the sequence of fuzzy logic operations involves the
application of a fuzzification operator on the input x', a fuzzy-
inference algorithm applied to the output of the fuzzification

operator and the rule base, and a defuzzification operator that



transforms the fuzzy-inference algorithm’s output into the Y
space.

The fuzzification operator, denoted by F, transforms the
input x" into D fuzzy sets. We denote this transformation by
X;Clxy) =F(xy), d=1,..D, where the notation X;(-
|x}) means a mapping xz; — X;(xq|x;) with fixed x;. Note
that this is because X; (- |x;) is a fuzzy set constructed around
x;. The next step is to propagate those X, d = 1,2, ... D, fuzzy
sets through a rule-base of M rules whose elements are fuzzy-
logic rules of the form R; = 4; = C,, (1l = 1,2,..., M) where
A, represent the antecedent part of a fuzzy rule (which is
composed by D fuzzy sets: A, A, ..., A;p ), symbol =
denotes a fuzzy implication operator, and C;: Y — [0,1] is a
fuzzy set representing the consequent part of a fuzzy rule. In
Mamdani fuzzy systems, the input fuzzy sets X;, d = 1,2,...D
are aggregated to construct the input fuzzy set X'(- [x') : X —
[0,1] with:

X'(xlx") = Tg=y Xq(xalxa), (6)
where T (and x in what follows) denotes the T-norm operator.
Moreover, rule R, is the fuzzy relation R;: X X Y — [0,1] with

Ri(x,y) = Tg=y Aa(xq) * C,(¥) @)
Also, the antecedent part A, is a fuzzy set A;: X — [0,1] with:

A (x) = TP-y Ag(xq) ¥

In fact, this way of modeling the fuzzy implication operator
is the principal characteristic of Mamdani fuzzy systems.

The propagation of the input X' (- |[x") through the rule-base
is done by a fuzzy-inference algorithm. A common approach is
to use the sup-t-norm composition as the compositional rule of
inference between the input X'(- |x") and a fuzzy relation R,
from the fuzzy rule base. We denote this operation by:

X(Clx)oR, = su)pg X' (x]x") * Ry(x,v) 9)
XE

Observe that ([12] and [22]) the supremum in (9) is taken
only for all x € X. It follows, by replacing the definition of the
fuzzy relation R; in (9), that:

X'(C|x)oR, = Cxsup X' (x|x') » A;(x) (10)
XEX

Thus, the output of a Mamdani fuzzy system is given by:

hGx) = Dy ({<i2‘§ X (xlx) + 4,) * €, }7) o

In (11) Dy, is a defuzzification procedure that transforms
the set in (11) into an element of Y. We refer to [12] and [24]
for definitions of defuzzifiers.

B. Fuzzy-Basis-Function Expansion of Mamdani Fuzzy
Systems

There are different kinds of Mamdani fuzzy systems,
depending on what is done with the outputs of the inference
engine. Here we focus on processing these outputs only using a
defuzzification operator that leads to a basis function expansion.
An important result in fuzzy systems is that Mamdani fuzzy
systems are universal approximators of functions that can be

expressed as the following fuzzy-basis-function (FBF)
expansion [12], [23], [43]:

h(x') = XLy i (x), (12)

where ¢; functions are called fuzzy basis functions, a; € R,
and:
sup X' (x|x") » A;(x)

N o XEX
P = S e X ) > A 13
XEX

One of the main advantages of the FBF expansion is that it
is possible to decompose the right-hand of (12) into a sum of
two terms, one associated with FBFs that are associated with
rules that come from numerical data and the other associated
with rules that come from linguistic information, i.e.,

h(x") = hy(x") + h,(x) (14)

This capability to include both numerical data and linguistic
data for function approximation is a unique characteristic of this
FBF expansion of fuzzy systems.

C. Singleton and Non-singleton Mamdani Fuzzy Systems

Popular instances of Mamdani fuzzy systems are the singleton
and non-singleton Mamdani fuzzy systems. Note that singleton
fuzzy systems are a special case of non-singleton fuzzy
systems, i.e. sup X' (x]x") * A;(x) = A;(x"), (see [12] for a

detailed derlvatlon) For example, the FBF for singleton
fuzzification and product T-norm are (I = 1,2, ..., M):

N a1 Aw(xd)
¢l(x) - M D Ald(x:i) (15)

1=1 llg=1
Similarly, FBF for non-singleton fuzzification and product T-
norm are:

[18=1 sup Xg(xalxg) * Aa(xq)

Xd€Xq

ﬁl ng sup Xd(xdlxd)* Ay (xq)

Xd€Xd

o (x") = (16)

An example of (16) when all the fuzzy sets are Gaussians
and the product T-norm is [22], [12]:

3 ) exp( Os(xd mzd) )
Pu(x) = %+ %’ 1
,(x) =
M &Lﬂi
21:1 Hd=1 exp( 0.5 O.d T ald >

where x)}, 07 are the parameters of the input Gaussian fuzzy set
X}, and my, 04 are the parameters of the Gaussian fuzzy set 4,4
of the antecedent part of the rule [. Non-singleton fuzzy systems
are particularly interesting because they have the important
property of prefiltering the inputs, leading to noise-resistance
fuzzy systems.

IV. KERNEL BASIS FUNCTION EXPANSION OF NON-
SINGLETON MAMDANI FUZZY SYSTEM
A. Non-singleton Kernel on Fuzzy Sets

This section shows that the input-antecedent interaction of
the rules of non-singleton Mamdani fuzzy systems,



sup X'(x|x") » A;(x), define a positive-definite kernel on
XEX
fuzzy sets.

Definition 3 [Nonsingleton Kernel on Fuzzy Sets]. Let X and
X' be two fuzzy sets defined on X. Then the nonsingleton
kernel on fuzzy sets is a mapping k: F(X) X F(X) - [0,1]
defined by:
k(X,X") = sup X (x) x X'(x) (18)
xXEX

Such a kernel was defined in [11],[27] and some of its
properties are:

1) Is a positive-definite kernel: As a consequence, it is a
Reproducing kernel defining a RKHS H . Thus k(X,X")
implicitly induces an inner product (k(:,X),k(:,X'))s in H.
Notice that k(-,X): F(X) > R and k(-,X"): F(X) > R are
representative functions of fuzzy sets X, X', respectively and
that the implicit inner product of the kernel evaluation allows
one to manipulate fuzzy sets in a geometrical way (the kernel
trick). This has a substantial impact on the analysis of fuzzy
data, because the space of fuzzy sets is not a vector space.
Consequently, it is straigthforward to define a metric between
fuzzy sets, induced by the kernel as:

d(X, X2 = |k, X) — kG, XD (19)

=k(X,X)-2k(X,X)+ kX', X).

The metric in (19) can be used to estimate distances between
fuzzy sets and to define new positive-definite kernels as in [37],
ie,k;(X,X") =exp(—y d(X,X)?),y > 0.

2) Isatype of intersection kernel on fuzzy sets: Because T-
norm operators implement intersection on fuzzy sets, we can
argue that the non-singleton kernel can be written more
generally as:

kX, X')=supX nX' (x) (20)
xXEX

3) Is a non-negative kernel on fuzzy sets. That kernel is a
[0,1]-valued kernel, consequently, is a non-negative kernel. We
argue that this is important because those kernels can help to
design non-parametric estimators on fuzzy datasets.

B. Kernel Matrix

In practice, kernel methods use positive-definite kernels to
construct kernel matrices. To construct a kernel matrix from the
non-singleton kernel on fuzzy sets we introduce the concept of
fuzzy dataset, as follows: Given a dataset D, as in (3), a fuzzy
dataset is the set containing fuzzy sets modeling each
observation x; in D. To do this, we propose to transform each
x; = (%41, - x;p)7 into the fuzzy sets: Xiq(* [x;q) = F(xiq),
d=1,..D;i=1,..,N; where F is a non-singleton fuzzifier;
and to use those fuzzy sets for constructing the following fuzzy
dataset:

Dy = {(X1( |21), y1), - (XN [x8), ya)3, (21)
where each X; (. |x;),i =1, ..., N is a fuzzy set given by (6).

The kernel matrix, which is positive-semidefinite, for the non-
singleton kernel is:

Ky = k (X:C 120, X, (- %)) 22)
= sg};g X;(x|x)* X (x| )

where i,j =1,..,N.

For example, when measurements x;; are modeled by
Gaussian fuzzy membership with parameters x;4, 04, d =
1,..D;i =1, ..., N; then the kernel matrix in (22) is:

Ky = k(%0 20 X5 ) @)
Xig — X;
= exp|—0.5 Z ( A Td) d)
R
Finally, kernels in kernel methods use parameters to dictate
up to what extent two observations are similar. This parameter
is usually tuned via cross-validation or Maximum Likelihood

estimation. This leads to the following version of the non-
singleton Gaussian kernel with kernel parameter y > 0:

--=k( arasaat: )) (24)
— exp( 05)/2(9;131 de) >

C. Kernel Basis Function Expansion

In this section we express the FBF expansion for Mamdani
fuzzy systems in terms of non-singleton kernels on fuzzy sets,
and call this basis expansion the kernel basis function (KBF)
expansion of Mamdani fuzzy systems. By definition of the non-
singleton kernel on fuzzy sets (Definition 3) and the FBF of
Mamdani fuzzy sets ( (12) and (13) ), we have:

Definition 4 [KBF expansion of Mamdani Fuzzy Systems].
Let k be a non-singleton kernel on fuzzy sets as in Definition 3.
A KBF expansion for Mamdani fuzzy systems, is given by:

N Xt ak(X'C1x),A) (25)
h(x") = —5 —

=1 kX'C1x),A4)

Note that the arguments for the non-singleton kernel on
fuzzy sets given by (18) are two fuzzy sets: the input X ’( . |x’)
and the fuzzy set for the antecedent of rule I: A;. Thus, (18) can
be rewritten as:

k(X'C1x"), A) = Sup X'(x|x') x Ay(x) (26)

Using this fact, we can write (25) as.:

YiLi apsup X' (x|x") = A;(x) 27)

h(x/) — XEX -
M, sg};g X' (x|x") * A;(x)
X

Equation (25) can be expressed as in (12) and (13) which
connects the KBF and FBF expansion for a Mamdani fuzzy
system



D. Connection to Nadaraya-Watson Kernel estimator

The Nadaraya-Watson Kernel estimator is a non-parametric
statistical model that estimates a regression function from a
dataset {(xq, y1), ... (xn, yn)} € RP X R as:

Yl yikn(x' = x)
h N = ,
NW(x) {\[:1 kh(xl _ xi)

(28)

where kj, is a non-negative kernel, i.e. a function such that
vx,x' € RP; k,(x,x’) = 0. Note that the FBF expansion of a
singleton Mamdani fuzzy system is directly related to this
statistical estimator, when singleton fuzzification is used
sup X' (x|x") » A;(x) = A;(x"), and, substituting this into (12)

XEX .
and (13) we obtain:

hy(x') = w (29)
° YL, Ax)
Defining M =N,y=a and A;x")=A4,|x;) =

ky(x' — x;), we obtain an equivalence between h; and hyy,
(reference [33] explores 4;(x'|x;) = ky(x’ — x;) in the context
of support vector learning). However, it turns out that our
formulation of KBF expansion for Mamdani fuzzy systems in
Definition 4 is more general in the sense that it contains the
Nadaraya-Watson Kernel estimator as a special case, because of
the use of the kernel on fuzzy sets. We conjecture that a non-
singleton kernel on fuzzy sets can extend this statistical
estimator for working with fuzzy datasets. This can permit
prefiltering the inputs due to the non-singleton fuzzification
used. We leave details about this topic for further research

E. Connection to RBF Neural Networks

As discussed in [29], there is no direct connection of FBF
expansions of fuzzy systems to non-normalized Radial-Basis-
Function networks. i.e., models of the form hggp(x") =
Yi a; ¢(||x" — x;]|) , where ¢ are radial basis functions.
However, there is a functional equivalence between normalized
Radial-Basis-Function networks and a set of restricted fuzzy
inference systems, as is explained in [30]. [31]. [32]. We
hypothesize that, thanks to the definition of a non-singleton
kernel on fuzzy sets given herein, it is possible to drop the third
restriction in [30] that: "The membership functions within each
rule are chosen as Gaussian functions with the same variance",
because the kernel on non-fuzzy sets can allow passing the
variances related to individual Gaussian membership functions
directly into the arguments of the non-singleton kernel, as is
evident in (23).

V. LEARNING Fuzzy SYSTEMS WITH KERNEL MACHINES

In this section, we explain how it is possible to learn the
structure of non-singleton Mamdani fuzzy systems using kernel
methods. Note that, we are not going to show any kind of
“equivalence” between kernel methods and fuzzy inference
systems. Instead, we use the KBF expansion for relating kernel
methods and fuzzy systems.

Definition 5 [KBF expansion as kernel].
Let k be the non-singleton kernel on fuzzy sets as in Definition
3.Let X;, i = 1,2 ... N be fuzzy sets defined on X, and, set L =

{X;] i=12..N}. A kernel on fuzzy sets according to the
KBF expansion for Mamdani fuzzy systems, is:
k(X,X;)
NokX X))

ke (X, X,) = ©0)

Observe that k is a real-valued kernel on fuzzy sets, i.c., it
is defined on F(X) X F(X). The subscript £ in k, denotes the
explicit dependence of this kernel on the set £. It is worth
comparing this new definition with (12) and (13). Observe that
if N = M, and X; = A;, then (25) can be expressed as:

h(x) = Ty ek (X' (- ), A),

Lemma 1 Kernel k; is positive-definite.
Proof: A nonsingleton kernel on fuzzy sets is positive-definite
and also is a non-negative kernel because it is a [0,1] — valued

G31)

k(X X;) >0, and, by

closure properties of positive-definite kernels, kernel k, is also
positive-definite.

kernel. Consequently y =1 /ZN
i=1

The kernel matrix of kernel k is given by:
Kﬁi]' = kL (Xl( |xl)IX]( |x]))

This matrix is equivalent to the FBF matrix @ constructed

from (13), ie., ®;; = ¢;(x;) = KLij' This FBF matrix was

presented in [12] and used for learning fuzzy systems with the
least squares and SVD-QR methods.

(32)

Lemma 2 Kernel kKBF(XL-,X]-) =k, (Xi,X]- ) + kL(X]-,XL- ) is

a positive-definite symmetric kernel.

The kernel matrix of this kernel is KKBFU. =

kI(BF (Xl.( |xl),X]( |x])) = KLi)' + KLji = q)l] + q)]l =
¢;(x) + di(x;)

Lemma 2 allows rewrite the FBF expansion of Mamdani
fuzzy systems as:

M 33
h(x") = Z o1 akgpr(X'( |x'), X)) @)

= 2 @ (ke (X C 100, %) + ke(X,C 120X )

The positiveness of kernel kggg, Definitions 4 and 5, and
Lemma 2, allow to relate Mamdani fuzzy inference systems and
kernel methods as is done in the next Section.

A. Kernel Algorithms for Learning the Structure of
Mamdani Fuzzy Systems.

We provide in this section a methodology for performing
learning in Mamdani fuzzy systems using kernel machines. The
learning algorithm is going to learn the rule-antecedents, where
each observation on the dataset can potentially define a rule-
antecedent. To explain this consider solving a regression task
with the following data set:



D = {{(x1,¥1), .. (xy, yn)} € RP X R} (34

We seek to estimate a function h, such that y = h(x) has
high generalization and low prediction error. Consider also that
we want to use a fuzzy inference system as a learning model
such the model is trained with the regularized model for kernel
methods in (4).

Algorithm 1, stated below, proposes a general methodology
for learning the structure of non-singleton Mamdani fuzzy
systems by using kernel methods. The input to the learning
algorithm is given by a dataset D (as in (34)), a kernel on fuzzy
sets kygpr (as in Lemma 2), an appropriate loss function L, a
regularization parameter A, and a regularizer 2.

In step 1, Algorithm 1 constructs a fuzzified version of the
data that transforms elements within D, (i.e., each point x; €
RP,i =1, ..,N ) into the fuzzy sets X;;, X;5, ..., X;p. This leads
to a fuzzy dataset Dy in (21).

Algorithm 1. Learning the structure of a non-singleton
Mamdani fuzzy system by using kernel methods.

Input: D, kggr, L, A, 02
Step-1: data fuzzification
Dy« data fuzzification(D)

Step-2: kernel method learning
Kypr < compute kernel matrix (kggr, D)

h € H, N,a; < learning(Kggp, L, 1, 2)

Step-3: fuzzy system structure learning
M <N,
1,
A< X, sucha; =20

Step-4: (optional)
M, A;«< postprocessing(M, A, )

Output: Non-singleton Mamdani fuzzy system with M
rules - antecedents 4,

In Step 2, Algorithm 1 estimates the KBF matrix Kypr using
the fuzzy dataset Dy and kernel function kyggp. The estimated
KBF matrix is used with an appropriate loss function L (e.g.,
mean-square error in kernel-ridge-regression or SVM-loss), a
regularization parameter A, and a regularizer (2 for learning the
following function:

h(x) =3, aikpe(X'( - |2, X (- ]%0)) (35)

where X’( . |x’) is the fuzzified version of x’, as described
earlier. Note that h is a function belonging to the RKHS H
induced by kernel kygp.

In Step 3, rules are chosen such that | ;| = 0, i.e., fuzzy sets
X; (- |x;), with | a;] = 0 become rule-antecedents. This bounds
the number of rules M, such that M < N. Note that by the

structure of the learning algorithm each element X; (- |x;), ina
fuzzy dataset Dy can potentially define the fuzzy sets of a rule-
antecedent, (i.e. X;;, X;, ..., X;p can potentially become fuzzy
sets A1, Ay, ..., Ajp) because if | a;| = 0 then | «— i and the
fuzzy set X; (- |x;) is transformed into the fuzzy set A,. Note that
the parameters for those fuzzy sets are not necessarily fixed to a
unique value.

Finally, Step 4 of Algorithm 1, denotes postprocessing
(optional), e.g., rule-reduction, adjustment of antecedent’s
parameters, adding linguistic rules, etc. This step can also take
advantage of the structure of the KBF matrix, for example, one
can investigate the potential use of low-rank kernel matrix
approximations as in [44] with the purpose of rule reduction. We
leave this topic for further research.

VI. CONCLUSIONS AND FUTURE RESEARCH

This work presents the first step in studying the connection
between fuzzy inference systems and kernel methods.
Specifically, we analyzed the connection between the FBF
expansion of non-singleton Mamdani fuzzy systems and
regularized kernel methods. We show that the input-antecedent
interaction of non-singleton Mamdani fuzzy systems induces a
kernel on fuzzy sets that we called, the non-singleton kernel on
fuzzy sets. Such a kernel allows writing the FBF-expansion of
fuzzy systems in terms of that kernel. We called such an
expansion a kernel-basis-function (KBF) expansion.

The KBF-allows one to relate kernel methods with positive-
definite kernels and non-singleton Mamdani fuzzy systems. The
consequences and benefits for doing this are that fuzzy systems
can: 1) be trained by kernel algorithms; 2) have resistance to the
curse of dimensionality; 3) satisfy the Representer Theorem of
kernel methods; 4) learn functions in RKHS; and 5) explicitly
regularize the function that is being approximated.

We also provided some benefits from fuzzy systems
towards kernel methods. Additionally, we related kernel
methods to fuzzy systems without simplifying the denominator
of the original FBF-expansion, as is done in previous works. We
also dropped a restriction of previous works of having fuzzy sets
sharing some of their antecedent parameters (e.g., Gaussian
membership functions with the same variance) thanks to the use
of kernel on fuzzy sets that allow constructing a kernel matrix
directly from fuzzy sets. Finally, we presented an algorithm
showing the methodology of learning fuzzy systems via kernel
methods.

Open research questions are 1) Explore connections for other
kinds of fuzzy systems (TSK, type-2, etc.), 2) validate
experimentally the presented connection in several Machine
learning tasks (classification, regression, novelty detection,
etc.); 3) explore how to deal with structured data following this
connection; 4) propose practical non-singleton kernels on fuzzy
sets; and 5) investigate how to exploit the kernel structure
beyond the arguments presented in this paper, for example,
kernel low-rank approximations for rule reduction, or explore
other possible connections between fuzzy systems and: a)
stochastic processes following the view of kernels as covariance
functions; b) non-parametric statistical estimators based on non-
negative kernels (Kernel smoothing, KDE); and c) kernel
methods with non-positive kernels as in [45].
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