Choquet Integral Ridge Regression

Siva K. Kakula®, Anthony J. Pinar®, Timothy C. Havens®

“College of Computing
®Department of Electrical and Computer Engineering
Michigan Technological University
Houghton, MI 49931, USA
e-mail: {skakula, ajpinar, thavens} @mtu.edu

Abstract—The Choquet integral (Chl) is an aggregation func-
tion that is defined with respect to a fuzzy measure (FM). Many
Chl-based decision aggregation methods have been proposed
to learn the underlying FM. However, FM’s boundary and
monotonicity constraints have limited the applicability of such
methods to decision-level fusion. In a recent work, we removed
the constraints on FM to develop a regression model based on
the Chl. Our model has a generalized bias that enables capability
beyond previously proposed ChlI regression approaches. We also
developed an approach for learning the parameters of the Chl
regression from training data. In this paper, we develop a
method to apply /:-regularization on our training algorithm.
In our experiments on real-world benchmark data sets, ridge
regularized-Chl regression has outperformed the unregularized
version in 22 out of 30 (73%) experiments. Also, when compared
with several competing regression methods, results show that our
approach has superior performance.

Keywords—regression, Choquet integral, fuzzy integral, fuzzy
measure, regularization, machine learning

I. INTRODUCTION

Regression approaches typically seek a function, f(-), that
can transform or map an independent variable, x, to a de-
pendent variable, y, given a training set of d-dimensional
independent variables, x € R? and 1-dimensional dependent
variables, y € R. The relationship between x and y is a
parameterized model (or function), such that

Y~ r(x,a),

where « is the set of learned parameters of the regression
function 7. A linear model is a common choice for this
function, 7(x,a) = w’x + 3, where w € R? and 3 is the
bias. Using basis functions, we can extend this linear model
to learn non-linear relations, r(x,a) = w’¢(x) + 3, where
¢ is a set of basis functions. Examples for basis functions
include quadratic, polynomial, and radial basis functions. Basis
functions typically project the input data x into a higher-
dimensional space, which allows the regression function to
learn more complex non-linear relations (in the native space).
However, inclusion of basis functions often eliminates the
interpretability of the results. This is because, without basis
functions, the learned parameter vector w directly indicates
how each variable in the input x affects the output, but when
basis functions are included, the parameter vector w is not as
interpretable.
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The regression parameters « are typically trained using a set
of training data pairs (X,Y) = {(x1,91),- .-, (Xn,¥Yn)}. The
training process optimizes the regression parameters o with
respect to an error function, usually squared-error:

a* = arg minz (r(xs,0) —y)2.

This is the well-known least-squares problem. For more ex-
tensive details on regression, in general, we suggest [1].

In our recent previous work [2], we proposed a regression
model based on the Choquet integral (Chl) with respect to a
bounded capacity (BC) [3], where we demonstrated that Chl,
in combination with a fuzzy measure (FM)' can produce a non-
linear aggregation method, which essentially is a compressed
parameterization of a set of linear convex sums, one for each
sort order of the input. Since the number of parameters in
an FM scales as 2¢, where d is the number of variables in
the input, training the ChI-FM regression model on a high-
dimensional input data requires a large training data set with
enough rank-independent observations. However, many real-
world data sets often do not contain enough rank-independent
observations; training on such data sets typically results in
an overfit model that does not generalize well on the unseen
data. In this work, we build on the prior work by addressing
the overfitting problem of our ChI-FM regression method with
the introduction of ¢5-regularization in the training process.

Several previous works have explored regression using Chls
[4-6]. Some works explored certain types of FMs, such as
Sugeno’s A-measure, P-measures, or L-measures, e.g., [5].
Different from these works, the learning approach of our
method enables us to learn any bounded capacity, which is
more general than a parameterized FM. Grabisch [4] proposed
a method to learn an FM using training data; however, since
this approach is limited to FMs, it has limited applicability.
In addition, this approach used a single bias value model
(similar to our CIR(1) model proposed here), which limits the
flexibility of the method. Our method learns a more flexible
bias model (up to one bias for each possible sort). Chl was
also applied to logistic regression by Tehrani et al. [6]; this
approach also included a single bias value (like our CIR(1)
model). Our method could be used to extend this logistic

A fuzzy measure is a bounded monotonic capacity on [0, 1]; see Sec. IL.



TABLE I: Notations and Acronyms

Acronym | Description Notation

input data or evidence on X h,h
descending sorting function s

BC | (non-monotonic) bounded capacity | f

FM | (monotonic) fuzzy measure g

FI | fuzzy integral

Chl | Choquet fuzzy integral Cy(h)

CIR | Choquet integral regression Cyr(h)
training data pairs: (input, output) (hi, ys)

regression approach. Recently, Du and Zare [7] proposed a
multiple instance learning Chl regression, though a bias model
was not included in this regression approach.

Our method [2] was a significant extension of these prior
works as it used a bounded capacity and a bias model that
allowed encoding of a linear model for each possible sort
in the input data. In [2] our experimental results showed
better performance than comparable methods. In this work,
we further improve our method by applying ¢2-regularization.
Our experimental results show that the application of /5-
regularization has consistently improved the performance as
compared to the unregularized version.

Chls with respect to non-monotonic measures have been
discussed in [8-11]. These works provide a good basis for
the development and application of Chls with respect to non-
monotonic measures. Our work here is a significant extension
to these works to enable a generalized Chl-based regression
model along with regularization.

The remainder of this paper is organized as follows. Section
IT presents the background on Chls and BCs, then Section
IIT discusses our Chl regression (CIR) method. We introduce
ridge regression on CIR in Section IV. We compare the normal
as well as the regularized Chl regression with several other
regression models in Section V. Section VI summarizes. The
acronyms and notations used in this paper are presented in the
Table L.

II. BACKGROUND
A. Fuzzy measures

We consider a measurable space as the tuple (X, §2), where
X is a set and € is a g-algebra or set of subsets of X such
that

Pl. X € Q;

P2. For A C X, if A € (), then A¢ € Q;

P3. If VA; € Q, then U;.il A; €.

An FM is a set-valued function, g : Q@ — [0,1], with the
following properties:

P4. (Boundary conditions) ¢g(#) = 0 and ¢g(X) = 1;

P5. (Monotonicity) If A, B € Q and A C B, g(A) < ¢g(B).

There is an additional property that guarantees continuity for
the case where () is an infinite set, however, in practice and
in this paper, € is finite and thus this property is unnecessary.
FMs provide us with a convenient way to quantify the worth
of combinations of sources, and fuzzy integrals (FI) can be
applied over FMs to aggregate the information from these

sources. The FM values of the singletons, g({z;}) = ¢° are
commonly called the densities.

An FM that obeys all the above properties, when used for
aggreation with Chl, results in convex sums of input variables
that are bounded between maximum and minimum values
of the input variables. To enable a continuous unbounded
aggregation of outputs, we will relax the properties of the FM
to a BC.

Definition 1. A BC is a set-valued function f : Q — R, with
the boundary property f(()) = 0.2

B. Fuzzy integrals

There are many forms of the FI; see [3] for a detailed
discussion. Several previous works [12—17] have explored FIs
as a tool for evidence fusion. The FM provides the expected
worth of each subset of the sources, and the FIs use this to
combine information from the sources while accounting for
both the support of the evidence as well as the expected worth.
In this paper, we focus on the Chl proposed by Murofushi and
Sugeno [18, 19]. Let h : X — R be a real-valued function that
represents the evidence or support of a particular hypothesis.>
In the remainder of this paper, we will shorten h(x;) to h;
and can thus present a collection of inputs in vector form,
h = (hy,ha, ..., ha)T.

The discrete (finite ) Chl is defined as

d
/C hog=Cylh) =3 hugy o) — g(IL_1)], (1)
=1

where 7 is a permutation of X, such that hr ) > hrg) >
L2 h’ﬂ'(d)’ 1_[Z = {[L‘7‘-(1)7 . ,[L'ﬂ-(i)}, and g(HO) =0 [20, 21]
In (1b), we have simply reformulated (1a) as the dot-product
of the vectors 7y, and h,, where

) hﬂ(d))T ’ (2

(1 = g(Ma-1)))"
3)

The key insight from (1b) is that the Chl with respect to the
FM is essentially a collection of d! linear-order statistics on
h, one for each possible sort order of the evidence h.* The
elements of ~, are simply the weights of each evidence value,
as represented by the gain in the FM up through the lattice.
More detail on the properties of fuzzy Chls and fuzzy integrals
in general can be found in [20-22].

hﬂ— = (hﬂ(l)7 hﬂ-(g), e
Y= = (9(Ih), (g(Il2) — g(IL1)), ...,

2With regard to Choquet integral regression, described in Section III, this
boundary condition on f is arbitrary. It can be shown that any constant bias
applied to all values in f does not change the result of the regression. This
boundary condition can help with optimization from a practical computing
standpoint.

3Generally, when dealing with an information fusion problems it is con-
venient to have h : X — [O, 1], where each source is normalized to the
unit-interval.

It can be further specified to say that the Chl is a collection of d! ordered
weighted averages (OWA), as > (vr)s = 1.



III. CHOQUET INTEGRAL REGRESSION
A. CIR formulation

We can directly extend the Chl at (1) to Choquet integral
regression (CIR) by integrating with respect to a BC f and
adding a bias term,

d
thOfZCAm=5w+zyW@Um0—fmwﬂL
=1 (4a)
= Br + pLhy, (4b)

where 7 and II are defined as in (1), h, is defined at (3),
Bx € R is a bias term’, and

pr =((F(IL) = FO)), (F(02) = F(L)), ...,

(FOX) — 7)) ®

In an FM g, f(0) and f(X) are assigned the static boundary
values of 0 and 1, respectively. We remove these boundary
constraints in (5) by including f() and f(X) in pr; see v
at (3) for comparison.

How is the CIR formulation at (4) a regression? Consider
the formulation of CIR at (4b)—with 3, as the learned bias
and p, as the learned weight vector, this clearly is in the
form of linear regression. In addtion, since we removed the
boundary constraints, the values in p, can take any value in
the set of reals, R—see (5). This makes the CIR a compressed
parameterization of a set of linear convex sums. In other
words, CIR is a set of linear regressions, one for each of the
d! possible sorts of h. The Chl, since it is an aggregation
operator, produces outputs that are bounded by the interval
[min{h}, max{h}]; while the CIR, by allowing the learned
parameters in p, to take any value in R, enables the mapping
of inputs to anywhere in the set of reals, C'r(h) € R, and is
therefore a regression operator.

B. CIR learning

Given a set of training data pairs {(h1,v1),...,(h,,yn)},
y; € R, Vi, we would like to learn a prediction function o such
that o(h;) = y,. This is a standard regression problem. In our
prior work [23, 24], we explored the approaches to train the
ChlI as a prediction function, by minimizing the sum of squared
error (SSE) between the true output and the prediction for a
given set of training data, i.e.,

n

. 2

g* = argmin {Z (Cq(hy) —y:) } . (6)
g i=1

It can be shown that the solution to (6) is the gquadratic

program (QP)

minu? Du, +t*u,, Cu, <0, (0,1)" <u, <1, (7)

u, g g g g =Y, ’ >~ Ug > 4,

5 At this point in the manuscript, we choose to generalize the bias so that
one could have up to d! different bias terms, one for each sort; however, as
we will explore in Section III-B, this may be computationally intractable—d!
can grow to be a large number—and, hence, we will also develop solutions
that use fewer bias terms.

where u, is the lexographically-ordered FM g, ie.,
U, = (9({71}), g({z2}), - -, 9({w1, 22}), g({71, 23}), - - -,
g({x1,22,...,24})); the matrices D and t are composed
of the training data h and y; and the matrix C' enforces
the monotonicity property on the learned FM g. Our prior
work [24] contains the details on the construction of these
matrices and the implementation of the QP. Using this QP-
based learning approach, we applied Chl on many sensor
fusion problems; however, the output of Chl is limited to the
interval between the maximum and the minimum of the inputs.
Hence, we explore next, the process to learn the CIR, which
does not have such limitations.

In this manuscript, we focus on the BC f and the CIR at (4).
Therefore, we would like to solve the minimization problem

(f*, ") = argmin {Z(Cf(hi) - yi)Q} . 3

First, we will rewrite (4) as
d
Cr(hy) = Br + Y f(T) [(i)x(j) — (Mi)xiin] s 9
j=0

where we define (h;)ro) = (hi)r@+1) = 0, Vi. Since
f(@y) = f(®) = 0, the first summation term equals
0. However, if the user wants to set different boundary
conditions, or none at all, this term can be adjusted
accordingly. To continue, f is then lexographically

ordered, ie., uy = (FD), fEz1}), f{zma2})s - - -,
f({1‘1, .172}), f({l‘l, 1‘3}), ey f({l‘l, T2y ,xd})).ﬁ The
SSE term (8) on expansion gives
E? =3 (Cp(hi) —y:)* = > (Hus+ Bl B—y:)*, (10)
i=1 i=1
where H; is a 2% x 1 vector that contains the difference terms
in (9); B; is a b x 1 bit vector that chooses (or computes) the
bias from the vector g for a given training data pair (more on
that soon).
To transform (10) into a standard least-squares problem, we
concatenate a variable vector u = (uy, 3)7, and then build the
vector

D; = (H!,B}). (11)
Thus, (10) becomes
E*=7 (Dju—y), (12)
i=1
This has the standard least-squares solution of
u= (DT'D) DTy, (13a)
D,
Dy
D= . (13b)
D,

%0ne could choose any ordering of f and derive the QP matrices appropri-
ately. For example, in our code library we use binary ordering, such thatuy =

(@), F({z1}), f({z2}), f({mr, 22}), f({ws}), F({z1, 23}), ., £(X)).



This solution is satisfying as it further bolsters our claim that
CIR is regression at its core. We used the least-squares solver
in Matlab for the results presented in this paper. Problems
such as singular matrices and underdetermined systems are
automatically addressed by the solver. Note that the least-
squares solution at (13) is a mathematically correct solution,
but can be problematic due to its inverse; hence, least-square
solvers are often more stable in practice.

We now describe the process to build the matrices H; and
B;. The approach for a simple 3-input case is show in Example
1. It may be useful to follow along with this example as we
describe the process in more detail.

The 2¢ x 1 H; matrix is designed to contain the (d + 1)
difference terms, [(h;)(;) — (hi)x(j+1)], in (9). The rest of
the elements of H; are all zero. That is,

0 — (hi)rq)

(hi)ry — (hi)r(2) (14)

0

(hi)r@@) — 0

The B; matrix varies based on the user’s choice of the
[ vector construction. Though one could imagine numerous
ways to learn the bias vector 3, in this paper, we present three
possible choices:

1) Use a single scalar 8 value; thus, B; = 1, Vi. This is
simplest and least computationally expensive choice.

2) Pick the 8 value based on the first element in the sort
order 7(1), i.e., 3 is only dependent on the input with
greatest magnitude. Thus, B; is d x 1 and takes the form
[Bilx(1) = 1, else [B;] = 0.

3) The third method mimics the lattice of the BC and sets
B; according to the non-zero elements of H;. That is,

1 [H;]; >0,
[B'I]j — [ ]J
0 else.

In the third method, B; is a 2% x 1 matrix with d + 1
entries set to 1. Thus, for each sort order, the bias value in
the regression solution is the sum of d + 1 elements of the
[ vector. In this way, the CIR can thus learn the S vector to
produce a different bias for each sort order, but encoding this
bias with only 27 values (rather than d!). Table II outlines the
three methods for learning the bias.

One could also imagine choosing a 3 value for each possible
sort order; thus, B; is d! x 1 and has one entry that is set to 1
depending on the coding of the sort order. We view this choice
as intractable in practice, as d! can become very large, e.g.,
10! = 3,628, 800.

15)

TABLE II: Three Methods for Building Bias Vector

Name | Description B;
1-bias | One bias term B, =1,Vi
d-bias | One term for each max-value in sort | [Bi]r(1) =1
else [B;] =0
29-bias | Computed bias for each possible sort | See (15)

Example 1. For this example, we will use a 3 vector that is
2¢ x 1. Consider two training data pairs (n = 2) with three
inputs (d = 3) as follows:

(h17 Z/l) = ((13 27 4)T7 8)7

(h27 y2) = ((47 —6, 1)T7 2)
The sort order for data pair 1 is IT = (3,2,1), and the sort
order for data pair 2 is IT = (1,3,2). Thus, the QP sub-
matrices for this example are
4,0,0,2,0,0,1,1)",
47 37 03 07 07 77 07 _6)T7
1,0,0,1,0,0,1,1)%,
B, = (1,1,0,0,0,1,0,1)T.

Hy = (
Hy = (
By = (

For this example, the least-squares problem is underde-
termined. Using Matlab’s solver, the solution is uy =
(—2,0,0,0,0,—0.86,0,0)7, and 8 = 0.

We now extend CIR with regularization to account for over-
fitting in learning.

IV. CIR WITH RIDGE REGULARIZATION

Recall the insight of (4) (or (1b)) where we observe that the
Chl encodes d! regression models (or linear-order statistics),
one for each of the d! possible sort orders. Let us enumerate
these sorting orders as 71, o, ..., g1, leading to the d! regres-
sion models, P, Pry, ey Prgy- We then modify the SSE cost
function in (12) to include ¢y (ridge) regularization terms for
all d! models, yielding

n d!

ER =Y (Dia—u:)* + 1) llps, I3,

i—1 j=1

(16)

where A is the regularization parameter defining the weight of
the regularizer—a user-tuned quantity. To solve this, we must
express the various regression models, pr,, in terms of the BC,
uy. This is accomplished by defining a d x 2¢ matrix Ap,, to
sift the regression model from uy, i.e.,

pr, = Ay, Uy (17)

Note the matrix A, = is mostly zeros, and each row has
at-most two non-zero elements (one +1 and one —1); this
matrix-vector product produces the difference terms shown in
(5). Also note that since the ridge regression term at (16) is
applied to the product A, u, we can interpret the term as a
Tikhonov regularizer and the matrix A, can be thought of
as a Tikhonov matrix [25].



Each sort order will have its own Ap”, thus there will be
d! unique sifting matrices. We now express (16) in terms of
Uy as

n d!
Ef = (Diu—y)* +AY_ oy, pr, (18a)
i=1 j=1
n d!
= Z(Dzu—yl) +/\Zu7;Ap Apﬂjuf (18b)
i=1 j=1
= (Diu—y;)* + A} G,uy, (18¢c)
=1

where G, = 2?1:1 (AZ;J_ A, ) Note that G, is a constant

¥
sparse matrix of size 2¢ x 2¢ and only depends on d, thus it
can be built offline. Finally, appending block matrices of zeros
to Gp to make it compatible with the concatenated vector u
allows the ridge cost function to be written as

n

E% = Z(Diu —yi)* + 2’ G, 19)
1=1
where G, = %P 00>. Unfolding the squared term in (19),

setting the gradient with respect to u equal to zero, and solving
for u gives the minimizer

g = (DTD+1G,)” D"y. (20)

This solution is satisfying since its form is very similar to the
well-known ridge regression solution.” Note that if G, = I,
where I is the identity matrix, the solution matches that of
ridge regression exactly. This is not surprising; because the
fuzzy measure vector we are learning here has a different
structure than the typical regression weight vector, the reg-
ularization matrix, G,, must have a different structure than
the identity matrix to compensate.

It is also interesting to note that since p., is defined by
a subset of uy, the objective function at (16) is essentially
group lasso performed on uy [26]. Furthermore, since each
individual element of uy appears in more than one p,,, it is
the more general case of group lasso with overlapping groups
[27, 28].

V. EXPERIMENTS

We evaluated the performance of our CIR methods and
the impact of /¢5-regularization using real world data sets
from the UCI Machine Learning repository [29]. In addition,
we compared the performance with several other regression
methods; Table III presents the details on methods used in our
experiments. The methods Interactions, PureQuadratic, and
Quadratic use basis functions (indicated by ¢(h) in Table III)
to project the input data into a higher-dimensional space and
thereby induce non-linearity into the regression solutions. Note

TThe ridge regression minimizer, when learning regression weight vectors
directly is wr = (XTX + )\I)_l XTy, where X is a data (or design)
matrix, y is a vector of target outputs, and [ is the identity matrix [1].

TABLE III: Regression Methods

Name | Model Model Dim. Comments
Linear | y=w h+f3 d+1 Standard method
Interact | y = wZl¢(h) + 8 a2 +1 Linear plus pair-
products (no square
terms)

PureQuad | y = wl¢(h) + 3 2d+1 Linear plus square
terms (no Interact
terms)

Quad | y=wT¢(h)+8 | d24+2d+1 | Linear plus Interact
and PureQuad terms
LOS | y=wTh, +8 d+1 Sorts input first
CIR(b) | y=Cy(h) 29 4+ b b indicates bias
model {1,d,2%}

that these are not the only multivariate regression methods
that exist; one could choose from a whole host of basis
functions, non-parametric predictors, etc. We chose these
methods since we consider them to be a fair comparison of
“simple” regression methods. We implemented these methods
using the fitlm function in Matlab with corresponding
model specification: interactions, purequadratic,
and quadratic, respectively. To solve linear order statistic
(LOS) regression [30], we first sort the inputs and then apply a
linear regression. The sorting process induces the non-linearity
of LOS. The CIR 8 model that is used is indicated by CIR(b)
where b indicates the number of bias terms {1,d,29}—see
Table II.

A. Impact of ridge regression on CIR methods

Using 10 real-world data sets from the UCI machine learn-
ing repository [29], we compared the performance of CIR
methods with and without the application of ridge regression.
Table IV shows the performance of the CIR(b) methods®
and their corresponding ridge-regularized methods. The mean
squared error (MSE) values presented in the table are the
average values taken over 100 experimental trails—MSE of
each trial is taken over a 10-fold cross validation. Based on a
two-sample t-test, we identified the instances where the ridge
regularization has improved the performance at a 5% statistical
significance level. Overall, the application of ridge regression
has improved the performance of CIR(1) in six out of ten
instances, and for both the CIR(d) and CIR(2%) methods, we
observed improved performance in eight out of ten instances.

We increased the ridge regularization parameter (\) in small
steps and observed the MSE as well as the shrinkage of
the learned regression parameters (i.e., the regression models
sifted from the BC via (17)) for the CIR methods. The shrink-
age plots in Figs. 1 and 2 demonstrate how the regularization

8Since the number of parameters in the BC for CIR methods scales as 2¢
where d is the number of features, computation becomes intractable for larger
values of d, e.g., 10!=3,628,800. Therefore, for the data sets with more than
six features, we applied principal component analysis (PCA) to reduce the
dimensionality to six features, and then applied the CIR methods.



TABLE IV: Impact of ridge regression on CIR methods*

j Fish Aquatic .
Method Concrete Ff{e“‘l Toxic- | Toxic- | Red | White | pyp o | Yacht | Airfoil | ISE
state ity ity Wine Wine
" 1,030 3id 908 546 1599 | 4898 768 308 1503 536
d g 5 6 g T T g 6 5 7
CIR(T) 0315 | 0364 | 0421 | 0629 | 0658 | 0720 | 0056 | 0157 | 0338 | 0534
0.003) | (0.008) | ©0.007) | (0.333) | 0.004) | ©.001) | 0.001) | ©.041) | (0.002) | (©.012)
CIR(T)Ridge | 0311 | 0345 | 0410 | 0513 | 0648 | 0726 | 0055 | 0.050 | 0338 | 0479
0.003) | (0.004) | (0.004) | (0.004) | ©.004) | (0.001) | (0.001) | (0.006) | (0.002) | (0.006)
A =0.01 A=0.1 A =01 A =01 A =01 A =01 A =0.001 A =0.0001 A =0.001 A=01
CIR(d) 0311 | 0365 | 0423 | 0618 | 0655 | 0725 | 0052 | 0151 | 0336 | 0542
0.004) | 0.007) | ©015 | 0.122) | ©.004) | ©.002) | 0.001) | ©.015 | 0.001) | ©.015)
CIR(d)Ridge | 0307 | 0347 | 0410 | 0515 | 0645 | 0723 | 0055 | 0145 | 0336 | 0487
0.003) | (0.004) | (0.003) | (0.005 | 0.003) | (0.001) | (0.001) | ©.008) | (0.002) | (0.005)
A =0.01 A=0.1 A =01 A =01 A=0.1 A=0.1 A =0.0001 A =0.0001 A = 0.0001 A=0.1
CIR(27) 0302 | 0358 | 0462 | 0800 | 0683 | 0724 | 0222 | 0189 | 0315 | 0630
0.005 | (0.011) | ©011) | 0.101) | 0007 | ©.002) | 0.412) | ©.031) | 0.002) | ©.021)
CIR(2))Ridge | 0.294 | 0341 | 0436 | 0546 | 0670 | 0721 | 0053 | 0452 | 0315 | 0552
0.004) | (0.007) | ©.005) | (0.010) | ©.005) | (0.002) | 0.001) | ©.018) | (0.002) | (©.010)
A =0.01 A =01 A =01 A =01 A =01 A =01 A =0.001 A =0.001 A =0.001 A=0.1

*MSE values in the table are the average of 100 experimental trails—MSE of each trial is taken over a 10-fold cross validation.
Bold indicates that the ¢2-regularization has improved the performance of that CIR method at a 5% statistical significance.
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Fig. 1: Impact of ridge regularization on the CIR(1) BC
parameters learned on Aquatic Toxicity data set.

restricted the magnitude of the parameters® with the increasing
A values. In both the examples, the best MSE was observed
between the A values of 0.01 and 0.1.

B. Performance of CIR methods

Table V shows the regression results of the CIR methods
and the comparison algorithms for several real-world data sets.
For each data set, the table shows the number of objects n and
the number of features d. The best algorithms for each data
set are shown in bold font. We performed a two-sample t-test

9The data sets Aquatic Toxicity and Instanbul Stock Exchange have eight
features and seven features respectively. However, since we applied PCA to
reduce the dimensionality to six features, the learned BCs for both the data
sets have 26=64 parameters. In Figs. 1 and 2, for demonstration purpose, we
are showing the trend of a randomly selected 12 out of the 64 BC parameters.

1.5
1
[2]
<
= 5
() e
= 0.5 s
g 8
= g
s 7
2 p
[ ©
o-05r 1-05 ©
5 =
(0]
o
-1 1 1-1
_15 L L L L L L L L -1 5
0 01 02 03 04 05 06 07 08 09

Ridge regularization parameter ()\)

Fig. 2: Impact of ridge regularization on the CIR(1) BC
parameters learned on Istanbul Stock Exchange data set.

at a 5% significance level to determine the statistically best
results; hence, more than one algorithm can be considered as
best. Overall, CIR methods produced best results on six out
of 10 data sets, and CIR(1) with ridge regression was the best
algorithm with best results on four out of 10 data sets. Even for
the cases where the CIR methods were not the best, the ridge
regularized CIR methods produced good(-enough) results.

VI. CONCLUSIONS AND FUTURE WORK

In this work, we reviewed our previously developed method
of learning regression models using the Choquet fuzzy integral
[2] and enhanced this method by applying ¢ regularization.
Experimental results with real-world data sets demonstrated
that the introduction of regularization significantly improved
the performance of CIR methods in 22 out of 30 (73%)



TABLE V: MSE on Benchmark Data Sets*

i Fish Aquatic . # of
Method Concrete Ff{edl Toxic- | Toxic- | Red | White | g o | vacht | Airfoil | ISE | best in-
state . . ‘Wine Wine
ity ity stances
n 1,030 14 908 546 1599 | 4898 768 308 1503 536 -
d g 5 6 g T T g 6 5 7 -
Lincar 0424 | 0445 | 0437 | 0555 | 0661 | 0720 | 0087 | 0520 | 0505 | 0437 T
0.002) | (0.002) | ©.002) | 0.003) | ©.001) | ©.001) | (0.000) | (0.003) | (0.001) | (0.003)
Tincar -7, 0418 | 0445 | 0435 | 0550 | 0660 | 0728 | 0087 | 0519 | 0501 | 0437 i
0.003) | (0.002) | ©.002) | 0.005 | ©001) | ©.001) | 0.001) | ©.004) | 0.001) | (©.003)
A =0.01 A =0.01 A =001 A =001 A =0.01 A =0.01 A =0.0001 A =0.0001 A =001 A =0.001
Tinear-za 0411 | 0445 | 0434 | 0552 | 0658 | 0728 | 0087 | 0519 | 0495 | 0437 i
0.002) | (0.002) | ©.002) | 0.004) | ©.001) | ©.001) | 0.001) | ©.004) | (0.001) | (©.003)
A=0.1 A =001 A=0.1 A=0.1 A=0.1 A=0.1 A = 0.0001 A = 0.0001 A=0.1 A =0.001
Thteractions 0358 | 0364 | 0417 | 0764 | 0658 | 0763 | 0053 | 0409 | 0371 | 0485 0
0.003) | (0.004) | 0.004) | (0.105 | (0.004) | (0.004) | (0.000) | (0.009) | (0.001) | (0.009)
Quadratic 0220 | 0349 | 0424 | 0714 | 0657 | 0774 | 0011 | 0087 | 0367 | 0509 )
0.001) | (0.005) | ©.005 | (0.141) | ©0.005) | ©0.007) | 0.000) | ©.002) | (0.002) | (©.010)
Pure Quadratic | 0264 | 0367 | 0428 | 0552 | 0665 | 0758 | 0078 | 0.080 | 0454 | 0462 T
©.001) | (0.004) | ©.003) | 0.007) | ©0.003) | ©.002) | 0.000) | ©.001) | 0.001) | (0.006)
LOS 0708 | 0727 | 0718 | 0940 | 0996 | 0977 | 0758 | 1.086 | 0797 | 0508 0
0.002) | (0.005) | ©.003) | 0.007) | ©.002) | ©.001) | (0.003) | ©.009 | (0.001) | (0.008)
oS 0707 | 0727 | 0709 | 0934 | 0987 | 0977 | 0754 | 1088 | 0797 | 0509 0
©.002) | 0.007) | ©.002) | 0.007) | ©011) | ©.001) | 0.003) | ©.006) | (0.002) | (0.006)
A =0.01 A =0.001 A =001 A =001 A = 0.0001 A = 0.0001 A =0.01 A =0.0001 A =001 A =01
L0575 0704 | 0723 | 0716 | 0935 | 0985 | 0977 | 0748 | 1086 | 0790 | 0505 0
0.002) | (0.006) | ©0.003) | 0.005 | ©.012) | ©.001) | (0.004) | ©.007) | (0.001) | (0.004)
A =001 A =001 A =0.01 A=0.1 A = 0.0001 A = 0.0001 A =001 A = 0.0001 A=0.1 A =001
CIR(T) 0315 | 0364 | 0421 | 0629 | 0658 | 0720 | 0056 | 0157 | 0338 | 0534 T
0.003) | (0.008) | 0.007) | (0.333) | (0.004) | (0.001) | (0.001) | (0.041) | (0.002) | (0.012)
CIR(d) 0311 | 0365 | 0423 | 0618 | 0655 | 0725 | 0052 | 0151 | 0336 | 0542 0
0.004) | (0.007) | ©015 | 0.122) | ©.004) | ©0.002) | 0.001) | ©.015 | 0.001) | ©.015)
CIR(27) 0302 | 0358 | 0462 | 0800 | 0683 | 0724 | 0222 | 0189 | 0315 | 0630 I
0005 | 0.011) | ©011) | 0.101) | 0007 | ©0.002) | 0412) | ©.031) | 0.002) | ©.021)
CIR(1)Ridge | 0311 | 0345 | 0410 | 0513 | 0648 | 026 | 005 | 0.050 | 0338 | 0479 3
0.003) | (0.004) | (0.004) | (0.004) | (0.004) | (0.001) | (0.001) | (0.006) | (0.002) | (0.006)
A =0.01 A =01 A =01 A =01 A =01 A =01 A =0.001 A =0.0001 A =0.001 A=0.1
CIR(d)Ridge | 0307 | 0347 | 0410 | 0515 | 0645 | 0723 | 005 | 0.145 | 0336 | 0487 3
0.003) | (0.004) | ©.003) | (0.005 | ©.003) | ©0.001) | 0.001) | ©.008) | (0.002) | (0.005)
A =001 A=0.1 A =01 A=0.1 A=0.1 A=0.1 A = 0.0001 A =0.0001 A =0.0001 A=0.1
CIR(2T)Ridge | 0294 | 0341 | 0436 | 0546 | 0670 | 0721 | 0053 | 0152 | 0315 | 0552 3
0.004) | (0.007) | ©.005) | 0.010) | 0.005) | (0.002) | 0.001) | ©.018) | (0.002) | ©.010)
A =001 A=0.1 A=0.1 A=0.1 A=0.1 A=0.1 A =0.001 A =0.001 A =0.001 A=0.1

*MSE values in the table are the average of 100 experimental trails—MSE of each trial is taken over a 10-fold cross validation.
Bold indicates lowest MSE at a 5% statistical significance.

instances. We then showed that /5 regularized CIR methods
were superior to competing regression models on real-world
benchmark data.

Future work will include extending the CIR method to deep
learning architectures. In a recently published work [31] we
show that the Choquet integral can be built using standard
neural network operations and can thus be used to represent
learned layers in deep networks. We also will extend the
explainable Al (XAl) approaches proposed in [32, 33], which
allow interpretation of the result of the Choquet integral.
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