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Abstract—In the light of an increasing share in the electrical
grid, wind turbines must be enabled to provide grid stabilizing
behavior. This can be achieved by a variation of the turbine’s
power output depending on the current state of the electrical
grid. However, changes of power output excite oscillations in the
turbine structure. To reduce the loading caused by the considered
frequency droop scheme, in this paper a nonlinear model-based
filter design in a Takagi-Sugeno structure is proposed. The
design uses Lyapunov function-based linear matrix inequalities
for deriving the necessary feedback gains of the filter. The results
are obtained for NREL’s 5 MW reference turbine. By connecting
FAST to an analytic power system model, we study the effects on
turbine loading as a result of frequency stabilization in case of a
load imbalance. The proposed filter is designed and implemented
to reduce the damage equivalent load of the tower fore-aft motion,
and its influence on the frequency trajectory is studied.

I. INTRODUCTION

The increasing share in the energy generation mix necessi-
tates the provision of ancillary services such as active power
control (APC) for grid stabilization from wind turbines [1].
An imbalance of load and generation in the electrical grid
results in a frequency deviation, which needs to be coped by
appropriate control mechanisms to ensure a stable operation of
the electrical power system. While these services are typically
designed to act at different timescale, these functionalities
involve a variation of the turbine’s power output depending
on the current state of the electrical grid. Several works have
discussed turbines capability to provide APC, e.g., [1]–[6], and
provide promising results with regard to the replacement of
conventional power plants in the electrical grid. In [1], [3], [4]
the authors discuss the possibility to provide frequency control
by equipping the wind turbine with a droop control scheme. By
adjusting the power output of the turbine based on the current
deviation of the grid frequency, the capability of wind turbines
to provide frequency stabilization is shown. Despite being
valuable contributions for the power system perspective, the
wind turbine’s mechanical components and the corresponding
control interaction is usually portrayed as simple models
involving stationary power curves [1]–[5]. Thus, consequences
for the loading of the turbine are usually neglected, but are
known to be vital for the turbine’s lifetime [7], especially if
power variation is conducted [6], [8].
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A variation of the turbine’s power output necessarily excites
oscillations in the turbine structure. Especially, the strong
coupling of the tower fore-aft motion to actuation by pitch
[7] represents a cause of additional fatigue loading through
frequency stabilizing behavior [8]. To reduce the loading
caused by power output feedback to frequency variations,
in this contribution a nonlinear model-based filter design
in a Takagi-Sugeno structure is discussed. The design uses
Lyapunov functions based on linear matrix inequalities for
deriving the necessary feedback gains of the nonlinear filter.
For this purpose, the filter design is reformulated as feedback
control design with respect to a tower model. The deployed
linear matrix inequalities enforce a desired damping on the
tower motion by design, such that load reduction in operation
can be achieved.

The results are obtained for NREL’s 5 MW reference turbine
[9]. By connecting FAST [10] to an analytic power system
model, we study the effects of turbine loading as a result
from frequency stabilization in case of a load imbalance. The
proposed nonlinear filter is employed to reduce the damage
equivalent load of the tower fore-aft motion. Further, the
influence of filter on the frequency trajectory is studied.

II. MODELING

A. Takagi-Sugeno Model Framework

Throughout this work, the nonlinear state-space model of
the plant, as well as the filter model, are formulated in terms
of the Takagi-Sugeno (TS) model structure. TS models provide
a useful and uniform framework for nonlinear controller,
observer and filter design. Originally introduced in the context
of fuzzy systems [11], TS models are weighted combinations
of linear submodels and can either be derived from input-
output data using system identification techniques [11], [12]
or from mathematical models of nonlinear systems. Methods
based on linear matrix inequalities (LMIs) stability constraints
allow for controller and observer design for TS models [13],
[14]. The general TS structure of a state-space model is of the
form

ẋ =
N∑
i=1

hi(z) (Ai x +Bi u) , y =
N∑
i=1

hi(z)Ci x (1)

with N linear submodels. Matrices Ai, Bi and Ci of the i-th
sub-model have constant coefficients. The vector z of premise
variables may comprise states, inputs, and external variables.
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The functions hi are the membership functions and fulfill the
two conditions [15]

N∑
i=1

hi(z) = 1 , (2)

0 ≤ hi(z) ≤ 1 (i ∈ {1, . . . , N}) , (3)

where (2) is the convex sum condition.

In order to obtain the TS structure of a nonlinear model,
and provided that a mathematical model is given, there are
essentially two ways to derive the linear TS submodels. The
first method is local Taylor linearization of the nonlinear model
around N stationary points and subsequent fuzzy-blending of
the linear submodels to a weighted sum according to (1). Dif-
ferent types of membership functions can be defined, including
e.g., triangular, trapezoidal, sigmoid, or Gaussian functions
[15]. The second method is the so-called sector nonlinearity
approach [16] (and references therein), [17], which yields an
exact representation of the nonlinear model.

In this paper we use the first method, whereby the nonlinear
model is not explicitly analytically available and therefore the
linear models are numerically extracted from the FAST model
[10] of the wind turbine.

B. Tower Model

The basis for modeling of the wind turbine tower
dynamics in fore-aft direction xT is provided by N
second-order linearized models of the nonlinear system
dynamics ẋT = f(xT , β, v,∆p) in the operating points
|ci := |xT0i,β0i,v0i,∆p0i

. In a TS description, the dynamics with
respect to the pitch angle β, effective wind speed v and power
tracking signal ∆p is denoted as

ẋT =

N∑
i=1

hi(z)
( [ 0 1

∂f(xT ,β,v,∆p)
∂xT

|ci
∂f(xT ,β,v,∆p)

∂ẋT
|ci

]
︸ ︷︷ ︸

ATi

·(xT − xT0i) +

[
0

∂f(xT ,β,v,∆p)
∂β |ci

]
︸ ︷︷ ︸

BTi

·(β − β0i)
) (4)

where the partial derivatives that specify the dynamics in
the i-th operating point are gained by FAST’s linearization
capability [10].

The system description comprises two premise variables that
govern the adjustment to varying dynamics in operation, i.e.,
z = [v ∆p]T. The premise variables span a two dimensional
plane, where the investigated number of the operating point
on the v-axis and ∆p-axis are denoted as iv and i∆p with
their maximum number as ivmax = 54 and i∆pmax = 15,
respectively. An overview of the considered operating range
by a choice of linearization points, and the corresponding pitch
angles inducing stationary behavior is given in Fig. 1.

To portray the dependence of the tower motion on a varying
power demand ∆p that results in a variation of the pitch, the

Fig. 1. Linearization points of the wind turbine depending on the wind speed
v and power tracking signal ∆p. The pitch input values that induce stationary
behavior at the given operating points are denoted as β0.

Fig. 2. Linearization points of the wind turbine at a wind speed of 11 m/s.
The gain κi, which connects a power output variation to a variation in the
pitch angle at each operating point, is calculated from the adjacent gradients
mi−1, mi using the stationary pitch angles of the linearization points.

model input is reformulated using κi, which is depicted in Fig.
2, as

β − β0i = κi∆p , (5)

where the power tracking signal ∆p forms the new input to
the system description. The operating point dependent gain κi
is calculated as the mean of the gradients miv,i∆p depicted in
Fig. 2 from power to pitch

κi =


miv,1 if i∆p = 1

miv,i∆pmax−1 if i∆p = i∆pmax

(miv,i∆p−1 +miv,i∆p)/2 else
(6)

with i = (1− iv)i∆pmax + i∆p. As a result, we derive a tower
model with the tracking signal ∆p as input in form

ẋT =

N∑
i=1

hi(z)
(
ATi(xT − xT0i) +BTiκi∆p

)
. (7)

C. Grid Model

The power system’s frequency is modeled by a dynamic
power balance, see e.g., [2]–[4], [6], [18], where a deviation
from the electrical synchronous frequency ∆ω = ω − ωs can
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Fig. 3. Overview of the implemented functionality. APC is provided by the
wind turbine according to droop kDroop depending on the current frequency
deviation of the grid model.

be characterized by the sum of the turbine infeed pWT, power
system load pL and power in the grid pG

J
d∆ω

dt
= pG + pWT + pL . (8)

In that form, the evolution of the grid frequency ω is specified
in a normalized description in terms of the inertia J . In
accordance with the study in [1], even though we employ
simplified dynamics, the excitement of the electrical frequency
is initiated by a ∆pL = 10 % (0.1 pu) load step at a base load
of -99.5%. Before the load step, a wind park, represented
by one turbine in FAST [10], provides pWT = 15 %, while
the grid is assumed to provide pG = 85 %. The inertia that
characterizes the dynamical response of the frequency is
chosen to yield a similar dynamical response compared to the
initial slope of the frequency in [1] and is found as J = 10 s.

While in this simplified description of the power system the
grid is assumed to provide no stabilizing frequency feedback,
i.e., pG = const., the wind turbine is equipped with an
APC droop control scheme according to the current frequency
deviation. This approach emulates an inertial response [3],
and thus supports the stabilization of the power grid in case
of a frequency event. Depending on the current frequency
deviation, the turbine is therefore demanded to vary the current
power output by ∆p = kDroop∆ω , where the proportional
gain is defined as kDroop = 50. This corresponds to a
power variation of 10% for a frequency deviation of 0.2%,
or 0.1 Hz in a 50 Hz-based electrical system. The employed
controller for an adjustment of the wind turbine operating
point according to ∆p varies the generator torque to match
the demanded power output, and uses the pitch for balancing
of a constant rotational speed in full load region as described
in [8]. In that way, the power output can be adjusted to provide
APC to the electrical grid. As the filter design is formulated
in terms of state feedback, estimated states obtained by a
tower observer are used in the scheme. For that purpose, the
estimated tower top displacement xT and speed ẋT are used
in calculation of the filter. An overview of the implemented
functionality is given in Fig. 3.

III. FILTER DESIGN

The proposed dynamical filter of order nf is defined as

ẋf =

N∑
i=1

hi(z)

[
0nf×1

Inf−1

01×nf−1

]
︸ ︷︷ ︸

Afi

xf +


1

...
1


︸︷︷︸
Bfi

u , (9)

where u is an artificial input, which is subsequently used to
shape the dynamical response. The filter employs an integrator
chain from the last to the first state of the filter, which
is defined as the power tracking signal send to the wind
turbine controller, i.e., ∆p = xf1. This allows us to derive a
description integrating the nonlinear tower dynamics and filter
using (7) and (9) to form

ẋ =

N∑
i=1

hi(z)
([ ATi BTiκi 0n×nf−1

0nf×n Afi

]
︸ ︷︷ ︸

Ai

(x− x0i)

+

[
0n×1

Bfi

]
︸ ︷︷ ︸

Bi

u
)

.

(10)

The operating trajectory x0i of x = [xT
T xT

f ]T is defined by
the stationary operating values of the tower derived in the
linearization analysis, and the desired filter state. It is adjusted
to provide a desired power tracking signal from the APC
scheme ∆pd, i.e., x0i = [xT

T0i [∆pd 0nf−1×1]T].
System description (10) allows us to formulate the filter

design as state feedback controller design employing the input
u. For that purpose, a system feedback following the parallel
distributed compensation control law [19] is defined

u = −
N∑
j=1

hj(z)Kj(x− x0i) . (11)

Inserting (11) into (10) gives us the closed-loop description
of the combined tower and filter dynamics

ẋ =

N∑
i=1

hi(z)

N∑
j=1

hj(z)
(
(Ai −BiKj)(x− x0i)

)
(12)

under impact of the feedback gains Kj to be synthesized. From
a quadratic Lyapunov function candidate V (x) = xTX−1x
with X = XT � 0 and the corresponding stability condition
V̇ (x) = ẋTX−1x+ xTX−1ẋ ≺ 0 the following LMI stability
constraints can be derived [19]

XAT
i +AiX −MT

j B
T
i −BiMj ≺ 0 , (13)

where X and Mj are variables to be found. If a solution is
obtained by one of various available LMI solvers [20], the
necessary feedback gains are calculated from Kj = MjX

−1

and stability is verified. Additional LMIs can be used to en-
force a desired dynamical response of the closed-loop system.
For that purpose, the maximum decay rate of the system can
be restricted to αmax by

XAT
i +AiX −MT

j B
T
i −BiMj � −2αmaxX , (14)

which is conducted to ensure a proper operation within the
numerical environment that the filter is applied. Further, a de-
sired damping on the closed-loop system in operation actively



provided by the controller can be formulated in terms of LMIs
as [21] [

sin θ(Γ1) cos θ(Γ2)

cos θ(ΓT
2 ) sin θ(Γ1)

]
≺ 0 (15)

with

Γ1 =
(
AiX −BiMj + XAT

i −MT
j BT

i )

Γ2 =
(
AiX −BiMj −XAT

i + MT
j BT

i )
.

The desired damping D is formulated in terms of the angle
Θ, that can be calculated according to Θ = arccos(D) [21].
It is used to provide damping to the tower dynamics by
purposefully shaping the combined tower and filter dynamics
through the feedback.

The filter design parameters used for the system (12) are a
desired damping of at least D = 12%, a maximum decay rate
of αmax = 100 for the LMIs (13), (14) and (15). The filter is
designed of second order, i.e., nf = 2. The LMI solver yields
N feedback gains Kj along with the characterization of the
Lyapunov function

X =


1.8675 −0.602 −0.3815 −1.1197

−0.602 7.7337 6.4277 5.0647

−0.3815 6.4277 8.8484 3.2063

−1.1197 5.0647 3.2063 14.9906

 � 0 .

IV. RESULTS

A. Constant Inflow

Fig. 4 depicts the system response to a load imbalance in the
electrical grid at a constant wind of 18 m/s. Due to a lack of
stabilizing mechanisms without APC, i.e., continuing nominal
power production of the wind turbine, the frequency grows
continuously at a slope defined by the inertia J in (8). The
application of APC by the wind turbine is capable of arresting
the frequency at 50.7 Hz with the employed slope kDroop. The
involved reduction to 30% of the power production can be
observed in Fig. 4 (d). As one turbine is modeled to provide
pWT = 15 % before the load step, the stationary output after
the disturbance in the electrical grid corresponds to a total
power of pWT = 4.5 %. In combination with the power
provided by the electrical grid pG = 85 %, this yields the
demanded power of the load pL = 89.5 %. While the APC
scheme without applying the filter arrests the frequency at
50.69 Hz, the filtering and thus the differing evolution of the
power tracking signal results in a frequency of 50.7 Hz.

Frequency stabilization, however, is conducted at the cost of
exciting the structural dynamics of the turbine. As the motion
of the tower top in fore-aft direction displays in Fig. 4 (e),
without the proposed filter the tower top shows a lightly
damped oscillation while converging to the altered operating
point. The application of the proposed filter, on the other hand,
results in an increase of damping, and consequently a smoother
transition into the new operating point.

This simulation study in constant wind was repeated for
inflow with 14 m/s, 16 m/s and 20 m/s. The resulting damage
equivalent loads in the considered scenarios are depicted

in Fig. 5. The load analysis reveals a significant decrease
along the considered operating range in tower fore-aft loading
through the implementation of the proposed filter. The reduc-
tion capabilities by applying the filter in constant wind speeds
are in a range of 10.5% at 20 m/s and 13% at 16 m/s.

B. Turbulent Inflow

By exciting the turbine with turbulent inflow in identical
grid scenarios, the impact of grid stabilization and resulting
loads in usual operating conditions of wind turbines can be
studied. The varying wind speed, depicted in Fig. 6 (a), excites
the structural dynamics of the turbine. In addition to a reaction
on the frequency deviation, the tower top deflection in fore-aft
direction in Fig.6 (e) is caused by an interference of the two
effects. Despite an additional fluctuation due to the turbulent
inflow and thus power production, the frequency evolution in
combination with the power produced by the turbine after the
load step in the grid is in line with the results obtained at
constant wind speed.

In Fig. 7 the deviation of the power tracking signal due to
the applied filter can be observed. As the evolution of the
tower fore-aft motion is used in the filter (see Fig. 3), an
actuation for providing tower damping is also observed before
the load imbalance occurs at t=50 s. While the initial slope of
the power tracking signal is very similar compared to applying
the scheme without filtering, an excitation of the tower motion
due to the variation of the operating point causes a deviation
of the two signals, which effectively results in a reduction of
the loading experienced by the turbine tower.

To identify the additional loading through APC in turbulent
wind conditions, the resulting damages are normalized to
the loads without a variation of the power output due to a
frequency deviation in Fig. 8 (b). An increase of up to 70%
at a wind speed of 14 m/s can be observed. As previously
reported for the scenarios in constant wind, the TS filter
reduces the damage equivalent loads significantly, e.g., 40%
reduction at 14 m/s compared to APC without filter. Especially
where additional loading due to APC is most striking in lower
wind speeds, the model-based filter is capable of mitigating the
effects of frequency stabilization. This decreases for medium
wind speeds where the additional loading due to APC is
small, indicating the stochastic nature of the wind as main
source of loading in this operational range. As stated for the
state evolution in turbulent inflow, the damage results from an
interaction of the grid, turbine and wind dynamics.

V. DISCUSSION

The presented results reveal the additional fatigue loading
due to application of the droop control scheme in stabilization
of the electrical frequency. Especially in lower wind speed,
where the pitch magnitudes (see Fig. 1) and the distance
traveled by the tower due to the changing operating points
are greatest, this causes severe additional fatigue loading. It
is, however, interesting to notice that ultimate loading of the
tower was not negatively affected in the considered scenarios.
Except for a slight increase of 1.7% at turbulent inflow with a



Fig. 4. Response to a power system load imbalance at t = 50 s and constant wind excitement at 18 m/s. Subplots: (a) downwind hub-height wind speed (b)
normalized rotational speed (c) blade 1 pitch angle (d) normalized power output (e) tower-top fore-aft deflection (f) frequency of the grid model

Fig. 5. Comparison of the tower base fore-aft moment DELs at different
constant wind speeds with a power system load imbalance as depicted in
Fig. 4. Subplots: (a) DEL tower base fore-aft moment (b) reduction of DEL
normalized to APC operation without applying filter.

mean of 21 m/s, ultimate tower loading in fore-aft direction
was identified to decrease, ranging up to 24% at a mean
turbulent wind of 18 m/s.

In case of constant wind, the damping characteristics of
the designed filter shows similar fatigue load reduction along
the considered operating range. In turbulent inflow conditions,
however, the fatigue loading and the reduction yield are less
distinct. As noticed, the loads are caused by an interference
of the turbulent wind excitement and the power output de-
mand of the APC scheme, where especially in medium wind
the excitement from the wind overshadows the effects from
frequency stabilization.

The proposed model-based concept integrates the varying
dynamics in the filter design, and thus directly accounts for
the characteristics of the considered system in the design step.
While the focus in this contribution is on the tower oscillation
in fore-aft direction, the basic filter design can be enhanced to
include more dynamical effects of the wind turbine, e.g., driv-
etrain oscillation. By calculation of the membership functions
in operation of the TS scheme, a natural approach for handling

the varying system dynamics is given and consequently, the
need for separate scheduler design or tuning of operating point
dependent filter loops is avoided.

By reformulation of the filter design as state feedback
control scheme, commonly applied LMIs can be used in the
filter design. The basic stability constraints restrict the filter
dynamics to the left half of the complex plane. While this
ensures stability, the range of accessible closed-loop dynamics
is indefinite, leaving great design freedom to the LMI solver.
For that reason, the application of LMIs that enforce a desired
dynamical behavior of the closed-loop system is central to
the proposed concept. Especially the LMIs imposing an active
damping to the control scheme provide an effective constraint
design possibility with regard to load reduction capabilities
from the considered scheme.

VI. CONCLUSION

In this contribution, the effects of grid stabilizing behavior
are studied from a mechanical loading perspective of wind tur-
bines. By equipping the turbine with a droop control scheme,
the power output of the turbine is varied according to the
current state of the electrical grid frequency. The results show
that this feedback enables the turbine to arrest the frequency
in a simple analytical grid model. While the output power
variation excites the structural dynamics of the turbine, a
model-based nonlinear filter in a TS structure is proposed to
reduce the resulting loading.

For that purpose, a tower model is reformulated to include
the variable power demand as an input to the system. Subse-
quently, the combined tower and filter dynamics are described,
and a feedback control design employing LMIs is used as filter
design procedure. This allows for the application of commonly
used LMIs for feedback design to the filter design problem.

While the APC functionality increases the fatigue loading of
the tower especially in fore-aft direction, the simulation results
underline the capability of the proposed filter to reduce the
damage by enforcing an active damping from processing the
demanded power tracking signal in the filter before passing it
to the wind turbine controller.



Fig. 6. Response to a power system load imbalance at t = 50 s and turbulent wind with a mean of 18 m/s. Subplots: (a) downwind hub-height wind speed
(b) normalized rotational speed (c) blade 1 pitch angle (d) normalized power output (e) tower-top fore-aft deflection (f) frequency of the grid model

Fig. 7. Comparison of the power tracking signal ∆p processed by the
controller with and without application of the filter.

Fig. 8. Comparison of the tower base fore-aft moment DELs at different
turbulent wind speeds with a power system load imbalance, see Fig. 6.
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