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Abstract—In this paper we continue our previous considera-
tions on attribute selection while a data set is expressed via an
Atanassov’s intuitionistic fuzzy set (IFS). We examine a simple,
yet it seems, a powerful algorithm making use of the three
term attribute description (membership values, non-membership
values, and hesitation margins). We test the algorithm on the
examples being well known benchmarks data from UCI Machine
Learning Repository. The results are compared with one of the
most used methods of model reduction, namely, the Principal
Component Analysis.

Index Terms—feature selection, intuitionistic fuzzy sets, three
term description of the attributes

I. INTRODUCTION

Problem of model dimensionality reduction is still a “hot”
one as the possible approaches have their pros and cons but
there is not one “the best method”. Model reduction can be
done by two possible approaches. The first method is known
as feature (attribute) extraction when the dimensionality is
reduced by using a combination of features (attributes), form-
ing some new ones, and this can be difficult for a user as
the method is not transparent and may generate difficulties
with model interpretation. The second method is known as
feature (attributes) selection and boils down to the selection
of the most relevant features. Here we will examine attribute
selection for the sets of data expressed by the intuitionistic
fuzzy sets (IFSs, for short).

The intuitionistic fuzzy sets (Atanassov [1], [2], [3]) are a
very convenient tool for modeling the systems in the presence
of a lack of knowledge which is omnipresent practically in
(almost) all decision making problems and the same time
difficult to foresee. IFSs which are an extension of the fuzzy
sets (Zadeh [35]), have an inherent possibility to take into
account a lack of knowledge by using the so-called hesitation
margin or intuitionistic fuzzy index (cf. Szmidt [15], Szmidt
and Kacprzyk [27], [31], [25], [18], [19], Szmidt, Kacprzyk,
Bujnowski [29]).

However, as other types of models the IFS models can
be described by too many variables to efficiently perform
simulations. So, here again, the reduction of dimensionality
of data is a problem to solve. The well known Principal
Component Analysis (PCA) for the IFSs (cf. Szmidt and
Kacprzyk [28]), Szmidt [15]) gives correct results but, again,

it is quite complicated from the point of view of calculations,
and the final result is not transparent enough for some users.

Here we examine a simple method of feature selection
for the data sets which are expressed by intuitionistic fuzzy
sets (IFSs). Three term representation of IFSs making use
of membership values, non-membership values, and hesita-
tion margins, enables transparent, simple and efficient feature
selection. The method is easy from the point of view of
calculations. More, the considered here approach makes it
possible to rank the attributes (not all methods enable it).

We illustrate and test the discussed method on examples be-
ing well known benchmark data from UCI Machine Learning
Repository (https://archive.ics.uci.edu/ml/datasets).

The results are compared with Principal Component Analy-
sis being a well known method of a reduction dimensionality
of a model (cf. Jackson [9], Jolliffe [10], Marida et al. [12]).

II. A BRIEF INTRODUCTION TO IFSS

One of the possible generalizations of a fuzzy set in X (Zadeh
[35]) given by

A
′
= {〈x, μA′ (x)〉|x ∈ X} (1)

where μA′ (x) ∈ [0, 1] is the membership function of the fuzzy
set A

′
, is an IFS (Atanassov [1], [2], [3]) A is given by

A = {〈x, μA(x), νA(x)〉|x ∈ X} (2)

where: μA : X → [0, 1] and νA : X → [0, 1] such that

0 ≤ μA(x) + νA(x) ≤ 1 (3)

and μA(x), νA(x) ∈ [0, 1] denote a degree of membership
and a degree of non-membership of x ∈ A, respectively. (See
Szmidt and Baldwin [16] for assigning memberships and non-
memberships for IFSs from data.)

Obviously, each fuzzy set may be represented by the fol-
lowing IFS:
A = {〈x, μA′ (x), 1− μA′ (x)〉|x ∈ X}.

An additional concept for each IFS in X , that is not only
an obvious result of (2) and (3) but which is also relevant for
applications, we will call (Atanassov [2])

πA(x) = 1− μA(x)− νA(x) (4)
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a hesitation margin of x ∈ A which expresses a lack of
knowledge of whether x belongs to A or not (cf. Atanassov
[2]). It is obvious that 0 ≤ πA(x) ≤ 1, for each x ∈ X .

The hesitation margin turns out to be important while
considering the distances (Szmidt and Kacprzyk [17], [18],
[22], entropy (Szmidt and Kacprzyk [19], [23]), similarity
(Szmidt and Kacprzyk [24]) for the IFSs, etc. i.e., the measures
that play a crucial role in virtually all information processing
tasks (Szmidt [15]).

The hesitation margin turns out to be relevant for ap-
plications – in image processing (cf. Bustince et al. [7]),
the classification of imbalanced and overlapping classes (cf.
Szmidt and Kukier [32], [33], [34]), the classification applying
intuitionistic fuzzy trees (cf. Bujnowski [6]), group decision
making (e.g., [4]), genetic algorithms [13], negotiations, voting
and other situations (cf. Szmidt and Kacprzyk papers).

III. THREE TERM REPRESENTATION OF THE IFSS AS A

FOUNDATION FOR ATTRIBUTE SELECTION

In our previous papers we have shown that three term rep-
resentation of the IFSs, i.e., taking into account membership
values μ, non-membership values ν and hesitation margins π
is very useful especially from practical points of view (cf.
Szmidt [15], Szmidt and Kacprzyk [30], [18], [19], [20], [21],
[25], [27], [31]). In this paper we also make use of the same
form of IFSs representation.

In [16] we have presented an algorithm of how to derive IFS
parameters of a model from relative frequency distributions
(histograms). In this paper we assume that the parameters are
known.

In the intuitionistic fuzzy model considered in this paper the
attributes are described by the above mentioned three terms.
Having in mind the interpretation of the three terms we can
try to point out the most relevant attributes. As the values
of each attribute Ak, k = 1, . . . ,K for different instances
are different, an attribute can be described by average values
of memberships (5), non-memberships (6), and hesitation
margins (7), i.e.:

μAk
=

1

n

n∑

i=1

μAk
(xi) (5)

νAk
=

1

n

n∑

i=1

νAk
(xi) (6)

πAk
=

1

n

n∑

i=1

πAk
(xi) (7)

where n is a number of instances.
Having all the attributes described by (5)– (7) it is possible

to point out the most discriminative attributes. A specific
intuitionistic fuzzy attribute Ak is most discriminative if its
average intuitionistic fuzzy index (7) is as small as possible,
and the difference between average membership value and
average non-membership value |μAk

− νAk
| is as big as

possible. The simplest function which makes it possible to
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Fig. 1. Function (8): a)- shape; b)- contourplot

find out the most relevant attributes, i.e., the one fulfilling
conditions for π and |μAk

− νAk
| is:

f(Ak) = [(1− πAk
)(|μAk

− νAk
|)] (8)

Function f(Ak) (8) which is in fact f(Aμk,νk,πk
) has the

following properties
1) 0 ≤ f(Ak) ≤ 1.
2) f(Ak) = (f(Ak)

C)
3) If a value of |μk − νk| is fixed, f(Ak) increases while

π decreases.
4) If a value of π is fixed, f(Ak) behaves dually to a very

simple sort of entropy measure |μk − νk| (i.e., as 1 −
(|μk − νk|)).

The shape of (8), and its contour plot are in Figure 1.
It is easy to notice that the shape of |μk − νk| is always the

same in spite of π.
Having characteristic of each attribute f(Ak) (8) we find

“the best” attribute

argmax
Ak

[(1− πAk
)(|μAk

− νAk
|)] (9)

where Ak is the k-th attribute , k = 1, . . . ,K.
We can rank all K attributes from the most to the least
discriminative by repeating (9) K − 1 times.

IV. RESULTS

We will test the method (8)–(9) of the selection of the
attributes using several benchmark data sets.

First, using the Weka (http://www.cs.waikato.ac.-
nz/ml/weka/) we evaluated the accuracy of different classifiers



TABLE I
“CHESS” – FIRST TEN ATTRIBUTES SELECTED BY f(Ak) (8)

1 2 3 4 5 6 7 8 9 10
Attribute No 10 33 21 18 7 8 35 13 9 6

measure f(Ak) 0.049 0.042 0.033 0.023 0.022 0.021 0.017 0.013 0.011 0.01

using all the attributes (without selection) of a tested data
set. A simple cross validation method was used with 10
experiments of the 10-fold cross validation. We tested 12
algorithms obtainable from Weka but present here results of
the best ones for each data set. Below there are the tested
algorithms which (for different benchmarks) turned out the
most accurate.

• J48 – implementation of the crisp tree proposed by
Quinlan C4.5 ( [14]);

• LMT (Logistic Model Tree) – a hybrid tree with the
logistic models at the leaves; ( [11]),

• Random Forest – here consisting of 10 decision trees
with nodes generated on the basis of a random set of
attributes ( [5]);

• Multilayer Perceptron – neural network;
• Logistic – logistic regression;
• ADA Boost;
• k-nn classifier – k-nn classifier for n = 1.

Next, using (8)–(9) we evaluate and rank all the attributes for
a data set. Again, using the Weka we assess the accuracy of
different classifiers using more and more attributes starting
from only one attribute (the best one), and adding one by
one the next ranked attributes. After assessing the results of
the classification we present results for a chosen numbers
of the attributes for which the accuracy is still acceptable.
We compare the accuracy for the chosen number of the
ranked attributes by (8)–(9) with the results obtained for the
same number of the attributes by using Principal Component
Analysis (PCA) – one of the best known and widely used
linear dimension reduction technique Jackson [9], Jolliffe [10],
Marida et al. [12] in the sense of mean-square error.

A. Data Set Chess

The first data set we use to verify the procedure (8)–(9)
is “Chess”. Data set Chess has 36 attributes. The last (37th)
attribute is the classification: “win” or “nowin”. There are 3196
instances: 1669 (52%) white can win, and 1527 (48%) white
cannot win. In Fig 2 there are all the attributes evaluated by (8)
and presented in descended order from the best to the worst
one. The order of first 10 best attributes and respective values
of measure (8) are in Table I.

Next, using the Weka we evaluated the accuracy of different
12 classifiers using all 36 attributes (without selection). A
simple cross validation method was applied with 10 experi-
ments of the 10-fold cross validation. The best results of the
classification were obtained for the algorithms:

• trees LMT;
• decision tree J48;

Fig. 2. The values of (8) for all the Chess attributes ranked from the best to
the worst

TABLE II
“CHESS” – COMPARISON OF THE CLASSIFICATION ACCURACY BY

DIFFERENT CLASSIFIERS WITH ALL 36 ATTRIBUTES

Classification accuracy (x̄± σ) w %
Algorithm (no selection) accuracy of both classes AUC ROC

trees LMT 99.64± 0.35 1± 0.0
decision tree J48 99.44± 0.40 0.998± 0.003
Random Forest 99.23± 0.44 0.999± 0.001

Multilayer Perceptron 97.27± 0.48 0.999± 0.001

• Random Forest;
• Multilayer Perceptron.

TABLE III
“CHESS” – COMPARISON OF THE CLASSIFICATION ACCURACY BY f(Ak)

(9), AND PCA REDUCTIONS, WITH 30 ATTRIBUTES

Classification accuracy (x̄± σ) w %
Algorithm (30 attributes) f(Ak) (9) PCA

trees LMT 98.14± 0.79 96.74± 1.02
decision tree J48 97.93± 0.80 89.31± 1.94
Random Forest 97.82± 0.79 96.05± 1.22

Multilayer Perceptron 97.54± 0.97 98.33± 0.57

Besides of the classification accuracy (total proper identifica-
tion of the instances belonging to the classes considered), we
have also paid attention to the area under ROC curve [8]. The
results are in Table II. The accuracy by the best algorithms
and all the attributes is high (Table II)– 99.64% obtained by a
logistic model tree (LMT). Also other algorithms: decision tree
J48, Random Forest, and Multilayer Perceptron have similar
accuracy, namely, 99,4%, 99.2%, 97.3% respectively. We
wanted to see how many attributes is redundant so selecting
the attributes we had in mind still the hight accuracy. Taking
into account 30 “best” attributes only (Table III) we obtained



TABLE IV
“MUSK” – FIRST 20 ATTRIBUTES SELECTED BY f(Ak) (8)

1 2 3 4 5 6 7 8 9 10
Attribute No 97 65 132 148 4 17 118 149 138 70

measure f(Ak) 0.071 0.070 0.066 0.066 0.064 0.062 0.056 0.055 0.052 0.049
11 12 13 14 15 16 17 18 19 20

Attribute No 136 98 143 130 59 89 119 96 7 100
measure f(Ak) 0.049 0.044 0.044 0.044 0.043 0.043 0.041 0.041 0.040 0.039

accuracy 98.14% for LMT and not less than 97.54% for the
fourth algorithm (Multilayer Perceptron). In the same Table II)
we have results obtained by PCA. The PCA results are worse
for the three first algorithms. In other words the selecting
algorithm (8)–(9) meet our expectations for Chess data set.

B. Data Set Musk

Next, we examined data set Musk with 166 attributes and
476 (207 + 269) Instances. A classifier should classify a
molecule as “musk” or as “non-musk”. Details are here:
(https://archive.ics.uci.edu/ml/datasets/Musk

In Fig 3 there are all the attributes evaluated by (8) and
presented in descended order from the best to the worst one.
The order of the first 20 best attributes and respective values
of measure (8) are in Table IV.

In Table V there are results from Weka, i.e., comparison of
the classification accuracy by different classifiers while using
all 166 attributes. We were testing 12 algorithms but show only
the best 4 algorithm results. The best accuracy was obtained by
Multilayer Perceptron (94%). The next results were obtained
by Random Forest – 89.8%, k-1 classifier – 85.5%, and trees
LMT – 85%.

In Table VI there are results of the classification for the same
algorithms but with 68 attributes only. We wanted to select as
little attributes as possible to obtain not considerably worse
results of classification. Pointing out 68 attributes, i.e., 41% of
the attributes in the original data set we obtained results with
accuracy only 1% worse than for all 166 attributes, namely,
using Multilayer Perceptron we received 93%, Random Forest
– 88%, k-1 classifier – 84%, and trees LMT – 85%.

In the same Table VI there are results obtained by the
same algorithms, the same number of the extracted attributes
but via PCA method. The results are worse than for the
method (8)–(9). The best algorithm, i.e., Multilayer Perceptron
gives results of classification 11% worse while using PCA
than while using the method (8)–(9). For other algorithms
the difference is not so big (in average 1%) but every time
the method (8)–(9) turned out to give better results of the
classification than PCA.

C. Data Set QSAR Biodegradation

QSAR Biodegradation is a data set with 41
attributes, and 1055 instances (class proportion:
356:699). Classification is to discriminate ready
(356) and not ready (699) biodegradable molecules
(https://archive.ics.uci.edu/ml/datasets/QSAR+biodegradation).

Fig. 3. The values of (8) for all the Musk attributes ranked from the best to
the worst

TABLE V
“MUSK” – COMPARISON OF THE CLASSIFICATION ACCURACY BY

DIFFERENT CLASSIFIERS WITH ALL 166 ATTRIBUTES

Classification accuracy (x̄± σ) w %
Algorithm (no selection) accuracy of both classes AUC ROC

Multilayer Perceptron 94.24± 3.77 0.98± 0.02
Random Forest 89.84± 5.23 0.96± 0.03
k-1 classifier 85.47± 4.95 0.86± 0.05

trees LMT 85.02± 6.64 0.91± 0.06

TABLE VI
“MUSK” – COMPARISON OF THE CLASSIFICATION ACCURACY BY f(Ak)

(9), AND PCA REDUCTIONS, WITH 68 ATTRIBUTES

Classification accuracy (x̄± σ) w %
Algorithm (68 attributes) f(Ak) (9) PCA

Multilayer Perceptron 93.16± 3.89 81.73± 5.94
Random Forest 88.03± 5.11 85.43± 5.22
k-1 classifier 84.20± 4.86 83.37± 5.41

trees LMT 85, 13± 5.56 84.83± 4.90

In Fig 4 there are all the attributes evaluated by (8) and
presented in descended order from the best to the worst one.
The order of the first 20 best attributes and respective values
of measure (8) are in Table VII.

The results of the classification with all 41 attributes (Ta-
ble VIII) are worse than for the previous data sets. For the best
four algorithm the accuracy is approximately equal to 87%.

The results of the classification with selected 19 attributes
by (8)–(9), i.e., with 46% of the original number of the
attributes, are in Table IX. For the best algorithm (function
SGD) the accuracy is 85% (with all the attributes it was 87%).
Accuracy while using Random Forest is 86% (with all the



TABLE VII
“QSAR BIODEGRADATION” – FIRST 20 ATTRIBUTES SELECTED BY f(Ak) (8)

1 2 3 4 5 6 7 8 9 10
Attribute No 7 33 39 38 34 3 8 1 15 25

measure f(Ak) 0.056 0.043 0.042 0.041 0.033 0.029 0.028 0.019 0.019 0.018
11 12 13 14 15 16 17 18 19 20

Attribute No 14 30 27 2 31 13 36 11 22 10
measure f(Ak) 0.017 0.017 0.016 0.015 0.010 0.010 0.010 0.01 0.010 0.009

Fig. 4. The values of (8) for all the QSAR Biodegradation attributes ranked
from the best to the worst

TABLE VIII
“QSAR BIODEGRADATION” – COMPARISON OF THE CLASSIFICATION

ACCURACY BY DIFFERENT CLASSIFIERS WITH ALL 41 ATTRIBUTES

Classification accuracy (x̄± σ) w %
Algorithm (no selection) accuracy of both classes AUC ROC

function SGD 87.09± 3.38 0.85± 0.04
Random Forest 86.88± 3.26 0.93± 0.03

function Logistic 86.70± 3.36 0.92± 0.03
trees LMT 86.26± 3.35 0.92± 0.03

attributes it was 87%). Function Logistic gives accuracy 84%
instead of 87% with all the attributes. Trees LMT give 2%
worse accuracy (84% instead of 86% with all the attributes).
In general the results of the classification are 1%–2% worse
with 19 attributes in comparison to the results of classification
obtained for all 41 attributes.

In Table IX there are also results of classification with
19 attributes but extracted by PCA. For the best algorithm
(function SGD) the method (8)–(9) gives better result than
PCA (85% instead of 84%). Random Forest gives almost the
same accuracy (approximately 86%). The same situation is
while using trees LMT – both (8)–(9) and PCA give accuracy
84%.

However, it is worth noticing that the method (8)–(9) is
transparent (selection of the attributes) whereas extraction of
the attributes by PCA is like a black box for a user.

D. Data Set Ionosphere

Ionosphere is a data set with 34 attributes. The 35th
attribute is either “good” or “bad” according to radar
returns from the ionosphere. Number of Instances 351. Class

TABLE IX
“QSAR BIODEGRADATION” – COMPARISON OF THE CLASSIFICATION

ACCURACY BY f(Ak) (9), AND PCA REDUCTIONS, WITH 19 ATTRIBUTES

Classification accuracy (x̄± σ) w %
Algorithm (19 attributes) f(Ak) (9) PCA

function SGD 84.90± 3.48 83.86± 3.46
Random Forest 85.60± 3.57 86.40± 3.12

function Logistic 83.90± 3.38 84.74± 3.54
trees LMT 84, 18± 3.41 84.38± 3.64

proportion: 225:126.
See: https://archive.ics.uci.edu/ml/datasets/ionosphere for
more details.

In Fig 5 there are all the attributes evaluated by (8) and
presented in descended order from the best to the worst one.
The order of the first 20 best attributes and respective values
of measure (8) are in Table X.

In Table XI there is classification accuracy by different
classifiers with all 34 attributes. Random Forest gives accuracy
94%, trees LMT – 93%, Multilayer Perceptron – 91%, and
ADA Boost – 91%.

In Table XII there are results of classification with 6
attributes, i.e., with only 18% of the original number of the
attributes. The substantial reduction of the number of the
attributes by (8)–(9) influences the classification accuracy but
less than we could expect. Random Forest accuracy is 93% (we
had 94% with all the attributes). Trees LMT accuracy is 92%
instead of 93%. Multilayer Perceptron gives 90% accuracy
(with all the attributes – 91%). ADA Boost classifies instances
with 90% accuracy (with all the attributes it was 91%). The
results with the substantial reduction of the attributes are only
1% worse.

In Table XII there are also results obtained by PCA, For
Random Forest the PCA results are worse (91%) than obtained
from (8)–(9) – 93%. Trees LMT and PCA produce 89% of
accuracy whereas from (8)–(9) it was 92%. Only in a case of
Multilayer Perceptron and PCA we obtain 91% of accuracy
whereas for (8)–(9) we have 90%. For ADA Boost again PCA
is worse with 87% of accuracy whereas (8)–(9) is better with
90% of accuracy.

V. CONCLUSIONS

We have discussed a method for feature selection for the sets
of data represented by the intuitionistic fuzzy sets (IFS). We
used the three term model of the IFSs i.e., taking into account
the degree of membership, non-membership and hesitation



TABLE X
“IONOSPHERE” – FIRST 20 ATTRIBUTES SELECTED BY f(Ak) (8)

1 2 3 4 5 6 7 8 9 10
Attribute No 2 32 26 27 3 4 20 30 19 6

measure f(Ak) 0.068 0.065 0.061 0.060 0.053 0.044 0.039 0.032 0.029 0.028
11 12 13 14 15 16 17 18 19 20

Attribute No 25 17 13 2 14 8 23 5 7 9
measure f(Ak) 0.025 0.025 0.024 0.024 0.023 0.022 0.022 0.022 0.020 0.018

Fig. 5. The values of (8) for all the Ionosphere attributes ranked from the
best to the worst

TABLE XI
“IONOSPHERE” – COMPARISON OF THE CLASSIFICATION ACCURACY BY

DIFFERENT CLASSIFIERS WITH ALL 34 ATTRIBUTES

Classification accuracy (x̄± σ) w %
Algorithm (no selection) accuracy of both classes AUC ROC

Random Forest 93.59± 4.02 0.92± 0.02
Trees LMT 92.91± 4.10 0.84± 0.06

Multilayer Perceptron 91.17± 4.87 0.93± 0.06
ADA Boost 90.89± 4.64 0.95± 0.05

margin. This description makes it possible to formulate a
very natural and understandable function for the evaluation
of the attributes being a foundation of the selection process.
In this paper it was shown that the considered function (8)
is useful from the point of view of classification problems.
However, it is worth stressing that the function can be useful in
other domains while pointing out the most important attributes
and/or ordering them is of paramount importance. Broadly
understood decision making is an area where the presented
method can be applied. The method is transparent, simple from
the point of view of calculations and gives promising results.
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