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Abstract—This paper presents experimental results about the
relationship between the Footprint Of Uncertainty (FOU) and
the centroid of Interval Type-2 Fuzzy Numbers (IT2FN) which
are a subclass of Type-2 fuzzy numbers. Four types of IT2FNs
are analyzed: singleton—core triangular, interval-core triangular,
singleton—-core Gaussian and interval-core Gaussian IT2FNs. A
quadratic relationship was detected, characterized, and their
results are presented and discussed using numerical experiments.

Index Terms—Type-2 fuzzy numbers, K-M algorithm, cen-
troid

I. INTRODUCTION AND MOTIVATION

HE centroid of an Interval Type-2 Fuzzy Number IT2FN

(often called type—reduction) is an important measure in
fuzzy logic systems such as fuzzy neural networks, fuzzy
clustering, fuzzy rule-based systems, fuzzy control, fuzzy
classification, etc. Among the most important methods for
defuzzification of fuzzy sets/numbers are the Yager index (see
Yager [1] and Figueroa-Garcia, Chalco-Cano & Roman-Flores
[2]), the possibilistic mean (see Carlsson & R. Fullér [3]), and
the centroid (see Wu & Mendel [4]), all of them with different
advantages/disdvantages.

Fuzzy sets/numbers gained popularity into machine learning
methods (see Neruda & Kudova [5], Kazik, Pilat & Neruda
[6]) since they can represent uncertainty coming from data.
Also some decision making techniques/methods use fuzzy
measures as a base for practical applications (optimization,
differential equations, classification, etc.). A popular way to
comprise uncertainty of a fuzzy set/number into a single mea-
sure is by computing its centroid and other related measures
like its variance, uncertainty/mathematical boundaries etc. in
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order to preserve part of the lost information when only using
the centroid as a “fuzzy” measure.

The centroid of a Type-2 fuzzy set is a very popular
measure in many real-world applications because it meets two
highly desirable mathematical properties: it is monotonically
increasing/decreasing and convex. One of the most important
method to compute the centroid of an IT2FN is the K-M
algorithm proposed by Karnik & Mendel [7] and Mendel &
Liu [8], improved by Melgarejo [9], [10], [11] and defined for
a—cuts by Figueroa-Garcia [12]. Having said that, we consider
the relationship between the centroid of an IT2FS and its
footprint of uncertainty a natural relationship to analyze since
common sense dictates it exists so the focus of this paper is
to analyze the behavior of some interesting ratios between the
centroid and the FOU of an IT2FN.

The paper is organized as follows: a first introductory
section; Section 2 presents some basics on fuzzy sets/numbers;
Section 3 presents the centroid of an IT2FN and its relationship
to its FOU; some numerical examples are analyzed in Section
4, and some concluding remarks are presented in Section 5.

II. BASICS OF INTERVAL TYPE-2 FUZZY NUMBERS

A Type-1 fuzzy set A is denoted by capital letters with a
membership function pa(z); Type-2 fuzzy sets (T2FS) are
denoted by emphasized capital letters A with a membership
function p 5(x). pa(x) measures the degree of affinity of a
particular value z € X to the concept/word/label A, and
5 (x) measures the degree of uncertainty of the same value
z € X regarding A, so A measures imprecision and A
measures uncertainty. P(X) is the class of all crisp sets,
F1(X) is the class of all Type-1 fuzzy sets, and F2(X) is
the class of all Type-2 fuzzy sets (see Mendel [13], [14]). Let
L([0,1]) be the set of all closed subintervals over [0, 1]:

L£(0,1]) = {x = [x1, 2] | (x,2,) € [0,1], 27 < .}
A Type-2 fuzzy set is then the following ordered pair:
A= {((z,u), pz(z,u)) :x e X, ueJ, C[0,1]},

where A represents uncertainty around a linguistic la-
bel/concept/word A. An Interval Type-2 fuzzy set (IT2ES) A



is a simpler representation of a T2FS in which p ;(z,u) =1
and it encloses infinite Type—1 fuzzy sets into its Footprint of
Uncertainty (FOU) (see Mendel, John and Liu [15]):

A={(z,pi(2)) |z € X}

where p ;(x) is fully characterized by J, C [0,1] using a
Upper membership function UMF(A) = 7i; = A and a Lower
membership function LMF(A) = Bz = A (see Fig. 1).

A T2FS A is a Type-2 fuzzy number (T2EN) only if both its
UMF and LMF are fuzzy numbers (e.g. normal and convex
fuzzy subsets of R, see Zadeh [16]), A must be a closed
interval for all a € [0, 1], and supp(A) € R (see Figueroa—
Garcfa et al [2]). Let us denote P(R) as the class of all crisp
numbers, F1 (R) as the class of all Type-1 fuzzy numbers, and
F2(R) as the class of all Type-2 fuzzy numbers.

Definition 1: Let A : R — £(]0, 1]) be a fuzzy subset of the
reals. Then A € F»(R) is a Type-2 Fuzzy Number (T2EN) iff
there exists a closed interval [z, z,.] # () with a membership
function g z(x) such that:

1 forz €z, z],
pilz)=4q l(z) forx € [~o0,z, (1
7(x) for x € [x,, 0],

where [ : (—oo,z;) — £([0,1]),u € J, C [0,1] is monotonic
non-decreasing, continuous from the right, i.e. I () = 0 for
x <wp; 7 (2, 00) = L([0,1]),u € J, C [0,1] is monotonic
non-increasing, continuous from the left, i.e. #(x) = 0 for
T > Wao.

Now, this paper is focused to two main subclasses of
IT2FNs: singleton—core and interval-core IT2FNs. Note that
those subclasses of IT2FNs include some of the most impor-
tant shapes like Gaussian, triangular, exponential, quadratic,
etc. which are among the most used in practical applications.
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Fig. 1. Singleton—core Interval Type-2 Fuzzy number A

Figure 1 shows a triangular singleton—core IT2FN A de-
fined over the reals i.e. x € R; pj is a Type-2 triangular
membership function divided into two bounds: A and A. The
support of A, supp(A) is the interval z € [@;,Ts] and its
core is core([l) = x.. Also note that @y and wWs are finite (see
Definition 1).

Figueroa-Garcia, Hernandez-Pérez & Yurilev Chalco-Cano
[17] and Figueroa-Garcia, Chalco-Cano & Roman-Flores [2]
defined the size of the footprint of uncertainty (FOU) of an
IT2ES A, FOU(A) as follows:

POUM) = [ fia@da— [ pzlorde = [A1-14] @
S re

where |A| is the total area of UMF(A), and |A] is the total
area of LMF(A). FOU(A) shows how ambiguous a set A is,
50 it helps to measure how much uncertainty A has. We point
out that a Type—1 fuzzy set A € F(X) has no FOU, so higher
values of FOU(A) mean a more ambiguous set A.

An alternative way to represent a fuzzy number A € F;(R)
is via a-cuts (see Hamrawi et al. [18], Figueroa-Garcia [12],
and Figueroa-Garcia et al. [19]). The a-cut of a A, namely
@A, is defined as:

A ={z|paz) > al,
where “A for a fuzzy number is:

YA = [inf {pa(z) > a}, sup{ua(z) > a}| = [Ga, o) @)
zeX zeX

3)

Thus, an IT2EN is the union of its a-cuts, [, @ “4,
where U denotes union (Klir & Yuan [20]), so its extension
to the a-cut of A (see Figueroa—Garcia [12] and Figueroa—
Garcia, Chalco—Cano & Roman—Flores [19]) allows us to say
that the primary a-cut of an IT2EN A is the set of all z € X
whose J, are greater than «, J, > «, this is:

“A={z|pi(x) > a;ueJ, C[0,1]} )
aAz{xm}a};aE[O,l],uEJxQ[O,l], 6)
where the boundaries of A for IT2FNs are as follows:
°A=| inf {ns(2) > a sup{pz(@) > al], @
zeX reX
inf N > — [pu ~ 1
inf {pi(2) > o} = [ag, 4o, ®)
sup {pj(z) > a} = [ag, atl, )
xeX
which finally lead to:
A = [[ay, ag], [ah, a4]] (10)

III. THE CENTROID OF AN IT2FN

The centroid of a fuzzy set C(/i) (see Mendel [13]) is
defined as follows.

Definition 2: Let A, € F1(X) be an embedded Type—1
fuzzy set into FOU(A), then the centroid C'(A) of an IT2FS

Doz e X is the union of the centroids of all its embedded A., i.e.,

C(A) = JC(A) = [Ci(A), Cr(A)]
Ac
where:
Ci(A) = min C(A),
Cp(A) = max C(4.),

CC(/I) _ CI(A) + CT(A).



The computation of the centroid of a Type-2 fuzzy set
is basically an optimization problem without exact equa-
tions/solutions so far (in general, it is an NP-Hard problem).
Widely known solutions to this problem have been proposed
by Mendel [13], Karnik & Mendel [7], Mendel & Liu [8],
Melgarejo [9], [10], [11] and Figueroa-Garcia [12].

A. Relationship to FOU(A)

There are different ways to analyze the behavior of the K-M
algorithm, one of the most important results was provided by
Mendel & Liu [8] who proven that the K-M algorithm does
exponentially converge to a set of two min/max bounds. This
result have boosted its use and practical applications.

Other non-linear behaviors are exhibited by C(A) when
changing its parameters (Mendel & Liu [8] have proven
its convergence for a fixed set of parameters), so what we
have found after experimenting different relationships between

C(A) and FOU(A) is summarized into the following two

ratios R;(A) and Ry(A). B

Definition 3: Let A € F5(R) be an IT2FN then R;(A) and
Rs(A) are defined as follows:

Cs(A) = Cy(A) - ~Cz(f‘~1)7

Rty — Ce)
! FOU(A)’
Rald) = L

Those ratios are interesting since they do not linearly depend
on the shape of A and A. Due to the non—linear nature of the
K-M algorithm, we do not expect any linear relationship, as
it can be seen in next section.

IV. NUMERICAL EXPERIMENTS

Now, the ratios R;(A) and Ry(A) (see Definition 3) are
applied to four basic examples: Gaussian, triangular, interval—
Gaussian and interval—-triangular IT2FNs. Its results are shown
as follows.

A. Gaussian IT2FN

A singleton—core Gaussian IT2FN
G(m, dul, Our, 011, 91r) is shown in Figure 2:

namely
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Fig. 2.

Gaussian IT2FN

Two sets of experiments were performed: asymmetric and
symmetric. The results of an asymmetric experiment for m =

50, 041 = 20, 6y = 50, d;; = 10 with symmetric changes over
01 are summarized in Table 1.

on | 8 | Ci(A) | C.(A) | FOU(A) | Ri(A) | Ra(A)
10 2 36.37 87.17 72.69 0.70 8.71
10 4 38.06 85.36 70.19 0.67 9.46
10 6 39.70 83.95 67.68 0.65 10.11
10 8 41.31 82.86 65.17 0.64 10.68
10 10 4291 82.02 62.67 0.62 11.18
10 12 44.49 81.39 60.16 0.61 11.60
10 14 46.07 80.93 57.65 0.60 11.95
10 16 47.65 80.59 55.15 0.60 12.23
10 18 49.22 80.33 52.64 0.59 12.44
10 20 50.80 80.14 50.13 0.59 12.57
10 22 52.39 79.99 47.63 0.58 12.62
10 24 53.97 79.87 45.12 0.57 12.58
10 26 55.55 79.77 42.61 0.57 12.46
10 28 57.13 79.70 40.11 0.56 12.25
10 30 58.70 79.64 37.60 0.56 11.97
10 32 60.25 79.59 35.09 0.55 11.60
10 34 61.78 79.54 32.59 0.55 11.16
10 36 63.28 79.51 30.08 0.54 10.66
10 38 64.74 79.48 27.57 0.53 10.11
10 40 66.14 79.45 25.07 0.53 9.51
10 42 67.49 79.43 22.56 0.53 8.87
10 44 68.77 79.41 20.05 0.53 8.20
10 46 69.99 79.39 17.55 0.54 7.52
10 48 71.15 79.38 15.04 0.55 6.82
TABLE I

ASYMMETRIC EXAMPLE FOR SINGLETON—CORE GAUSSIAN IT2FN

The results of a symmetric experiment for m = 50,6,; =
50, § = 50 with symmetric changes over ¢, §;,- are summa-
rized in Table II.

on | 8 | Ci(A) | C.(A) | FOU(A) | Ri(A) | Ra(A)
2 2 -12.70 112.70 120.32 1.04 5.02
4 4 -0.70 100.70 115.30 0.88 8.11
6 6 6.23 93.77 110.29 0.79 10.50
8 8 11.04 88.96 105.28 0.74 12.47
10 10 14.67 85.33 100.27 0.70 14.13
12 12 17.57 82.43 95.25 0.68 15.57
14 14 19.98 80.02 90.24 0.67 16.81
16 16 22.08 77.92 85.23 0.66 17.87
18 18 23.98 76.02 80.21 0.65 18.73
20 20 25.77 74.23 75.20 0.64 19.38
22 22 27.48 72.52 70.19 0.64 19.81
24 24 29.15 70.85 65.17 0.64 20.01
26 26 30.79 69.21 60.16 0.64 19.98
28 28 32.41 67.59 55.15 0.64 19.70
30 30 34.02 65.98 50.13 0.64 19.17
32 32 35.63 64.37 45.12 0.64 18.40
34 34 37.23 62.77 40.11 0.64 17.37
36 36 38.83 61.17 35.09 0.64 16.09
38 38 40.42 59.58 30.08 0.64 14.55
40 40 42.02 57.98 25.07 0.64 12.77
42 42 43.62 56.38 20.05 0.64 10.72
44 44 45.21 54.79 15.04 0.64 8.43
46 46 46.81 53.19 10.03 0.64 5.87
48 48 48.40 51.60 5.01 0.64 3.06
TABLE Il

SYMMETRIC EXAMPLE FOR SINGLETON—CORE GAUSSIAN IT2FN

The ratio R2(A) for both examples is shown in Figure 4
where Example 1 and Example 2 stand for asymmetric and
symmetric examples respectively.



20 a; | e | Ci(A) | C.(A) | FOU(A) | Ri(A) | R2(A)
18F 48 | 60 | 32.89 56.18 29.00 0.80 3.99
ol Example 1 46 | 60 | 33.73 55.45 28.00 0.78 134
4| 60 | 3439 5473 27.00 0.75 1.65
t4r 42 | 60 | 3401 54.04 26.00 0.74 192
= 12f Example 2 20 | 60 | 3532 5335 25.00 0.72 5.15
ok 38 | 60 | 35.63 52.68 24.00 0.71 536
Lol 36 | 60 | 3586 52.00 23.00 0.70 554
© 34 | 60 | 36.02 5133 22.00 0.70 5.69
6r 32 | 60 | 36.14 50.67 21.00 0.69 581
ne 30 | 60 | 36.23 50.00 20.00 0.69 5.90
5 ‘ ‘ ‘ ‘ ‘ ‘ 28 | 60 | 36.30 4933 19.00 0.69 5.06
’ » 4l(lomprim Of [;;?ronaimv EOIRTO(A) 0 0 26 60 36.36 48.67 18.00 0.68 5.98
' ertamty, FOU 24 | 60 | 3641 48.00 17.00 0.68 5.96
- 22 | 60 | 3645 4734 16.00 0.68 5901
Fig. 3. Ratio R2(A) for the two Gaussian examples 20 | 60 36.48 46.67 15.00 0.68 5.82
18 | 60 | 3651 46.00 14.00 0.68 5.69
. 16 | 60 | 3654 4534 13.00 0.68 553
B. Triangular IT2FN 4 [ 60 | 3656 | 4467 12.00 0.63 533
. N : 12 | 60 | 3658 4401 11.00 0.68 5.00
'A triangular IT2FN namely T(a,, a;, b, ¢;, ¢,,) is shown in T e T o T
Figure 4: 8 | 60 | 3662 | 4267 9.00 0.67 7.50
6 | 60 | 3663 42.01 8.00 0.67 415
. b 4 | 60 | 36.64 4134 7.00 0.67 3.76
2 | 60 | 3666 40.67 6.00 0.67 333

08k TABLE 1V

ASYMMETRIC EXAMPLE FOR SINGLETON—CORE TRIANGULAR IT2FN

0.6~

A third asymmetric experiment for a,, = 40,b = 50, ¢, =

o “ “ 100, a; = 45 with asymmetric changes over ¢; are summarized
] _ in Table V.
Fig. 4. Triangular IT2FN
The results of a symmetric experiment for a, = 0,b =
50, ¢,, = 100 with symmetric changes over a;, ¢; are summa- a | a | Ci(A) | Cr(A) | FOU(A) | Ri(A) | Re(A)
. . 45 | 52 | 41.28 71.36 26.50 0.91 2.81
rized in Table IIL 45 | 54 | 4798 69.89 25.50 0.86 329
_ _ _ _ _ 45 | 56 | 48.66 63.78 2450 0.82 3.69
a | a | Ci(A) | Cr(A) | FOUA) | Ri(A) | Ra(A) 45 [ 58 | 4933 | 67.92 23.50 0.79 703
48 | 52 | 2475 75.25 73.00 1.05 2.02 560 35000 5756 33,50 077 D
76 | 54 | 2922 70.78 46.00 0.90 333 =T 506 6675 5150 A 756
44 | 56 | 31.92 68.08 44.00 0.82 4.34 75 [ 64 | 5133 6636 2050 0.73 776
2 | 58 | 3385 66.15 42.00 077 5.17 =T e T 35200 o0 1950 0 103
0 | 60 | 3532 64.63 40.00 0.73 5.87 5 65 T 5266 5 56 1550 01 =oe
38 | 62 | 3650 63.50 38.00 0.71 6.48 = T0 5332 70 7750 X 16
36 | 64 | 3747 62.53 36.00 0.70 7.01 =T T 5398 6553 650 070 =55
34 | 66 | 3833 61.67 34.00 0.69 747 571 T 5065 6519 550 070 =52
32 | 68 | 39.11 60.89 32.00 0.68 784 5 76 T 5531 a0 1750 070 =55
30 | 70 | 39.85 60.15 30.00 0.68 8.12 75 [ 78 | 5597 6534 13.50 0.69 516
28 | 72 | 4057 59.43 28.00 0.67 8.30 75 [ 80 | 56.63 65.29 12.50 0.69 5.05
26 | 74 | 4127 5873 26.00 0.67 338 = T 5730 o 1150 0.6 190
24 | 76 | 41.96 53.04 24.00 0.67 336 5 s 5796 .30 10.50 0.6 70
22 | 78 | 4264 57.36 22.00 0.67 824 = T 56 53563 516 950 0.69 76
20 | 80 | 4332 56.63 20.00 0.67 3.02 5 T35 T 5930 513 350 0.69 713
I8 | 82 | 43.99 56.01 18.00 0.67 7.6 T 90 5907 10 =50 0.68 355
16 | 84 | 44.66 5534 16.00 0.67 7.6 =T 0 T coca 6508 650 0.68 343
14 | 86 | 45.33 54.67 14.00 0.67 6.72 75 [ 94 | 6131 65.06 550 0.68 3.06
12 | 88 | 4600 | 5400 | 12.00 0.67 6.08 45 [ 96 | 6198 | 65.04 350 0.68 2.60
10 | 90 | 4667 5333 10.00 0.67 533 5 T o5 T 6266 S0 350 Y 08
8 | 92 | 4733 52.67 8.00 0.67 748
6 | 94 | 48.00 52.00 6.00 0.67 352 TABLE V
4 96 48.67 51.33 4.00 0.67 245 ASYMMETRIC EXAMPLE FOR SINGLETON—CORE TRIANGULAR IT2FN
2 | 98 | 4933 50.67 2.00 0.67 128
TABLE III
SYMMETRIC EXAMPLE FOR SINGLETON—CORE TRIANGULAR IT2FN
The results of an asymmetric experiment for a,, = 0,b = The ratio Ro(A) for the three examples are shown in Figure
50,¢c, = 70,¢; = 60 with asymmetric changes over a; is 6 where Example 1, Example 2 and Example 3 stand for

summarized in Table IV. symmetric and the two asymmetric examples respectively.



or 6 | 8ir | Ci(A) | Cr(A) | FOU(A) | Ri(A) | Ro(A)
sl 50 | 10 | 8175 92.32 19.95 0.53 8.10
Example 1 48 | 10 | 80.16 9238 2246 0.54 9.00
m 46 | 10 | 7857 92.44 2496 0.56 9.30
=or — 44 | 10 | 7699 92.50 2746 0.57 10.52
= xample 2
=i 42 | 10 | 7540 92,58 29.97 0.57 11.14
s 420 | 10 | 73.82 92.67 3247 0.58 11.67
SEL Example 3 38 | 10 | 7223 92.77 3497 0.59 12.11
N 36 | 10 | 70.65 92.89 3747 0.59 12.46
34 | 10 | 69.07 93.03 39.07 0.60 1272
2r 32 | 10 | 6748 93.20 47 0.61 12.90
. ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ) 30 | 10 | 65.90 93.40 4496 0.61 12.99
0 5 10 o 1‘_‘0[‘(4) 35 40 45 50 28 | 10 | 6432 93.64 4746 0.62 12.99
ootprint ncertainty, J
; 26 | 10 | 62.73 93.93 49.95 0.62 12.01
_ 24 | 10 | 6114 94.29 52.44 0.63 12.74
Fig. 5. Ratio R2(A) for the three triangular examples 22 10 59.56 94.74 54.93 0.64 12.50
20 | 10 | 57.97 9530 57.42 0.65 12.17
. 18 | 10 | 5638 96.01 59.90 0.66 11.77
C. Interval-Gaussian IT2FN 16 | 10 | 5478 96.92 6237 0.68 11.29
: : 4 | 10 | 53.18 93.07 64.34 0.69 10.73
An interval Gaus.smn . ITZFN namely 12 | 10 | 5157 9953 67.29 0.71 10.08
G(my, my, 11, 0p1, 01y, Opr) is shown in Figure 6: 10 | 10 | 4993 | 10138 69.73 0.74 934
8 10 | 4824 | 103.72 72.15 0.77 8.50
. m m, 6 10 | 4647 106.71 7453 0.81 7.54
09l 3 [ 10 | 4457 | 11059 | 76386 0.86 6.46
08tk TABLE VII
o7k SYMMETRIC EXAMPLE FOR INTERVAL—-CORE GAUSSIAN IT2FN
0.6 i
05
04 o Orr The ratio R2(A) for both examples is shown in Figure 8
03 i 5 where Example 1 and Example 2 stand for symmetric and
o2 asymmetric examples respectively.
0.1

Fig. 6. Interval-Gaussian IT2FN
Example 1

A symmetric experiment for m; = 50, m,. = 60, d;; = 50,
0. = 50 with asymmetric changes over §,, d;, is summarized
in Table VI.

C, «|Al/[A|
=
:

Example 2

w
T

6 | 8 | Ci(A) | Cn(A) | FOU(A) | Ri(A) | Ra(A)
48 | 48 | 4840 | 61.60 25.00 0.53 10.76
36 | 46 | 4680 | 63.20 30.01 055 12.76 0 n - - - - o
44 44 45.21 64.79 35.02 0.56 14.52 Footprint Of Uncertainty, FOU(A)
D[ 2 | 4360 | 6640 30.03 057 16.05
gg ;‘g iggg 222(1) gggg 822 :;2? Fig. 7. Ratio R2(A) for both Gaussian examples
36 | 36 | 3878 | 7122 35.06 0.59 1924
35 | 34 | 3706 | 7284 60.07 0.5 10.85 ,
3 | 32 | %52 | 7aa8 65.08 0.60 2023 D. Interval-triangular IT2ZFN
30 | 30 | 3386 | 7614 70.09 0.60 20.38 An interval—triangular IT2FN namely T'(a;, a,, by, b, c1, ¢;.)
28 | 28 | 32.18 | 71.82 75.00 0.61 20.32 ) Tver
2% | 26 | 3046 | 79.54 80.10 0.61 20.03 is shown in Figure 8:
2 | 24 | 2867 | 3133 85.10 0.62 19.54
27 | 22 | 2680 | 83.20 90.10 0.63 18.85 b b
20 | 20 | 2479 | 8521 95.10 0.64 17.96 ir \
18 | 18 | 2258 | 87.42 100.08 0.65 16.89
16 | 16 | 2006 | 89.94 105.06 0.67 15.63 osh
4 [ 14 | 1707 | 92.93 110.03 0.69 12.18
2 | 12 | 1339 | 966l 114.97 0.72 12.52
0 | 10 8.62 101.38 119.86 0.77 10.60 oer
8 8 2.08 107.92 | 124.66 0.85 835
6 [ 6 | 780 | 11789 | 12924 097 3.66 0al
T [ 4 | 2632 | 13632 | 13321 122 255
2 [ 2 | 8065 | 190.65 | 13527 2.01 0.3 ol
TABLE VI
SYMMETRIC EXAMPLE FOR INTERVAL—CORE GAUSSIAN IT2FN o o, “ &

Fig. 8. Interval-triangular IT2FN
An asymmetric experiment for m; = 50, m, = 60,d; =
10, 0, = 50,6,y = 10 with asymmetric changes over d;,. is The results of a symmetric experiment for a; = 0,b; =
summarized in Table VIIL. 50, b, = 60, ¢, = 110 with symmetric changes over a,, c; are



summarized in Table VIII.

ar | o | Ci(A) | C.(A) | FOUA) | Ri(A) | Ra(A)
54 56 12.83 97.17 59.83 1.41 0.23
52 58 22.27 87.73 58.87 1.11 1.23
50 60 27.44 82.56 57.50 0.96 2.30
48 62 30.91 79.09 55.92 0.86 3.28
46 64 33.45 76.55 54.21 0.80 4.16
44 66 35.42 74.58 52.44 0.75 4.94
42 68 37.01 72.99 50.61 0.71 5.63
40 70 38.32 71.68 48.75 0.68 6.25
38 72 39.44 70.56 46.86 0.66 6.81
36 74 40.41 69.59 44.96 0.65 7.31
34 76 41.30 68.70 43.04 0.64 7.74
32 78 42.13 67.87 41.11 0.63 8.10
30 80 42.92 67.08 39.17 0.62 8.39
28 82 43.68 66.32 37.22 0.61 8.59
26 84 44.42 65.58 35.26 0.60 8.72
24 86 45.15 64.85 33.31 0.59 8.77
22 88 45.86 64.14 31.34 0.58 8.73
20 90 46.56 63.44 29.37 0.57 8.61
18 92 47.26 62.74 27.40 0.57 8.41
16 94 47.94 62.06 25.43 0.55 8.13
14 96 48.63 61.37 23.46 0.54 7.76
12 98 49.31 60.69 21.48 0.53 7.31
10 100 49.98 60.02 19.50 0.51 6.77
8 102 50.66 59.34 17.52 0.50 6.15
TABLE VIII

SYMMETRIC EXAMPLE FOR INTERVAL—CORE TRIANGULAR IT2FN

An asymmetric experiment for a¢; = 0,b; = 50,b, =
60,a, = 60,c, = 110 with symmetric changes over ¢; is
summarized in Table IX.

ar | ¢ | Ci(A) | C.(A) | FOUA) | Ri(A) | Ra(A)
60 | 48 | 29.10 59.72 36.73 0.83 251
60 | 46 | 3042 58.92 35.92 0.79 2.91
60 | 44 | 3148 58.17 35.08 0.76 3.28
60 | 42 | 3235 57.45 34.21 0.73 3.63
60 | 40 | 33.05 56.75 3333 0.71 3.95
60 | 38 | 33.62 56.07 32.44 0.69 424
60 | 36 | 34.08 55.39 31.53 0.63 451
60 | 34 | 3443 5473 30.61 0.66 476
60 | 32 | 3471 54.07 29.68 0.65 4.99
60 | 30 | 3493 53.41 28.75 0.64 5.20
60 | 28 | 35.11 52.76 27.81 0.63 538
60 | 26 | 3526 5211 26.86 0.63 553
60 | 24 | 3539 51.46 2591 0.62 5.66
60 | 22 | 3550 50.81 24.96 0.61 5.76
60 | 20 | 3559 50.16 24.00 0.61 5383
60 | 18 | 35.68 4951 23.04 0.60 587
60 | 16 | 35.75 4336 22.07 0.59 5.3
60 | 14 | 3581 4321 2111 0.59 5.86
60 | 12 | 3587 47.56 20.14 0.58 5.80
60 | 10 | 3593 46.91 19.17 0.57 5.72
60 | 8 | 3597 46.26 18.19 0.57 5.61
60 | 6 | 3602 4561 17.22 0.56 547
60 | 4 | 3606 44.96 16.24 0.55 529
60 | 2 | 3609 4431 15.26 0.54 5.08
TABLE IX

ASYMMETRIC EXAMPLE FOR INTERVAL—CORE TRIANGULAR IT2FN

The ratio Ry(A) for both examples is shown in Figure 9
where Example 1 and Example 2 stand for symmetric and
asymmetric examples respectively.

Now, it is clear that all experiments did lead to a quadratic—
shaped relationship between FOU(A) and the ratio Ry(A). To
verify this finding, we have performed a quadratic regression

for FOU(A) as the independent variable (z;) and Ry(A) as

Example 1

Csx|A|/[A]

Example 2

2 I I I I I I I I I |
10 15 20 25 30 35 40 4 50 55 60
Footprint Of Uncertainty, FOU(A)

Fig. 9. Ratio R2(A) for both triangular examples

dependent (y;) defined as follows:
Yi = a2%; + a1zi + ao + €

where ¢; is a random error between 1; = agx? + a1x; + ag
and y;.

The goodness of fit is measured using the mean absolute
deviation measure namely MAD:

Z'yz = Gil

MAD = . 100%
P

Yi
where 7 is the sample size.
The obtained results for the nine experiments (as shown in
last section) are shown in Table X

Exp. as a1l ag MAD (%)
1 -0.0209 | 0.6576 0.0773 0.5300
2 -0.0126 | 0.6458 0.1013 1.2457
3 -0.0174 | 0.6353 0.1884 0.4853
4 -0.0058 | 0.5454 | -0.3823 0.8563
5 -0.0047 | 0.6125 0.3009 1.3777
6 -0.0045 | 0.6433 | -2.5628 2.6470
7 -0.0071 0.6576 | -2.2267 0.4427
8 -0.0107 | 0.7112 | -3.0339 0.7272
9 -0.0160 | 0.7117 | -2.0585 0.2298

TABLE X

RESULTS OF THE REGRESSION FIT

E. Analysis of the results

It is very interesting to find out that there exists an almost
perfect quadratic relationship between Cy(A) and FOU(A)
computed via Ry(A). This helps to find exact methods to
obtain C (A) since most of popular membership functions have
closed—form equations for A and A.

It is also remarkable to obtain such very low MAD values in
all experiments (regarding a quadratic regression model). This
is an interesting evidence of the relationship between FOU(A)
and some of the uncertainty measures that can be computed
for Type-2 fuzzy sets/numbers.

On the other hand, the ratio Ry (A) shows a monotonic non—
increasing behavior (no particular fit was found) which implies
that FOU(A) has no a linear relation to C,(A). This also
implies that the size of C' (fl) does not linearly depend on the

size of FOUA), it shows a non-linear behavior instead.



V. CONCLUDING REMARKS.

A quadratic regression between C,(A) and FOU(A) of
interval Type-2 fuzzy numbers show a clear non-linear re-
lationship between the centroid C'(A) of an IT2FN and its

uncertainty computed via its FOU(A). The obtained MAD
measures were low enough to say there is a good quadratic fit

between FOU(A) and Ry(A).

The presented results can be used as a reference point for
finding closed equations (or at least approximations) for C (fl)
Since A and A are easy to compute in many cases, a possible
way to obtain C'(A) and other uncertainty measures could be
by using non-linear relationships.

Further analysis on how FOU(A), as, a1 and ag are related
one another is needed. A similar analysis applied to Gen-
eral/Interval Type-2 fuzzy sets (see Figueroa-Garcia et al. [2])
is a step forward from the presented results.
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