A Novel Non-parametric Two-Sample Test on
Imprecise Observations

Feng Liu,

Guangquan Zhang and Jie Lu

Decision System&e-Service Intelligence (DeSI) Lab

Centre for Artificial Intelligence, Faculty of Engineering and Information Technology
University of Technology Sydney, Sydney, Australia
{Feng.Liu, Guangquan.Zhang, Jie.Lu} @uts.edu.au

Abstract—In kernel non-parametric two-sample test, we aim to
determine whether two sets of precise observations (i.e., samples)
are from the same distribution based on a selected Kkernel.
However, in real world, precise observations may be unavailable.
For example, readings on an analogue measurement equipment
are not precise numbers but intervals since there is only a
finite number of decimals available. Hence, we consider a new
and more realistic problem setting—two-sample test on imprecise
observations. We show that the test power of existing kernel two-
sample tests will drop significantly if they do not take care of
the vagueness of the imprecise observations, and to this end, we
propose a fuzzy-based maximum mean discrepancy (F-MMD), a
powerful two-sample test on imprecise observations. F-MMD is
based on a novel fuzzy-based kernel function that can measure
the discrepancy between two imprecise observations. This novel
kernel function takes care of the vagueness of the imprecise
observations and its parameters are optimized to maximize the
approximate test power of F-MMD. Experiments demonstrate
that F-MMD significantly outperforms competitive two-sample
test methods when facing imprecise observations.

Index Terms—Hypothesis test, kernel, imprecise observations

I. INTRODUCTION

Two-sample test methods aim to determine whether two
sets of samples are drawn from the same distribution [1]-
[8]. Traditional parametric two-sample test methods such as ¢-
tests are mainstays of statistical applications, but require strong
parametric assumptions about the distributions being studied
and/or are only effective on data in extremely low-dimensional
spaces [9]. By contrast, non-parametric test methods [10]-[13]
make only mild assumptions about distributions, and thus are
far more broadly applicable. For this reason, non-parametric
test methods exhibit the greatest potential in real world [3].

Kernel-based two-sample test methods [2]-[5], as well-
known non-parametric two-sample tests, have been well stud-
ied in the last decade. Researchers constructed representative
features of two distributions using kernel mean embeddings
(ME) [2], [3] and smooth characteristic functions (SCF) [3],
[4]. The discrepancy between two distributions can be ascer-
tained by comparing these features [3], [14], [15]. Maximum
mean discrepancy (MMD) is the most common statistic used
to compare two distributions. Its contribution in such fields
as domain adaptation [16]-[18], concept drift [19], [20] and
generative adversarial networks [21], [22] is significant.
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Fig. 1. Average test power of the MMD test when facing precise observations
(red line) and imprecise observations (green dash line). Clearly, the test power
of MMD will drop significantly if we do not take care of vagueness of the
imprecise observations.

However, existing kernel two-sample test methods all share
the assumption that observations from distributions are precise,
which is not realistic in the real world. For example, read-
ings on an analogue measurement equipment are not precise
numbers but intervals since there is only a finite number of
decimals available [23], [24]. This motivates us to consider a
more realistic problem, named as two-sample test on imprecise
observations. In this problem, we can only obtain imprecise
observations (the precise observations are unavailable) and
have to determine if two sets of imprecise observations are
from the same distribution.

To validate the effects brought from such imprecise ob-
servations, in Figure 1, we show the test power of MMD
when facing precise and imprecise observations. Following [5],
MMD used in this figure has been optimized (i.e., MMD with
the best kernel) and has the highest approximate test power.
Clearly, the test power of MMD drops significantly when we
can only obtain the imprecise observations. Namely, MMD, as
a most common two-sample test method, cannot handle this
new problem well even when we feed the best kernel to it.

To address this new problem, we propose a fuzzy-based
maximum mean discrepancy (F-MMD), a powerful two-
sample test on imprecise observations. F-MMD is based on
a novel fuzzy-based kernel function that can measure the
discrepancy between two imprecise observations (modeled by
the fuzzy vector). This novel kernel function takes care of the



vagueness of the imprecise observations and its parameters are
optimized to maximize the approximate test power of F-MMD.
The main contributions of this paper is listed as follows.

o This paper presents a new problem setting in the field
of two-sample test and empirically shows existing kernel
two-sample test methods cannot handle this problem well;

o We propose a novel two-sample test method, called fuzzy-
based maximum mean discrepancy (F-MMD), which can
take care of the vagueness of the imprecise observations
and have a higher test power than existing methods.

We test our method on the Blob dataset that is commonly
used in the field of two-sample test [2], [3], [5]. We find
that our method has higher average test power compared to
competitive baselines.

II. PRELIMINARY

In this section, we introduce five concepts related to kernel
two-sample test, which includes two-sample test problem, def-
inition of maximum mean discrepancy (MMD), Asymptotics
of MMD, test power of MMD and how to maximize test power
of MMD.

A. Two-sample test

Let X be a subset of R? and P, Q be Borel probability mea-
sures on X. Given independent identically distributed (i.i.d.)
samples Sx = {z;}{_; ~ P" and Sy = {y;}7L; ~ Q™, in
two-sample test problem, we aim to determine if Sy and Sy
come from the same distribution, i.e., if P = Q.

In two-sample test problem, we consider two hypothesis,
where the null hypothesis Hy : P = Q is tested against the
alternative hypothesis H; : P # Q. Generally, a two-sample
test method is performed in four steps: 1) confirm a signifi-
cance level o € [0,1]; 2) calculate a test statistic #(Sx, Sy );
3) calculate the p-value p = Prg, (T > #(Sx,Sy)), the
probability of the two-sample test method returning a 7' as
large as £(Sx, Sy ) when Hy is true; 4) reject Hy if p < a.

B. Maximum mean discrepancy

MMD is an estimator of a distance between distributions,
which is called integral probability metrics:

Definition 1 (Integral Probability Metrics [25]). Let F be a
class of functions f : X — R. The integral probability metric
based on F is

D(P, Q; F) = sup [Ex~p[f(X)]
feF

—Ey~o[f(V)]l, (D)

where X ~ P and Y ~ Q are random variables on X.

This class of metrics has been well studied in probability
theory [26], [27]. A simple (but biased) estimator of Eq. (1)
based on samples Sy and Sy is

~ 1
D(Sx,Sy;F) =sup |— x;) —
(Sx,5v; F) feg‘n EZ f (i)

%Zf(yj)"

However, the sup can not be well estimated, i.e., we cannot
directly use this biased estimation to calculate the distance

between P and Q through samples (i.e., Sp and Sg) drawn
from them. To overcome this issue, taking the advantage of
reproducing kernel Hilbert space (RKHS), maxiximum mean
discrepancy (MMD) is proposed by taking F to be a unit ball
of a RKHS, which allows for efficient estimation of the IPM.

Definition 2 MMD [2]). Let k : X x X — R be a bounded
kernel of a RKHS Hy, (i.e., |k(-,-)| < +o00). Let X, X' ~ P
and Y, Y' ~ Q be random variables on X, MMD is defined
as follows.

MMD(P, Q; Hy) = [ELf(X)] = E[f(V)]]

sup
FeEM N Fllp, <1

VE[R(X, X') + k(Y,Y") — 2k(X,Y)].

=llpp — pally, =

where up = E[k(-, X)] and pgo = E[k(-,Y)] are meaning
embeddings of P and Q, respectively. If k is a characteristic
kernel and pp = pg, we have MMD(P, Q; Hy) = 0 if and
only if P = Q.

We can estimate MMD using the U-statistic estimator,

which is unbiased for MMD? and has nearly minimal variance
among unbiased estimators [2]:

NMD.,(Sx, Sy k) = e ZH” )

k(wz"yj) - k‘(yi»%‘)-

Based on H;;, the biased estimator of the squared MMD is

MMDZ7 =4 5 _i; Hij. Compared to MMD,,, MMD, allows
m#n but is not convenient for analysis and to efficiently
implement permutations.

Hij = k(zi,z;) + k(yi, yj) —

C. Asymptotics of the MMD

Based on the unbiased estimator of MMD, we can analyze
the asymptotics of the MMD under Hy and H; as follows.

2

Proposition 1 (Asymptotics of MMD,,). Under the null
2

hypothesis, Hy : P = Q, MMD,, is Op(1/n?), with

2
nMMD,, % 3" Xi(Z2 - 2);

here \; are the eigenvalues of the covariance operator under
‘P of the centered kernel, and the Z; are i.i.d. Gaussian with
mean 0 and variance 2 [2, Theorem 12].

p—*
Under the alternative, H, : P # Q, MMD,,
and in particular [28, Section 5.5.1]

is Op(1/n),

VA(MMD., — MMD?) % A(0,0%,.),
where 03 = 4(E.[(E. h(z,2'))%] — (B h(z,2))?]) =
4 (E [HyoHyg) - E[H12]?), h(z,2) = k(z,2') + k(y,y') —
k(z,y') — k(2',y) and z .= (z,y).

Based on this Proposition (especially on asymptotics under
Hy), we can analyze the test power of MMD (next subsection).
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(a) Precise observations from P (left) and Q (right).
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(b) Imprecise observations from P (left) and Q (right).

Fig. 2. Blob dataset with precise observations (a) and imprecise observations (b).

D. Test power of MMD

The main criterion of efficacy of a two-sample test method
is its power: the probability that, for a particular P # Q and
n, we correctly reject Hy. Using Proposition 1, we have that

2

Prg, (nmi>r) —><I><\/EMMD S— >,
OH, \/ﬁoHl
where ® is the standard normal CDF. Via Proposition 1,
We know that this » will not increase as increasing n, and
MMD(P, Q), om, are also constants. Thus, for reasonably
large n, the test power of MMD is dominated by the first
term (inside ®), and the kernel yielding the most powerful
test will approximately maximize [5]

J(P,Q; k) := MMD*(P, Q; k)/om, (P, Q; k).

3)
E. Maximizing Test Power

Although the higher value of criterion J(P, Q; k) means
higher test power of MMD, we cannot directly maximize
J(P, Q; k) since MMD?(P, Q; k) and o7, (P, Q; k) depends
on the particular P and Q that are unknown. However, We
can estimate it with

2
L MMDU(Sx, Sy; k‘)

IN(Sx, Sy k) = — , “)
A(Sx; Sy i k) 6, A (Sx, Sy k)
where 67, , is a regularized estimator of o7, given by'
2 2
() L) o e
i=1 \j=1 i=1 j=1

where Sy and Sy are observations from P and Q Researchers
can construct a test by choosing k to mgximize In(Sx,Sy;k),
then using the chosen k to calculate J)(Sx, Sy;k).

III. TWO-SAMPLE TEST VIA IMPRECISE OBSERVATIONS

Although existing kernel two-sample test methods have
been well developed (e.g., MMD mentioned above), they
all share the assumption that observations from distributions
are precise, which is not realistic in the real world. For
example, readings on an analogue measurement equipment are

IThis estimator, as a V-statistic, is biased even when A = 0. Although
[5], [29] give a quadratic-time estimator unbiased for a% , it is much more
complicated to implement and analyze, likely has higher variance, and is often
negative.

not precise numbers but intervals since there is only a finite
number of decimals available. This motivates us to consider a
more realistic problem, named as two-sample test on imprecise
observations.

Problem 1 (Two-sample test on imprecise observations). Let
X be a subset of R? and P, Q be Borel probability measures
on X, and Sx = {w;}j_y ~ P" and Sy = {y;}]L; ~ Q™ be
precise independent identically distributed (1.i.d.) observations
from P and Q, and T : X — X be the imprecise-observation
Sfunction. We aim to determine if Sx and Sy come from the
same distribution through the imprecise observations Sy =

{@ 1= T(20)}ioy and Sy = {g; : T(y;)}y.

In Problem 1, Sx and Sy are unknown, and T is not a
bijective function in general. Namely, we cannot find a 7!
to recover Sx and Sy from S 'x and gy. In this paper, we
consider the following 7.

Z:=Ty(z) = |z *xv]/v, (6)

where the higher v € Z* means that the imprecise observa-
tions are closer to the precise observations. If v = 2, the deci-
mal places of T),(x) can only be 0 or 5 (e.g., 0.5,1.0, 1.5, 2.0).
Clearly, we cannot obtain 7! to recover x.

In Figure 2, we show the difference between precise ob-
servations and imprecise observations in the Blob example.
Moreover, we show that the test power of MMD drops signif-
icantly when we can only obtain the imprecise observations
(see Figure 1), which motivates us to propose a novel two-
sample test method to address this new problem.

IV. FuzzY-BASED MMD TEST

To handle such imprecise observations in two-sample test
problem, in this paper, we first model 7T,(x) using fuzzy
geometry and then propose a fuzzy-based kernel function.
Finally, we can optimize parameters of the fuzzy-based kernel
function by maximizing the test power. Based on the optimized
fuzzy-based kernel, we can perform the two-sample test on the
imprecise observations.

A. n-D Fuzzy Geometry

The geometric properties of fuzzy sets have been studied
from various aspects such as fuzzy point, fuzzy line and
fuzzy circle [30]-[34]. The n-D fuzzy geometry (n-D FG)
theory provides an effective way to analyze and compute fuzzy



information in a geometric form [35]. This subsection presents
the definition of fuzzy vector, which is the key to the n-D
FG. Without loss of generality, this paper uses capital or small
letters with a bar to represent the fuzzy subsets or fuzzy points
of R™. The membership function of a fuzzy set A is expressed
by p(z|A), z € R™, with p(z|A) C [0,1]. The definition of
fuzzy vector at the n-D real valued vector A is presented as
follows.

Definition 1 (Fuzzy vector [36]). A fuzzy set fl(al, a2, .oy Q)
of R™ is called a fuzzy vector at A = (a1, ag, ...,a,) € R™ if
its membership function  satisfies the following properties.

L u((z1, 29, ..., vn)|A(ar, az, ...,an)) = 1 is upper semi-
continuous in © = (L1, xa,...,T,) € R™

2. w((z1, 29, ... zn)|A(ar, a2, ...,a,)) = 1 if and only if
(xl,xg_, ey Tyy) = (a17a_2, ey Q)

3. Ala) = {z|p(z|Ala1, a2, ...;a,)) = a, x € R"} is a
compact convex subset of R" for all « in [0, 1].

The fuzzy vector is the elementary concept to study prop-
erties of the n-D FG and the set of all n-D fuzzy vectors is
denoted by F'(R™). The third property of n-D fuzzy vectors
means that F'(R™) can be connected with R™ using the
membership . In this paper, we use the triangular membership
function to construct the membership function of each n-D
fuzzy vector in F'(R™) (see details in the next subsection).

B. Distance between Fuzzy Vectors

In [37], a new metric between two n-D fuzzy vectors was
proposed to construct the similarity between two fuzzy vectors.
This subsection briefly presents the metric, which is a key
component of the proposed fuzzy-based kernel function. First,
the detailed expression of a fuzzy vector fli(ail, @iy ey Gip)
(with the triangular membership function) is expressed in the
following formula: for each a@;; € F(R), its membership
function is

0, Vo < Q5 — Pi
Mlj(xldlj): 1_‘112%”7 V\x—a”\ sz ,Z’GR, (7)
0, Vo > a;; + p;i

Based on the f1;;(|a;;), pi(x|A;) is expressed by the follow-
ing term.

0, ij,acj < Qi — pi
pi(x]Ai) = 91 - %, Vaj, lz; —aiy| < pi,  (8)
0, ij,l‘j > a5+ Py

where © = (z1, 22, ..., ) € R™ and p; > 0. Then, we define
a metric to measure the distance between two fuzzy vectors.

Definition 2. Given two fuzzy vectors A; € F(R") and A €
F(R™), the metric between A; and A; is defined by the map
D: F(R") x F(R") — [0, 400):

D(A;, 4;) = %/0 sup{Dx(u,v) : Dx(u,v) € Q(A)}dA,

where
Q) = {d(u, A;(N)} U {d(v, Ai(N)},

u € Ai(\),v € A;(\) and the first part of Q(\) collects
Ly distances between each u and Aj(\) (d(u, A;(\)) =
min{d(u,v),v € A;(\)} means the minimum Ly distances
between u and all elements in A;(\)), and the second
part of QU\) collects L, distances between v and A;(\)
(d(v, A;(\)) = min{d(v,u),u € A;(\)} means the minimum
L, distances between v and all elements in A;(\)), and
d(u,v) represents the Ly distance ({1—norm) between two

n-dimension vector (u and v).

Then, the following equation is obtained to calculate D [37].

_ 1 1
D(A;, Aj) = ﬁd(AiaAj) + Z\Pi = pjl- ©))

Moreover, (F(R™),D) is a metric space [37].

C. Fuzzy-based Kernel Function

Since we can only access the imprecise observations Sx
and Sy, we regard each observation in Sx asa fuzzy vector.
Thus, for each observation (e.g., £1 = T'(x1)), it consists of
d fuzzy numbers:

Zi = (i1 — pis Tit, Tiv + pi)s - - -5 (Tid — Pir Tid, Tia + pi)]

and (Z;; — pi, &ij, Ti; +pi) is a fuzzy number with a triangular
membership function, where j = 1,...d. Then, based on the
metric D, we define the fuzzy-based kernel function as

o D(%;,
ko (Z;,%;) = exp (—(202»)

14 =, 1| .« T
X — |1+ 5105 — P;

202

where 0" = {pf}7_, U{p]}}_, Uo is the parameter set of the
function kg (-, -) associated to Sy and Sy . However, since the
number of parameters of kg will grow when increasing the
number of samples, it is not practical to optimize #’. To address
this issue, we assume that there is a real-valued function f
that can map each Z; to its p7. Based on this assumption,
the fuzzy-based kernel function k¢ can be expressed in the
following.

all&i = 25l + 3lpf = pj]
ka(ii,ij):exp <_d 2 J 20—24 (2 J

— exp <_§||9?¢ — %l + 31/ (@) — f(3))]

202 ’

(1)

where 6 is the set containing o and parameters of f.



Algorithm 1 Learning fuzzy-based kernel function

1: Input S x> Sy, learning rate 7, 6y, g, epoch Ty and T},q4;
2: Initial § = 0y, 0 = 0p and A = 1078;
3: Split Sy = S U Sk and Sy = St U
for T=1,2,..., T do

4: Obtaln kg( -) using 6 in (11); / update kernel
: Compute M (0,0) = MMDQ(S&Z,S@T}I{(;) via (2);

: Compute V,(0, a) = 6%, \(S¥, 8¢ kg) via (5);

: Compute J)(0,0) 6‘ )/ Va(8,0)

: Update 0 = 0 + nVAdam (9 o); // maximize J(6,0)
: Update 0 = 0 + 7V pagamJ (0, 0); // maximize J(0,0)

Cte.
Sy

SR I NW

end
9: Output k,,, S% and Séf

D. Fuzzy-based MMD

To find the best parameter set 6 for the two-sample test
problem, we adopt the strategy of maximizing test power (as
introduced in Section II-E). Namely, we want to maximize the
following function with respective to 6.

R
MMDU(Sx,Sy;k‘Q)
o1, 2(Sx, Sy;ke)

where all notations are introduced in Section II. Algorithm 1
shows detailed procedures to learn the fuzzy-based kernel
function k. Since Z; can be regarded as a fuzzy representation
of Z;, we also call this optimization procedure as finding the
best fuzzy representations for Sx and Sy.

Jr(Sx, Sy ke) = (12)

E. Fuzzy-based MMD for Two-sample Test

To use the learned fuzzy-based kernel kj to address two-
sample test problem, we pr%ceed in three steps.

First, compute f = MMD,, (S%, St¢; k) via Eq. (2).

Second, we use permutation test to compute the test thresh-
old ro. Let S* = S% U Si¢. At the i'" permutation, we
randomly take |S%¢| samples out from S*® to form S!¢, and
regard remaining samples in S*¢ as Sj5.,. Then, compute the
test statistic

{?ull:m (Stx/7 ZY’ k@)

via Eq. (2). So, after Nyenm permutations, we can obtain
{t“““}N"“'“ The test threshold r,, will be the (1 —«)—quantile
of {tnull} Perm'

Third, reject Hy if ¢ > r,, and accept it otherwise.

V. EXPERIMENT EVALUATION
We compare our test method against four state-of-the-art
two-sample tests in this section.
A. Baselines

We compare the following tests on several datasets:

e F-MMD: Fuzzy-based MMD with maximum test power.
¢ MMD-O: MMD with a Gaussian kernel whose length-
scale is optimized to maximize the test power.

e Mean embedding (ME): a state-of-the-art test [3], [4]
based on differences in Gaussian kernel mean embed-
dings at a set of optimized points.

o Smooth characteristic functions (SCF): a state-of-the-
art test [3], [4] based on differences in Gaussian mean
embeddings at a set of optimized frequencies.

B. Experiments Setup

We take a single sample set as S% and S% and learn a
kernel or test locations once for each method on S%. We then
evaluate its test power on 100 new sample sets Ste, §§f from
the same distribution. We repeat each experiment 10 times,
and report the mean test power.

We implement all methods on Python 3.7 (Pytorch 1.1) with
an NIVIDIA Titan V GPU. We run ME and SCF using the
official code [3] (we select the number of test locations of
ME and SCF as 15 to ensure they have enough test power),
and implement MMD-D and MMD-O by ourselves. We use
permutation test to compute p-values of F-MMD, MMD-O.
We set a = 0.05 for all experiments.

To ensure that f can learn the best mapping between the
imprecise observation and its membership function’s param-
eter (i.e., p;), we let f be a four-layer neural network with
softplus activation function. The number of neurons in the two
hidden layers is set to 20. The Adam optimizer [38] is used to
optimize the 6 (for F-MMD) and the bandwidth of Gaussian
kernel function (for MMD-O) to maximum the approximate
test power, and the learning rate of the Adam optimizer is set
to 0.0005 for F-MMD and MMD-O.

C. Evaluation on Blob Dataset

Blob-D is the dataset shown in Figure 2; Blob-S has both P
also equal to the distribution shown in Figure 2a, so that the
null hypothesis holds. Results are shown in Tabel II. F-MMD
has the highest average test power among all considered test
methods, as well as generally consistent power (low variance).
All methods have appropriate Type I error rates.

VI. CONCLUSION

This paper considers a new problem called two-sample test
using imprecise observations. Although existing two-sample
test methods can directly handle such imprecise observations,
the test power of them will drop significantly. To address this
new problem, we first propose a fuzzy-based kernel function
to reveal the relation between two imprecise observations.
Parameters of the fuzzy-based kernel function are optimized
by maximizing the approximate test power. Eventually, based
on the optimized fuzzy-based kernel function, we propose
the fuzzy-based maximum mean discrepancy to handle the
imprecise observations in two-sample test problem. Empirical
results demonstrate that the test power of our test method is
higher than that of existing two-sample test methods when
facing imprecise observations.
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ERRORS FOR INCREASING NUMBERS OF SAMPLES PER MODE (N). IN Blob, Learning Research, vol. 17, pp. 48:1-48:41, 2016.
EACH SET OF SAMPLES HAS 9 MODES (SEE TABLE I). [16]
N ‘ E-MMD MMD-O ME SCE 7] Learning Systems, vol. Early Access, pp. 1-15, 2020.
10 0.164+0.011  0.148+0.015  0.0924+0.012  0.114£0.007
20 0.268+0.019  0.272£0.08  0.13540.021  0.134£0.008 2016.
40 0.716+0.009  0.523£0.10  0.1774£0.044  0.25340.04 [18]
60 0.950+0.002  0.9494+0.003  0.14940.065  0.349+0.041
80 0.979+0.001  0.92940.085 0.58440.117  0.537£0.471 IEEE, 2019.
100 1.000+£0.000  0.9074+0.087  0.63740.098  0.723£0.053 [19]
Avg. | 0.679 0.621 0.296 0.352 Early Access, pp. 1-14, 2020.
[20]
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