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Abstract—The sparse channel estimation problem is drawing
increasing attention in broadband wireless communication. Spar-
sity nature in structure and noise is one of the most important
issues in such problems. Researchers have devised several sparsity
penalty terms such as zero-attracting (ZA) and correntropy
induced metric (CIM) to exploit potential sparse structure infor-
mation and improve sparse channel estimate accuracy. To combat
impulsive (sparse) noises, several adaptive filtering algorithms
based on the maximum correntropy criterion (MCC) have been
developed, which can achieve excellent performance, especially in
heavy-tailed noises. Recently, the concept of mixture correntropy
and the maximum mixture correntropy criterion (MMCC) were
proposed to further promote the robustness of the MCC against
impulsive noises. In this paper, a new robust and sparse adaptive
filtering algorithm is developed to estimate the sparse channels
with impulsive noises by combining the MMCC and CIM penalty.
Thanks to the desirable property of the mixture correntropy, the
proposed method behaves quite well with excellent convergence
performance. Simulation results show that the new method can
outperform several existing methods in sparse channel estimation
including the MCC based methods.

Index Terms—sparse channel estimation, adaptive filtering,
maximum mixture correntropy criterion, mean square deviation

I. INTRODUCTION

In broadband wireless communication scenarios, signal
transmission channel often exhibits sparse structure in time-
domain. It is supported by very few dominant coefficients
while most of the channel taps are zero [1]. Hence, it takes
a very important position to exploit the sparsity in channels
and estimate them accurately for realizing reliable wireless
communications. Due to their simplicity and easy implementa-
tion, adaptive filtering algorithms draw high attention to solve
the above sparse channel identification problems. In [2], the
proportionate-type algorithms were proposed to estimate the
channel parameters, where each channel coefficient is updated
in proportion to its estimated magnitude to exploit the sparse
information. Several methods were developed to improve the
proportionate-type algorithms [3], [4]. By adding different
penalty terms to the well-known minimum mean square error
(MMSE) criterion, researchers have proposed some effective
methods for sparse adaptive filtering, such as zero-attracting
LMS (ZALMS) [5], reweighted zero-attracting LMS (RZA-
LMS) [5], sparse recursive least squares (RLS) [6] and some
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other variants [7], [8]. Gui er al. [9] proposed a method
by incorporating the CIM (correntropy induced metric) into
RLS (RLS-CIM), where, with a small kernel width, the CIM
provides a good approximation to /y-norm and can excellently
exploit the channel sparsity.

In fact, the MMSE based algorithms provide a good perfor-
mance under Gaussian noise assumption, but will deteriorate
when facing non-Gaussian noises. However, non-Gaussian
noises are common in signal transmission channels because
of the impulsive property in man-made electromagnetic inter-
ference as well as nature noise. As is well known, maximizing
the correntropy can effectively suppress impulse noises [10]-
[13]. Therefore, it has great potential to introduce MCC to
combat the non-Gaussian noise in sparse channels. Ma et
al. [14] offered a robust sparse adaptive filtering algorithm
by combining the MCC with the CIM term called CIM-
MCC, which provided a very excellent performance on sparse
channel estimation with impulse noises.

Recently, Chen et al. [15] proposed the concept of mixture
correntropy and extended the MCC to MMCC (maximum
mixture correntropy criterion), based on which several learning
algorithms (ELMMMCC, KMMC and KRMMC) were devel-
oped to improve the performance against complex impulsive
noises. Inspired by this, we propose in the present paper a
new sparse adaptive channel estimation algorithm based on the
MMCC with a CIM penalty, named CIM-MMCC. Specifically,
the MMCC is adopted to improve the performance against
impulsive noises while the CIM item to exploit the channel
sparsity. We theoretically analyzed the mean performance of
the proposed algorithm. The convergence performance and
parameter sensitivity are studied in simulations under non-
Gaussian noises.

The rest of this paper is organized as follows. In Section
I, the preliminaries about the correntropy induced metric and
the mixture correntropy are revisited. Then, the sparse channel
estimation problem is modeled and the new adaptive filtering
algorithm CIM-MMCC is developed in Section III. The mean
performance analysis of the proposed method is shown in the
latter part of this section. Experimental results are presented
in Section IV. Finally, Section V gives the conclusion.



II. PRELIMINARIES
A. Correntropy and CIM

Given two random vectors X and Y, the correntropy is a
nonlinear similarity measure in the kernel space [16]:

V(X,Y) = E[x(X,Y)] = / R (X,Y)dFxy (o), ()

where E[-| denotes the expectation operator, (-, ) is a shift-
invariant Mercer kernel, and F'xy (z,y) represents the joint
distribution function. In pratical scenarios, the data distribution
is usually unknown and only a finite number of samples
{zi,y;}(1 = 1,...,N) are available. Thus, the correntropy
can be empirically estimated as:

K (zi,v:). ()
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The most widely used kernel in correntropy is the Gaussian

kernel: 9
) =G =ew -5z ) O

where e = x — y and o > 0 denotes the kernel width.

In this paper, a CIM based sparse penalty is applied to
develop an efficient sparse channel estimation algorithm. For
a better understanding, we briefly review the CIM below. In a
sample space of vector X and Y, the CIM is defined by [17]

\/ Go Y), )

Where G,(0) = 1 according to equation (3). It has been
proven that if elements |z;| > , where § is a small positive
number, then as ¢ — 0, with CIM we can get arbitrarily close
to the [p-norm of the vector X [17]:

CIM (X,Y)

2

X ||y ~ CIM? (X, (‘)’) - }vﬁ;l (1 —exp (—;%)) . (5)

Consequently, the CIM provides a good approximation to the
lp-norm of a vector and can be adopted as a desirable penalty
term to exploit the sparsity structure of a signal tranmission
channel.

B. Mixture Correntropy

As a nonlinear similarity measure, correntropy has been
successfully used as an efficient optimization cost in signal
processing and machine learning. For instance, the regression
problem can be solved by maximizing the correntropy V (or
minimizing the C—Loss: 1 — V) between the model output
and the desired response. The MCC has been shown to be very
robust against impulsive noises or large outliers [13], [14]. To
further improve the performance against complex impulsive
noises, a mixture correntropy was defined by [15]

M(X,Y)=eVy (X,Y)+(1—¢€) Vo (X,Y), (6)

where V; and V5 are two empirical correntropies with different
kernels, and ¢ is the mixture coefficient. With the mixture
correntropy, researchers proposed the maximum mixture cor-
rentropy criterion (MMCC) and adopted it to develope some

effective algorithms for adaptive filtering and machine learn-
ing. It was shown that adaptive algorithms with MMCC can
provide superior performance over those with MCC [15]. In
this work, we will utilize the MMCC to combat complex non-
Gaussain noises in the scenario of sparse channel estimation.

I1I. CIM-MMCC ALGORITHM
A. Problem Description and CIM-MMCC Algorithm

In many wireless communication applications, the signal
transmission channel can be modeled as a linear system like
a finite impulse response (FIR) filter, in which the observed
output signal is:

dp=WZI'X,, + vn, (7)

where X,, = [Ty pr41, Tn_pryo, -+ ,2n]7 represents the n-
th input signal, Wy = [wo1, Wz, - -+ ,woar|” is the channel pa-
rameter vector, v,, denotes the additive random noise variable,
and M is the size of the channel memory. It is assumed that the
channel parameters are real-valued with sparse structure, i.e.,
most of the channel coefficients will be set to zero. In many
pratical systems, the noise v,, is described as non-Gaussian
because of the impulsive nature in man-made electromagnetic
interference as well as nature noise.

To suppress the impulsive noises and exploit the sparsity
of the system as well, a new cost function by combining the
MMCC and the CIM is proposed as follows:

Joru-mmco = =M (G, dn) + ACIM? (W,,0),  (8)

where the weight factor A\ > 0 is a regularization parameter to
balance MMCC term and CIM sparsity term, and 9, =W X,
is the signal output estimate. Let e,, be the n-th instantaneous
error:

en:dn_yn:dn_Wana (9)

where W,, = [wn1,Wna," " ,wnM]T is the n-th channel
estimate. Substituting Eq.(4) and Eq.(6) to Eq.(8), we obtain

M )
A w2,
Jorv-mmec = 55 ) (1 — exp (— 203))
=

=
Cn € exp €n
1 ) ( ) ( 2‘ )

—eexp (— -0

Parameters oy, oo and o3 denote the kernel widths of the
MMCC and CIM, respectively.

In Eq.(8), the MMCC term plays a role to deal with
impulsive noises while the CIM term contributes to exploit
the channel sparsity. Based on the cost function Eq.(10), a
gradient-based adaptive filtering algorithm can be derived as
follows:

Wyyr =W, — M
= (I — pg (Wn)) W, +u(ef1 (en) Lofs(en))e an,(”)
where
2
M:a’f” fi(en) =exp _g ,
_ o‘?(lfe) . ei
="z > fa(en) =exp -3 ),
2 3 ,
p:’r]]\%\7 g(W) dlag 2exp< ;é)}



We use the parameter p as the step-size and p for weight
factor of the CIM. The proposed algorithm is summarized in
Algorithm 1.

Algorithm 1 CIM-MMCC algorithm
Initialize: p, p, €, 01, 09, 03, and W; = 0.
1: whilen=1,2,... do
2: Input: X (n) and d(n)
3: Update: e(n) =
4

d(n) — WgX(n))
filen) = exp(—52%)
5: falen) = eXP(**"z)
g g (W,) = ding { & oxp (~ ;“;g)}
7. Output: W1 = [I — pg(W)IW,, + ulefi(en) +

Spr(en)]enX’n
8: end while

B. Performance Analysis

In following, we theoretically analyze the mean convergence
performance of the proposed algorithm. First, several assump-
tions are presented below.

Assumption 1: The input signal {X,} is independent
and identically distributed (i.i.d.) with zero-mean Gaussian
distribution.

Assumption 2: The noise signal {v,,} is i.i.d. with zero-
mean and variance o2, and is independent of {X,}.

Assumption 3: The error nonlinearity fx(e,) (kK =1,2)
is independent of the input signal {X,,}.

Assumption 4: The {W,} and g(W,,) are independent
of the {X,,}.

Assumption 5: The expectation E(fx(es)) (k=1,2) is
limited.

Remark: Assumption 1 and Assumption 2 are commonly
used in adaptive filtering [18]. Assumption 3 is valid when
the weight vector W, lies in the neighborhood of the optimal
solution Wj.

The channel estimate weight error vector is

W, = Wy — W,,. (13)

Let the mean of W, be denoted by 517[/" = F Wn)
Substituting Eq.(11) and Eq.(12) to Eq.(13) yields

= Aan + PQ(Wn)WO - ,u[efl(en) + QOfQ(en)]Uanr

(14)
Taking the expectations on both sides of Eq.(14) and using the
independence Assumptions 1—4, we obtain

Wn+ 1

B (Wair) = B(40) E(Wa) + pE (g (W) W, (15)

where A,, is a diagonal matrix and its elements are

plefi(en) + Sﬁf2(6n)]zgu

Apparently, as long as the parameters for the CIM-MMCC
are set properly, every diagonal element of A,, satisfies the

(16)

a;; =1— — pg(wny)-

condition that 0 < a;; < 1, which guarantees the convergence
of the proposed algorithm.
When n approaches 400, we have:
E(Wao) = pE ((I = A4) 1) E(g (W) Wo. (1)

Then with the diagonal property of A,, we can deduce that

- ) 1
FE (Woo) =Wy — diag 3 Flaloe)) W,
9L N[‘»fl(eoo)""@fé(eoo)]
(18)

where o2 denotes the variance of X,,. By comparing Eq.(13)
with Eq.(18), it implies that

1

o Bgwin))
(7:26 plefi(eco)+of2(eco)]

E (W) = diag Wo. (19)

It’s obvious that FE (g(W)) is bounded. As a result,
E (W,,) will converge to E(W) as shown in Eq.(19) under
Assumption 5.

IV. SIMULATION STUDIES

To validate the performance of the proposed CIM-MMCC
algorithm, we intend to compare it with the other five algo-
rithms, including the LMP (least mean p-power) [19], MCC
[13], ZAMCC [10], RZAMCC [10] and CIM-MCC [10]. In
this paper, all the results are averaged over 200 independent
Monte Carlo runs. The parameter vector of the unknown time-
varying channel is set as

0 i#10
1 i:lO} n < 2000
0 171seven
Wo; = L iisodd } 2000 < n <3000 . (20)
—1 11iseven
1 i is odd } 3000 < n < 5000

In Eq.(20), ¢ = 1,2,..., M and M = 20 is the memory
size. The total samples are chosen as 5000 for a single
simulation test. We define the sparsity degree D, as:

N’I’LO’I’I*ZETO
Di=1— ——
M

where the N, o —zero 15 the number of the non-zero tap in Wy,.
Thus, the channel model defined by Eq. (20) has a sparsity of
0.95 during 1000 to 2000 iterations, then D, changes to 0.5
when the iterations are between 2000 and 3000, and it equals
0 (non-sparsity) after 3000 iterations.

To sufficiently manifest the performance of the CIM-
MMCC algorithm against non-Gaussian noises, two noise
models, including the Laplacian (finite variance) and the a-
stable (infinite variance), are considered in the following
Monto Carlo simulations.

Input signals { X, } are generated randomly according to the
standard normal distribution (N (0, 1)).

21



A. Channel Estimation under Laplacian Noise

Given mean value ¢ and the scale parameter 6, the proba-
bility density function (PDF) of the Laplacian noise is defined

b
' L (=g
fL(t):%eXp(— 7 )

For our simulaitons, this noise model can be defined as
VLaplacian = V(Cve)

The estimation performance is evaluated by mean square
deviation (MSD) standard which is defined as:

MSD(W,) = [[Wal[* = [Wo — Wy

1) Convergence behavior: We examine the convergence
of the proposed algorithm under noise which is modeled as
Viaplacian = V(0.0,0.5). Parameters for all the associated
algorithms are set as in Table I. Such a selection of the
parameters can ensure that all the six algorithms have almost
the same initial convergence rate.

(22)

(23)

TABLE I
PARAMETERS FOR SIX ALGORITHMS

Parameter Parameters for Algorithms
category m o1 D o9 o3 €,0
LMP(p = 1) 0.02
MMC 002 25
ZAMCC 0.02 25 0.002
RZAMCC 002 25 0.002 10.0
CIM-MCC 0.018 2.5 0.0005 0.02
CIM-MMCC | 0.02 25 0.0005 4.0 0.02 0.7

Remark: o in algorithms is set as o1 if o2 and o3 are unnecessary.

The average convergence curves in terms of MSD are
shown in Fig.l. One can find that the CIM-type adaptive
filtering algorithms, including CIM-MCC and CIM-MMCC,
track system changes quite well and achieve lower steady-
state MSDs in all the three phases of different sparse degree.
It is because the CIM term provides a better approximation
to lp-norm function than the ZA and RZA. Besides, the
proposed CIM-MMCC algorithm provides even lower steady-
state MSDs with almolst the same convergence speed than the
CIM-MCC. It means that the mixture correntropy provides us
a new approach to promote convergence performance.

2) Steady-state MSD performance: As shown in Fig.2, we
consider different 6 from 0.1 to 1.1 to produce distinctive noise
distributions and study the steady-state MSDs of six algorithm-
s. It is clear that: a) The steady-state MSD performances of all
the six adaptive filtering algorithms deteriorate with increasing
6. b) The CIM-MMCC dilivers the lowest steady-state MSDs
under all the noise distributions in this experiment.

B. Channel Estimation under o-Stable Noise

The a-stable model can provide heavy-tailed noises [20],
which occur frequently in communication as well as applica-
tions in other fields [21]. In this experiment, we will study the
performance of the new algorithm against the «-stable noise,
which is modeld by a characteristic function below.

fos (t) = exp {j6t — y|t|* [1 + jBsign (t) S (t,a)]}, (24)
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S(t,a) = {
where « € (0,2] is the characteristic factor, —oco < § < oo is
the location parameter, 3 € [—1, 1] is the symetric parameter,
and v > 0 is the dispersion parameter. The characteristic factor
o measures the tail heaviness of the distribution. Smaller o
makes heavier tail in Eq.(24). In addition, v measures the
dispersion of the distribution. The distribution is symmetric
about its location § when 3 = 0. In our simulations, the noise
vy, is modeled as Vo5 = V(a, 8,7, 9).

1) Convergence behavior: We consider the problem of
sparse channel estimation under impulsive noise model with



Vas = V(1.2,0.0,0.2,0.0). Parameters for all the algorithms
are the same as described in Table I. The average convergence
curves in terms of MSD are depicted in Fig.3. Convergence
performance of the six algorithms are similar to that under the
Laplacian noise, and the proposed CIM-MMCC still outper-
forms other algorithms in all the three phases.
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Fig. 3. Convergence performance of six adaptive filters.

2) Steady-state MSD performance: To further evaluate the
performance of the proposed algorithm, we conduct the sim-
ulations with different values of o € [0.5,1.0,1.2,1.5,1.8]
and v € [0.1,0.2,0.5,1.0, 2.0, 3.0]. As exhibited in Fig.4 and
Fig.5, all the six algorithms perform better with increasing
a (implies less heavy tail) and decreasing «y (implies smaller
dispersion), and the steady-state MSD curves of our proposed
CIM-MMCC are lower than other algorithms with all « and ~y
alternatives. This suggests that the proposed algorithm shows
superior robustness against impulsive noises with different tail-
heaviness or dispersion.

C. Parameter sensitivity

The kernel bandwidth o1, o9 and the mixture coefficient € in
MMCC play very important roles in the proposed algorithm.
It is necessary to study how the convengence performance
will be affected when these parameters are changed. All the
following simulations are conducted with the c-stable noise.

First, we investigate the influence of o; in terms of
the convergence performance under different distributions of
noise. Note that changing o; or o2 gives a similar behavior
of convergency performance. Alternatives for o; are set as
o1 € [0.5,1.0,1.5,2.0,2.5,3.0,3.5,4.0] and o9 = 2.5 is set
as a constant. Steady-state MSD curves are dipicted in Fig.6,
from which it can be found that: a) The lowest MSDs of
the proposed algorithm are obtained when o1=1.5 for all the
alternatives of « in this example. b) The MSD deteriorates as
the kernel size increasing from 1.5 to 4.0. ¢) The steady-state
MSD performance deteriorates significantly when kernel size
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Fig. 4. Steady-state MSDs of six adaptive filters under different o (Ds =
0.95).
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Fig. 5. Steady-state MSDs of six adaptive filters under different v (Ds =
0.95).

o1 decreases from 1.5 to 1.0, and then remains unchanged
while o7 continues to decline. Hence, choosing the suitable
kernel size is very important for the CIM-MMCC to achieve
desirable MSD performance as well as robustness against
different distributions of impulsive noise.

Next, convergence performance of the proposed algorithm
is studied when mixture factor e varies inside [0,1] with
different oo € [1.5,2.5,3.0] and constant o7 = 2.5. We
adjust the step-size u carefully in each simulation and ensure
that all simulations hold approximately the same convergence
speed (at the 300-th iteration). From Fig.7, we can conclude
that there is no monotonic trend for MSD performance of
the CIM-MMCC when € is changing for each o5. In this



Fig. 6. Steady-state MSDs of CIM-MMCC under different o1 and o (Ds =
0.95).

experiment, the optimal steady-state MSD is approached when
the mixture factor € is chosen between [0.6, 0.8] with o3=1.5.
This confirms that the CIM-MMCC does have the ability to
provide desirable MSD performance with the help of mixture
correntropy.
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Fig. 7. Steady-state MSDs of CIM-MMCC under different € and o2 (Ds =
0.95).

V. CONCLUSION

In this paper, a new robust adaptive algorithm for sparse
channel estimation is proposed based on the maximum mixture
correntropy criterion (MMCC) combined with the correntropy
induced metric (CIM) sparsity penalty term. We theoretically
analyse the mean convergence of the proposed algorithm.
Simulation results confirm the desirable performance of the

new algorithm under both Laplacian (finite variance) and
alpha-stable (infinite variance) impulsive noises.
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