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Abstract—In this paper, a self-organizing modular neural
network (SO-MNN) is proposed for nonlinear system modeling, in
which the modular structure and sub-networks are optimized to
improve the modeling accuracy and efficiency. First, the modular
structure is constructed by seeking the maximum modularity
degree of the whole neural network and the optimal hub center in
each sub-network. Simultaneously, the task is divided into several
sub-tasks. Then, according to the assigned sub-tasks, sub-
networks are constructed based on an incremental radial basis
function (RBF) neural network, whose performance can be
guaranteed by a structure growing mechanism and an adaptive
second-order learning algorithm. Finally, during the testing or
application processes, a winner-take-all strategy is used to
integrated all the sub-networks. The effectiveness of the proposed
methodology is verified by two benchmark problems and a real-
world application.

Keywords—Modular neural network, modularity optimization,
radial basis function neural network, nonlinear system modeling

I. INTRODUCTION

Modeling of nonlinear systems has always been a hot topic;
it is because a majority of systems are inherently nonlinear in
industrial processes [1-3]. And it is first and foremost to
establish accurate models for advanced control and
optimization. Although mechanistic modeling methodology
can provide the objective phenomenon explanation and physics
sense, it usually requires detailed knowledge. Furthermore, it is
generally difficult to guarantee the accuracy of the constructed
mechanistic models [4,5]. In recent decades, the rapid growth
of computation intelligence has offered a large quantity of data-
driven modeling methods for nonlinear systems [4-9]. Due to
the powerful learning ability and considerable generalization
performance, artificial neural networks tend to be the most
widely used approach for the state-of-the-art data-driven
nonlinear system modeling [10-13].

In order to build useful computational models by mimicking
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the structure and functionality of the human brain, artificial
neural networks have been widely and deeply investigated over
the last decades. Studies on brain suggest that the structural
brain networks exhibit highly modularity, which is the
underlying of some important properties, such as efficient
information passing, robustness, adaptability, and so on [14].
Thus, Jacobs and Jordan first introduced the modular structure
to artificial neural networks in [15]. Thereafter, modular neural
networks have been applied to handle complex problems due to
their powerful “dividing-and-conquering” ability[16-21].

With the aim to predict the dynamic behavior of complex
economic time series, Melin et al. proposed a hybrid modular
neural network, wherein the sub-networks were integrated
based on a fuzzy strategy[22]. In [23], a modular neural
network was constructed based on radial basis function (RBF)
neural networks, then it was verified by an exchange rates
forecasting problem. In [24], modular neural networks were
applied to identify dynamic nonlinear systems, and the
computational complexity was greatly reduced by
decomposing the whole system into several sub-systems. In
order to model time-varying systems, Qiao et al. [25] developed
an online self-adaptive modular neural network (OSAMNN),
which obtained considerable modeling efficiency and accuracy
on certain problems. In [26], a modular ridge randomized
neural network was applied to estimate the sea-ice thickness,
and experiment results presented its improved accuracy and
robustness. Aiming to identify the nonlinear relationship
between input and output variables which exhibited in most
physical systems, Baldacchino proposed a mixture of experts
model [27]. Modular neural networks are gradually showing
their excellent performance on nonlinear system modeling.

The construction or application of modular neural networks
mainly include three stages: task decomposition, sub-networks
design, and the outputs integration. And the performance of
modular neural networks are determined by those three stages.
For the first task-decomposition stage, clustering algorithms are
always utilized to divide a complex task into different sub-tasks,
while the number of the modules are decided[26,28,29]. As to
the sub-networks, feedforward neural networks tend to a



preferable choice due to their simple structures and good
generalization ability. At last, the integration of different sub-
networks depends on the decomposition methodology,
generally using a competitive or cooperative strategy. Although
modular neural networks can handle complex tasks well by
implementing dividing-and-conquering, there are still two open
questions:

1) How to decompose the whole task efficiently or construct
the optimal modular structure?

2) How to design the sub-networks to reduce the
computational complexity and guarantee the generalization
performance?

Consequently, a self-organizing modular neural network
(SO-MNN) is proposed to tackle the aforementioned two
questions. First, a brain-inspired modularity index is developed
to construct the modular structure, trying to find the optimal
number of sub-networks. At this stage, the whole task is divided
into several simple sub-tasks. Then, RBF neural networks are
applied to construct the sub-networks. An incremental structure
growing mechanism and a second-order algorithm work
together to guarantee the parsimony, learning ability and
generalization performance of both sub-networks and the whole
modular neural network. Since the task is divided into different
separate sub-tasks, a winner-take-all competition strategy is
utilized to integrate all the sub-networks during the testing or
application processes. The main contribution of this work are
as follows.

1) A modularity index deriving from the brain network is
developed to construct the modular structure, and the task can
be adaptively decomposed under different conditions.

2) A self-organizing RBF network is utilized to handle
separate sub-tasks and provides guarantee for the accuracy and
efficiency of the designed model.

The remainder of this paper is organized as follows. Section
2 reviews modular neural networks briefly. Then the SO-MNN
is introduced in details in Section 3. Section 4 demonstrates the
effectiveness of the SO-MNN through a series of experiments.
Finally, the paper is concluded in Section 5.

II. PRELIMINARY

A. Brief'introduction of modular neural networks

Since the modular neural network was first proposed in 1989,
it has been applied to many areas over the last three decades.
The core of modular neural networks is to divide a complex task
into several sub-tasks and then tackle each sub-task with a
separate sub-network. The typical structure of modular neural
networks is given in Fig. 1, which is composed of a task-
decomposition stage, a sub-networks stage, and an outputs-
integration stage.

Consider a task D contains a training data set
D={(x,»)|x eRY |y eRi=12,.,N} . In the task-
decomposition stage, the whole task D is divided into a series
of sub-tasks {D,D,,...D,,...,D,},(D, cD) based on a
decomposition method:

D, ={(x.7,)|x <R,

s

yeRLi=L2,.,N} (1)
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Fig. 1. The typical structure of modular neural networks.

where Dy is the sub-set that is assigned to the s-th sub-network,
and N denotes the number of data samples in this sub-network.
In general, clustering methods are the commonly used
decomposition method.

Then, sub-networks would be constructed in parallel based
on those assigned sub-tasks. Due to the simple structure and
achievable approximation ability, forward neural networks
such as the multilayer perceptron (MLP) and RBF neural
network are the prior choices for the sub-networks:

7, (x,.){w,.n(xi) @

where J; is the number of hidden nodes of the s-th sub-network,

fi(xi) denotes the activation function of this sub-network, and

¥,(x;) is the output calculated by the sub-network.

Finally, during the testing or application processes, when a
new sample (x, yr) is fed into the modular neural network, an
integration strategy should be used to obtain the final output:

A

=g (Fi(x)n 5 ()T, (x)) )
where J, denotes the actual output of the modular neural

network, and g(.) is the selective competition or cooperative
integration methodology.

III. THE SELF-ORGANIZING MODULAR NEURAL NETWORK

One of the most important organizational principles in brain
networks is the modular structure[14]. A module is
topologically defined as a region with several densely inter-
connected nodes which are relatively sparsely connected to
other regions. Moreover, there is a node that is highly connected
within each module, and it is called the hub[30]. Taking
inspiration from these properties of brain networks, a self-
organizing modular neural network (SO-MNN) is proposed in
this section.

A. Modularity index

In order to evaluate the modularity degree of the whole
network quantificationally, a modularity index is developed in
this work, including compactness and separation. A
compactness index Jc is developed to described the density in



each module, while a separation index Js is proposed to denote
the sparsity between different modules. Consequently, these
two indices can be utilized to seek the maximum modularity
degree of the network.

First, the compactness is calculated by the average density of
the whole SO-MNN, which is expressed as follows:

PZ[ Zexp - x”] 0

1=1

where P is the number of sub-networks, N; is the number of data
samples which are assigned to the /-th sub-network, #h;
represents the center vector of the hub in the /-th sub-network,
r; is the effect range, and x; denotes the input.

As for the sparsity between different modules, the Euclidean
distance between different sub-networks is utilized to design
the separation index:

P
JS:lZexp[ min d(h,,hq)}} (5)
P = seP,s#l

where d(h;, h;) is the distance metric between the /-th hub and
the s-th hub. Then, taking account of the compactness index and
the separation index, the modularity degree of the whole
network can be quantitatively measured by:

15[ 1 St )
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Zexp[ mln{ (hl,hs)}}

seP,s#l

Z[ Zexp . L xll]

I=1

Zexp[ min {d ()}

Thus, the design of modular structure in SO-MNN can be
achieved by maximizing the modularity index, which will be
described in details in the following section.

MQ:i—

(6)

B. Modular structure constructing stage

Initially, there is no sub-network in the second stage. When
the first training sample (x1, y1) is added into the network, this
sample is placed as the hub of the first sub-network:

h =x (7
where h; denotes the center vector of the first hub. Then, the
effect range is set based on the distribution of the samples. After
calculating the Euclidean distances between data samples, the
effect range can be obtained according to the largest distance:

fdmax’ 56[5’3] (8)
L=l ] ©

At time ¢, suppose there are / sub-networks in the second
stage. When a new sample x; is added into the task-
decomposition stage, find the hub /nin that is closest to the
newly adding sample:

. =arglvir(1l?.2){||xl—h } (10)

min s

If the sample is in the effect range of this hub, it would be
assigned to the /min-th sub-network. Then, to guarantee the
modularity degree of the whole network, using eq (6) to
calculate the modularity index under different conditions. And

MQ, .. refers to the modularity degree when keeping the
original hub, while MO, denotes the modularity while selecting

the #-th sample as the hub.
If MO, 2 MQ, , it means the /min-th hub is more appropriate

to be as the hub. Thus, only the effect range should be adjusted
to the largest distance between the /min-th and other samples:

ex b i=n2LN, (11)

7, —max{

‘min

Contrariwise, the #-th sample would replace the 0r1gina1 Imin-
th hub:
h =x, (12)

n —max{ —x”} i=12,. ,N (13)

‘min

On the other hand, if the sample is not at the effect range of
this hub, a new sub-network should be constructed:

h1+1 x (14)
’?Jrl é:dmmw 56[553 (15)

After all the training samples are sent into the network one-
by-one, the modular structure is evolved with the whole task
being decomposing into different sub-tasks.

C. Sub-network designing stage

During the modular structure constructing stage, the data set
D={(x,y,)|x,eR" |y eR"i=12,.,N} has been
divided into P disjoint sub-sets. To tackle the sub-tasks fast and
effectively, an incremental RBF network is applied to design
the corresponding sub-network, which is based on an improved
error correction (IErrCor) algorithm [11]. Take the s-th sub-
network for example, its output can be calculated by:

Hj(x)zexp(—"x—c.nz/of) (16)
y= ZW 0, 17

where ¢, is the activation functlon of the jth RBF node, ¢;is its

center vector, o; denotes the radius, and w; is the connection
weight between the RBF node and the output.

For RBF networks, sound learning performance is the
precondition of their applications, which can be quantitatively
evaluated by the root mean square error (RMSE):

E=\/N%§(,v(n)—y,, ) (18)

where N is the number of samples in the s-th subnetwork, while
¥(n) and y, denote the actual output and desired output of the

n-th sample. During the training process, if E(¢)>€, then a new

RBF node should be added to improve the learning
performance:



k=arg max {QESA (19)
Crow = Xi (20)

Wy = V(K) =y, 2y
0,,,=0.5min{dist (c,,.c,,,..)} (22)

where k refers to the sample with the instantaneous largest
residual error.

Each time an RBF node is added, an adaptive second-order
learning algorithm is used to adjust all the parameters [31]:

P+ =¥ - (QO+ANI1) " g (23)

where @ is the Quasi-Hessian matrix, A is the learning
coefficient; I is the identity matrix, g denotes the gradient
vector, and ¥ refers to all the parameters needed to be tuned:

P(0)=le, (1), (1), (1).0,(1). 03, (1),
w0, (8), W (2), W, (1), W, (2)]

To reduce the computation complexity and memory
requirements, quasi Hessian matrix and gradient vector are
transformed to the sum of sub Quasi-Hessian matrixes and the
sum of sub gradient vectors:

0()=>4,(®) (25)

n=1

2O=> "1, (26)

n=1

And the sub Quasi-Hessian matrix ¢,(f) and sub gradient

24

vector #, () can be obtained by:

q,()=Jj, (0J,®) @7
1, (0=7] (e, (1) (28)
where e, and j are given as follows:
€, =y, = ¥(n) (29)
de de de
= = 30
I Lcj 30, aw]} (30)

With differential chain rule, the Jacobian row elements in eq
(30) can be rewritten as:

de, ay(n) 2Wj9j (xn) X, —¢€; ||
ge, __ ) __ 31)
de; de; o
2
de, ) 2w (x,)]x, ¢
- - ! (32)
dJo; do; o;
de oy(n)
ow, ow, ) (%) (33)

In each sub-network, RBF nodes are located successively to
achieve the desired learning accuracy according to the assigned
sub-task.

D. The winner-take-all integration stage

Since the sub-networks have been constructed in parallel, a
winner-take-all decision strategy is applied in the integration
stage. When a testing sample x; is presented, only the sub-

network whose hub is next to the current input (in Euclidean
distance metric) will be allowed to take the final integration:
L =arg min {|x,~h} (34)

where the /i-th sub-network is the winner. Thus, the actual
output of the SO-MNN can be obtained by

.)7 t :.)7 Lot (35 )
It should be noted that the integration only works during the
testing or application processes of the SO-MNN.

s

IV. EXPERIMENTAL STUDIES

In this section, the nonlinear modeling ability of the proposed
method is evaluated by two benchmark problems initially. Then,
the tested SO-MNN is applied to a wastewater treatment
process. For simplicity and consistency, the parameter & is set

to i in the experiments. All the simulations were programmed
with MATLAB R2016a and were run on a PC with a clock

speed 3.6 GHz and 8 GB RAM, under a Microsoft Windows
10.0 environment.

A. Rapidly changing function approximation

In this experiment, sinE function is utilized to verify the

nonlinear modeling performance of the proposed SO-MNN:
y =0.8exp(—0.2x)sin(10x) (36)

There is a total of 4500 data points for this problem, with the
input x randomly distributed in the interval [0, 10]. Among
them, 3000 data points are chosen as the training samples, while
the other 1500 data points are taken as the testing samples.

During the modular structure constructing stage, the training
samples are decomposed into 3 sets, and each set contains 1443,
211, 1346 samples, respectively. Then, sub-networks based on
the incremental RBF networks are designed correspondingly.
The structures of the sub-networks are 1-10-1, 1-6-1, and 1-10-
1. Finally, the constructed SO-MNN is evaluate by the 1500
testing samples. The fitting curve and error curve are illustrated
in Fig2 and Fig.3, demonstrating the satisfactory
approximation ability of the proposed SO-MNN on this
function approximation problem.

0.8

Desired Outputs % Actual Outputs

0.6

0.4

0.2

e o R K
o A L
3

3
or

Output y

02-¥1 1% el 25 B 4l 3
0.4 %

06 1

08 L I L L I L L L I

Input x
Fig. 2. Testing results of the SO-MNN on sinE function approximation
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Then the designed SO-MNN are evaluated on the observations
for 5001 <t <5200, while the input is a sinusoidal signal given

by u(f) =sin(27t/25).
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Fig. 4. Identification results of the SO-MNN during the testing process

TABLE L PERFORMANCE COMPARISON ON SINE FUNCTION
APPROXIMATION

. Training Number Nm'nber Training Testing

Algorithms time(s) of of hidden RMSE RMSE
modules nodes

GAP-RBF 24.808* 1* 45% 0.0261* 0.0269*
ELM 0.590 1 100 0.1315 0.1352
ErrCor 22.120 1 20 0.0057 0.0056
OSAMNN 13.579 4 28 0.0217 0.0240
SO-MNN 11.246 3 26 0.0037 0.0039

Error

0.1

0.08

0.06 -

0.04

0.02

0

*: the results are presented in the original literature[20].

To further evaluate the performance of the proposed SO-
MNN, the results are compared with other popular algorithms
and modular neural network from the training time, the number
of modules, the number of hidden nodes, training RMSE, and
testing RMSE, which are listed in Table I. As can be seen, when
comparing with the single feedforward neural networks such as
GAP-RBF[32], ELM[33], and ErrCor[34], the SO-MNN shows
distinct advantages on the modeling accuracy. Although there
are 3 sub-networks in the SO-MNN, the number of hidden
nodes is still less than most neural networks. Besides, in
comparison with the OSAMNN, the SO-MNN presents
significant superiority on both the model structure and accuracy,
demonstrating the effectiveness of the proposed algorithm.

B. Nonlinear plant identification

This simulation evaluates the proposed method by a
nonlinear plant[25,35], which is described by the following
second-order difference equation:

e+ =g((0), ¥z =1) +u(?)
_ont 1)[y§t)+2.5]+u(t)
I+y () +y (=1

The goal is to generate a nonlinear mapping between the
input vector (u(¢), y(¢-1), y(¢)) and the output vector y(¢#+1). The
observations for 1 <¢ <5000 are used as the training samples,
and the input u(¢) is a random signal from the interval [0, 10].
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Fig. 5. Identification errors of the SO-MNN during the testing process

TABLE IL PERFORMANCE COMPARISON ON NONLINEAR PLANT
IDENTIFICATION

Training Number Number Training Testing

Algorithms time(s) of of hidden RMSE RMSE
modules nodes

MRANJ36] / 1* 22% 0.0371* 0.0271%*
SeroFAM % % «
35] / 1 27.8 / 0.0432
ErrCor 57.593 1 20 0.0270 0.0208
OSAMNN / 10* 40* 0.0336* 0.0206*
SO-MNN 19.485 4 28 0.0239 0.0204

*: the results are presented in the original literature[25];
/: the results are not listed in the original literature[25].

In this experiment, the SO-MNN is constructed with 4 sub-
networks. The testing results are shown in Fig.4 and Fig.5, and
both the fitting curve and the error curve demonstrate the
considerable identification accuracy of the proposed




methodology. Additionally, detailed comparisons between the
SO-MNN and other algorithms are listed in Table II. It is clear
to see that the SO-MNN can obtain the highest identification
accuracy among all the algorithms. On the one hand, the
comparison between the SO-MNN and the ErrCor
demonstrates the advantage of modular neural networks. On the
other hand, in compared with the OSAMNN, the proposed SO-
MNN achieves higher accuracy with a more compact structure.
All the results reveal that the SO-MNN can establish an
accurate model fast for this nonlinear plant.

C. Applications to the wastewater treatment process

In the wastewater treatment processes, some key water
quality parameters such as BOD and TN present challenging
difficulties in their fast and accurate measurements. Data-driven
soft-sensing techniques tend to an efficient way to obtain the
real-time measurements. Thus, after evaluating its nonlinear
modeling ability on the aforementioned benchmark problems,
the SO-MNN is applied to construct data-driven soft-sensing
models to realize the online measurement of the effluent BOD
and the effluent TN.

The simulation data was from a real wastewater treatment
plant in Beijing, China. After data preprocessing, 270 samples
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Fig. 6. Prediction results of effluent BOD concentration by SO-MNN

are utilized as training data, while the other 90 samples are
taken as testing data. Before constructing the soft-sensing
models, to reduce the computational complexity and improve
the model accuracy, the mutual information is applied to
measure the correlation between other variables and the effluent
BOD or the effluent TN. The mutual information between
different variables can be calculated by

1(X;Y)=> > p(xy)og

xe X yeY

p(x.y)
OO

where p(x,y) represents the joint probability density function
of X and Y, and p(x) and p(y) are the probability density
functions of X and Y respectively. After the mutual
information analysis, the influent TP, the effluent NH4-N, the
settling velocity (SV), the effluent oil, the mixed liquor
suspended solids (MLSS), and the influent oil are selected as
the input variables for the effluent BOD model. As for the

effluent TN model, the input variables are the influent water
temperature, the effluent water temperature, the effluent NH4-
N, the influent TN, the influent TP, and the MLSS.

Based on the training samples, the effluent BOD soft-sensing
model is constructed by 4 sub-networks with 18 RBF nodes. As
can be seen from Fig.6, the prediction curve can match the real
curve well. Additionally, the prediction errors are illustrated in
Fig.7. To realize the online measurement of the effluent TN, the
SO-MNN needs 2 sub-networks and 14 RBF nodes. The
prediction curve and error curve in Fig.8 and Fig.9 demonstrate
the considerable results of the proposed algorithm on this
application.

Furthermore, other algorithms are also used to design the soft
sensors, including the GAP, ELM, ErrCor, APSO-RBF[37],
and the OSAMNN, which are listed in Table III and Table IV.
In comparison with those single feedforward neural networks,
the SO-MNN obtains better performance by implementing the
dividing-and-conquering. Besides, when comparing with the
OSAMNN, the proposed algorithm also shows outperformance,
demonstrating the validity of the task-decomposing and sub-
network designing methods.
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TABLE IIL PERFORMANCE COMPARISON OF DIFFERENT ALGORITHMS ON
PREDICTION OF THE EFFLUENT BOD
aortims | T |V iiide | | T
modules nodes

GAP 17.528 1 48 0.5034 6.3787
ELM 0.362 1 100 0.8464 4.4621
ErrCor 6.612 1 19 0.2865 1.6276
APSO-RBF 64.625 1 25 0.4898 3.4130
OSAMNN 1.471 4 24 0.3292 1.5392
SO-MNN 1.011 4 18 0.2665 1.7046

TABLE IV. PERFORMANCE COMPARISON OF DIFFERENT ALGORITHMS ON

PREDICTION OF THE EFFLUENT TN
Ngoritms | Trning | NPT S Testing | Teving
modules nodes

GAP 27.031 1 60 0.6509 3.8732
ELM 0.274 1 100 0.9993 4.2524
ErrCor 5.721 1 16 0.4418 2.4910
APSO-RBF 36.480 1 20 0.8292 5.6000
OSAMNN 1.539 4 28 0.6089 2.9386
SO-MNN 1.116 2 14 0.4139 2.4600

V. CONCLUSION

In this paper, a self-organizing modular neural network was
proposed to construct efficient models for nonlinear systems.
With the aim to determine the optimal module number of the
SO-MNN, a modularity index was developed and worked with
the hub to construct the modular structure, which was inspired
by the structure feature in the brain networks. Simultaneously,
the task was decomposed into several separate sub-tasks. Then,
an incremental RBF neural network was applied to design the

sub-networks in parallel, guaranteeing the compactness and
generalization performance of the whole SO-MNN. Since the
sub-tasks were independent from each other, a winner-take-all
strategy was used to integrate them during the testing or
application processes. Finally, the efficiency and superiority of
the proposed method were demonstrated by a benchmark
simulation and a real-word application. In the future, to cope
with the changing working conditions during the complex
industrial processes, a dynamic integration strategy could be
proposed for modular neural networks to improve the modeling
performance.
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