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Abstract—Graph convolutional networks (GCNs) have 
been successfully applied to many graph data on various 
learning tasks such as node classification. However, there is 
limited understanding of the internal logic and decision 
patterns of GCNs. In this paper, we propose a layer-wise 
relevance propagation based explanation method for GCNs, 
namely GCN-LRP, to explore the latent pattern of GCNs. 
Then, we use three well-known citation network data sets and 
synthetic graph data sets for node classification tasks with 
GCN-LRP explanation, and experimentally identify latent 
attentions when GCNs aggregates information from the node 
and its neighboring nodes: (i) GCNs pay more attention to the 
classified node when comparing with its neighbors; (ii) GCNs 
do not pay attention to all the neighboring nodes equally, and a 
few neighboring nodes received more attention than others. 
Moreover, we further theoretically analyze and find that: (i) 
the latent attentions come from the recursively aggregating of 
GCNs; (ii) the neighboring nodes, which share enough 
neighbors with classified node, would receive more attention 
than other neighbors; (iii) the latent attention could hardly be 
changed by model training. We also discuss the advantage and 
limitations of GCNs introduced by the latent attentions, and 
implications of our findings for graph data learning with 
GCNs. 

I. INTRODUCTION  

Tackling learning tasks on graph-structured data usually 
need extracting representations from nodes’ features and 
graph structure. For this purpose, graph neural networks 
(GNNs) [1-8] compute new representations for each node by 
aggregating its neighbors’ feature vectors or representations. 
Inspired by convolutional neural networks (CNNs) 
successfully used in computer vision [9-10], researchers 
began to extend convolution operation onto graphs as an 
aggregation method. Most works were based on spectral 
graph convolutional neural networks (GCNNs) [11-12], and 
graph convolutional networks (GCNs) was introduced in [3] 
which applied some simplifications to the basic frameworks 
and improved model’s scalability and classification 
performance successfully. GCNs have been improved and 
applied to various application scenes [13-14].  

To explain how the input relevant to the decisions of 
deep neural networks, various explaining method have been 
proposed for deep networks [15-18]. For example, Class 
Activation Mapping (CAM) [16], Excitation Back-
propagation (EB) [17] and gradient-weighted CAM (Gard-
CAM) [18] have been proposed for understanding how the 

input data relevant to model’s decisions. Pope et al. 
summarize the explainability method for CNNs [19]. For 
graph neural networks, CAM, EB and Gard-CAM have been 
adapted to explain graph convolutional neural networks [20]. 
Besides the explaining works on the trained model, there are 
also some research on explaining the model training and 
generalization [21-26]. All these works provide insights to 
understand and improve the neural network models.  

To figure out how the prediction values generated from 
original input values, layer-wise relevance propagation (LRP) 
was introduced in [27], which brings the explainability about 
how input data support the prediction in the trained model. 
Comparing with other explaining methods [16-18], LRP 
gives a more detailed description of propagating the 
prediction backward in the neural network, and the outputs 
of LRP can be delivered to the neural network for producing 
almost the same prediction value as its inputs. To explain the 
model, LRP are something different for Euclidean data (e.g. 
image data) and non-Euclidean data [28-29] (e.g. graph data). 
For image data, we can use the outputs of LRP to observe 
and confirm pixel contributions. Since images are grid-
structured data in Euclidean space, the explaining outputs of 
LPR are only relevant to the grid value and learned weights. 
For graph data, the graph structure will also influence the 
output value of the explaining methods, so we could not use 
original LRP method to explain GCNs directly. 

In this paper, we firstly propose a new layer-wise 
relevance propagation based explaining method for GCNs, 
namely GCN-LRP. Then, we explore the latent attentions of 
graph convolutional networks using GCN-LRP explanation 
in three well-known citation network data sets and a 
synthetic graph data set. Moreover, we further theoretically 
analyze where the latent attention comes from and why this 
attention can hardly be changed by label information of data 
and model training, and we also discuss the advantage and 
limitations of GCNs introduced by the latent attentions. Our 
main contributions are summarized as follows. 

• We propose a new LRP based explanation method 
(GCN-LRP) for GCNs. It could explain the GCN 
model on feature level with the contributions of each 
feature from nodes on local group or category group; 
and explain the GCN model on node level with the 
contributions of each node.  

• With the GCN-LRP explanation, we experimentally 
identify latent attentions of GCNs: (i) GCNs pay
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more attention to the classified node when comparing 
with its neighbors; (ii) GCNs do not pay equal 
attention to all the neighboring nodes, and a few 
neighboring nodes received more attention than 
others.  

• With further theoretical analysis, we find that: (i) the 
latent attentions come from the recursively 
aggregating of GCNs; (ii) the neighboring nodes, 
which share enough neighbors with classified node, 
would receive more attention than other neighbors; 
(iii) the latent attention could hardly be changed by 
model training. 

• Our findings indicate GCNs would be more powerful 
when the characteristics of the learning tasks and data 
fit the latent attentions, and conversely, GCNs would 
be less powerful.  

The paper is structured as follows. In Section 2, we 
review the LRP method and the GCN model, then propose 
the GCN-LRP method for GCNs explaining. In Section 3, 
we describe our experiments on citation network data sets 
and the synthetic graph data sets with GCN-LRP explanation, 
and our findings about the latent attention pattern of GCNs. 
In Section 4, we further analyze and discuss where the 
attention pattern from and why it can hardly be changed by 
label information of data and training procession. We  
conclude the paper in Section 5. 

II. METHODS 

A. Explaining neural networks with LRP 

Layer-wise relevance propagation (LRP) [27] calculate 
each input neuron’s contribution to the activation in neural 
networks, and these contributions are propagated back layer-
wise as relevance scores. Because the layer-wise propagation 
relies on model structure and trained weights, LRP method 
explain how trained model treats all related input neurons 
when it makes decision. 

For the typical neural network layer without bias, the 
input vector of ݈  layer denote to be ܼ௟ , and LRP method 
usually define that the relevance score ௝ܴ௟  of neuron ℎ௝௟  as: 

   ௝ܴ௟ = ∑ ௔ೕ೗௪ೕೖ೗∑ ௔ೕ೗௪ೕೖ೗బ,ೕ ܴ௞௟ାଵ௞ , ௟ܣ = ൛ ௝ܽ௟ห݆ = 0,… ,݉ൟ,ܹ௟ ௝௞௟ݓ}= |݆ = 0, … ,݉; ݇ = 0,… , ݊}                                           (1) 
Where Σ௞ sums over the neurons related to neuron ℎ௝௟  in 

layer ݈ + 1 and Σ଴,௝ sums over the neurons related to neurons {ℎ௜௟ାଵ}  in layer ݈ . And LRP is subject to a conservation 
property, where what has been received by a neuron must be 
redistributed to the lower layer in equal amount. The layer-
wise conservation property which can be verify is ∑ ௝ܴ௟௝ =∑ ܴ௞௟ାଵ௞ , and by extension the global conservation property ∑ ܴ௜௟௜ =  .(ݔ)݂

There are some enhancements [30] of general LRP 
propagation rule (1), where one of the enhancements is 
adding a small positive term ߳ in the denominator: 

 ௝ܴ௟ = ∑ ௔ೕ೗௪ೕೖ೗ఢା∑బ,ೕ௔ೕ೗௪ೕೖ೗ ܴ௞௟ାଵ  (2) 

The role of ߳  is to absorb some relevance when the 
contributions to the activation of neuron ݇  are weak or 

contradictory [31]. We can control ߳  be larger to achieve 
explanations being sparser in terms of input features and less 
noisy. 

Another enhancement is favoring the effect of positive 
contributions over negative contributions: 

 ௝ܴ௟ = ∑ ௔ೕ೗ ∙ቀ∑௪ೕೖ೗ ାఊ௪ೕೖ೗శቁ∑ ௔ೕ೗ ∙ቀ∑௪ೕೖ೗ ାఊ௪ೕೖ೗శቁబ,ೕ ܴ௞௟ାଵ                 (3) 

The parameter ߛ  controls by how much positive 
contribution are favored. As ߛ  increase, negative 
contributions start to disappear, this helps to deliver more 
stable explanations. The original idea of treat positive and 
negative contribution in any asymmetric manner was 
proposed in [27]. And we can consider the generic rule: 

 ௝ܴ௟ = ∑ ௔ೕ೗ఘቀ௪ೕೖ೗ ቁఢା∑ ௔ೕ೗ఘ(௪ೕೖ೗ )బ,ೕ ܴ௞௟ାଵ                   (4) 

So, LRP produces relevance score of any input feature 
for the decision of trained model. 

B. Graph convolutional networks 

Let a graph G = (V, E, A). V, E, A are vertex set, edge 
set and adjacency matrix of graph G, Assume N=|V| be the 
number of nodes in graph G, we have attributes ܺ ∈ ܴே×ௗ 
and adjacency matrix ܣ ∈ ܴே×ே . In addition, we can 
calculate the degree matrix for this graph as ܦ௜௜ = ∑ ௜௝௝ܣ .  

Following the work in [3], each graph convolution layer 
constructs embedding for each node in graph according to ܺ௟ାଵ = (෩ିభమܺ௟ܹ௟ܦሚܣ෩ିభమܦ)ߪ , where ܺ௟ ∈ ܴே×ௗ೔  is the 

embedding at the ݈  layer and ܺ଴ = ܺ ෩ିభమܦሚܣ෩ିభమܦ ; is the 
normalized adjacency matrix with added self-connections 
and ܹ௟ is trainable weights. The activation function ߪ(. ) is 
typically set to be the ReLU. 

C. Explaining graph convolutional networks with LRP 

In this subsection, we describe the GCN-LRP 
explanation method. We could treat the process of layer 
relevance propagation on GCN as inverse process of forward 
reasoning through graph convolutional network. In the 
forward reasoning, first, each node ݅ calculates the weighted 
sum of all neighboring nodes’ representations, the weight for 
each neighboring node ݆ equals the value locate in the row ݅ 
and column ݆ of the normalized graph Laplacian ܮ. Second, 
each node transforms its representation by multiplying ܹ . 
So, as the inverse process, we assign relevance to 
components of node’s feature vector firstly, then we 
distribute the node’s relevance vector which be calculated in 
first step to all its neighboring node. 

If we treat 	ܦ෩ିభమܣሚܦ෩ିభమܺ as a whole part  ෨ܺ, then we have ܺ௟ାଵ = ,(௟ାଵܼ)ߪ ܼ௟ାଵ = ෨ܺ௟ܹ௟. It is just the same as typical 
neural network layer structure, so the first step is propagating 
relevance scores only in node’s feature filed just like the 
normal LRP method: ෨ܴ௝௟ = ∑ ௫෤ೕ೗௪ೕೖ೗∑ ௫෤ೕ೗௪ೕೖ೗బ,ೕ	 ܴ௞௟ାଵ୩ , ෨ܺ ௟ = ൛ݔ෤௝௟ห݆ = 0,… ,݉ൟ, ෩ܹ ෥௝௞௟ݓ}= |݆ = 0, … ,݉; ݇ = 0,… , ݊}                                           (5) 

Next, feature relevance scores of the classified node shall 
be propagated to its all neighboring nodes on the graph. 



According to the normalized graph Laplacian ܮ =  ෩ିభమܦሚܣ෩ିభమܦ
and ෨ܺ =  the propagating formula could be defined as ,ܺܮ
follow: ܴݒ௜௟ = ∑ ଡ଼ౡ೗ ௅∑ ௑ೖ೗బ,ೖ ௅୨ ,෪௝௟ݒܴ ௜௟ݒܴ = ൛ ௝ܴ௟ห݆ = 0, . . , ݊ൟ, ܺ௟ = ݆|௝௟ݔ} =0,… , ݊}                                                                              (6) 

The multiplication between ∑ ௑ೖ೗௅∑ ௑ೖ೗ ௅బ,ೖ௝  and ܴݒ෪௝௟  is the 

multiplication between the element in vectors, and the 
division between ܺ௞௟ ∑ and ܮ ܺ௞௟ ଴,௞ܮ  is division between the 
element in vectors.  

The GCN-LRP method to explain node classification 
tasks of GCNs is described in Algorithm 1. In Algorithm 1, 
we use (5) to calculate preliminary relevance scores of 
node’s features from Line 10 to 13. And we use (6) to 
calculate final relevance scores about this node’s all 
neighboring nodes features from Line 16 to the end, where 
we first find all neighboring nodes through ܮ, then propagate 
the relevance scores to all neighboring nodes in the graph. 
The output of Algorithm 1 is the relevance scores matrix ܴ଴ 
which includes relevance scores of features in all related 
nodes.   

In the spirit of open science and to promote 
reproducibility, we make our source codes publicly available 
on our project website (https://github.com/largeapp/gcn-lrp).  

III. EXPERIMENTS 

In this section, we apply our GCN-LRP method to 
explain GCN model on the citation network data sets, then 
analyze the output of GCN-LRP explanation in feature level 
and node level. And we construct synthetic graph data sets 
and design some learning tasks for further experiments. 

A. Experiments on citation network data sets 

1) Datasets: We experimented with three well-known 
citation networks data sets [31]: Citeseer, Cora and Pubmed, 
and their sparse feature vectors are generated from a 
synthetic list by using bag-of-words model, which represent 
whether the list words appear in a paper or not.  Even the 
original citation links are directed, we still treat the citation 
links as undirected edges. See [3, 31] for more details about 
these data sets. 

2) Experiment setup: We train a GCN model for semi-
supervised classification on citation networks data sets and 
use GCN-LRP to explain the trained GCN model. 

a) GCNs setup: We consider a two-layer GCN using 
in [3]. The middle layer size of this two-layer GCN are 16, 
and the middle layers activation function is ReLU and the 
output layer followed by a softmax classifier. Models are 
trained for 100 epochs using ADAM optimizer with 
learning rate 0.01. The models were implemented in 
Tensorflow, see [3] for more details about the model 
parameter. We split nodes to training, validation and test set 
with 1:3:6 in the experiments. 

b) GCN-LRP setup: The LRP propagation rule for 
middle layer is defined by (2) and for output layer is defined 
by (3). For propagation between nodes, we define the rule as 

(6). The top layer relevance scores are set to the top-layer 
activation, which we multiply by a label indicator [30]. 

3) Explanation experiments on feature level: GCN 
aggregates the feature vectors of the neighbors to represent 
the central node, and we use GCN-LRP method to compute 
relevance scores (i.e. contributions) of all the related nodes’ 
features for each node classification task.   

a) Feature contributions in local group: A local 
group is defined by a group of the nodes including the 
classified node and its neighboring nodes. We calculate the 
feature relevance scores for all nodes in each local group, 
then sum the scores for each feature in the same local group. 
We define a feature contribution vector for each local group 
(namely LG-vector), whose elements are the sum scores for 
each feature. 

b) Feature contributions in category group: A 
category group is defined by a group of nodes, which are in 
a same category, i.e. these nodes have a same label. We 
extract the most important features for nodes in each 
category group: (i) we calculate LG-vector for each node in 
the same category group; (ii) we calculate the mean value 
and standard deviation of all elements in each LG-vector, 
and we select all the features whose scores larger than the 
mean value added one standard deviation as the important-
feature for the classified node in same category group; (iii) 
for every feature, we count the frequency when the feature 
is the important-feature for each node, and then select these 
features whose frequency larger than the mean value of all 
the frequency as the category-special features. 



c) Effectiveness of GCN-LRP explanation: We 
validate effectiveness of GCN-LRP by occluding the 
salient features captured by explanation method. We 
occlude the features to observe the changing of 
classification accuracy in classifying nodes for each 
category. The occlusion is implemented by using zero-
mask, i.e., setting the selected features to zero while keeping 
the rest constant. 

The impact of category-special feature occlusion is 
shown in Figure 1. The feature occlusion leads to the 
classification accuracy of corresponding category an 
obviously fall, and the accuracy of corresponding category 
reaches nearly zero when the rate of occlusion reaches 40 
percent. The classification accuracy of other categories is 
not impact by the occlusion. The detail results of the feature 
occlusion in Cora are shown in Table 1. The baseline is the 
classification accuracy for each category with occlusion, 
and the following row contains the accuracy when we 
occlude the features of corresponding category.  

The results show that the category-special features 
captured by GCN-LRP are fidelity, i.e. these features are 
different enough between categories, therefore the occlusion 
of these features only affect the corresponding category. 
And the features captured by GCN-LRP also are complete 
enough, i.e. the occlusion of these features can lead the 
classification accuracy of corresponding category to drop to 
near zero. 

4) Explanation experiments on node level  
In the node level analysis, we define the norm of all the 

feature relevance scores of a node as the node contribution 
value. We transform the node contribution value to node 
contribution ratio (CR), through dividing the node 
contribution value by the sum of all the contribution value 
from nodes in local group. 

a) Comparing contribution ratio of classified node 
with other nodes: We calculate the median, mean, standard 
deviation of CR from all nodes in each local group, and 
calculate CR of classified node for every node classification 
task. We take average ratio over all classification tasks.  

The results are shown in Table 2, and the CR of classified 
node is always larger than the mean contribution ratio of all 
nodes in its local group, and it has over 72% chance to be the 
largest CR of nodes in all local groups from the three citation 
network data sets.  

b) Contribution ratio of neighboring nodes: We 
divided whole contribution interval (between the maximum 
value and the minimum value of contributions from all 
neighboring nodes) into eight subintervals, and we define 
the ratio of node number (RNN) for each subinterval as 
RNN=Ni/Nall, where Ni is the number of the nodes whose 
contribution value is in the subinterval, and Nall is the 
number of all neighboring nodes.  

We also define the ratio of node contribution (RNC) for 
each subinterval as RNC=Ci/Call, where Ci is the total 
contribution of the nodes whose contribution value is in the 
subinterval, and Call is the total contribution of all 
neighboring nodes. 

We take average RNN and RNC over all classification 
tasks in the Figure 2. The results show that besides classified 

node, there are only a few nodes have large contribution ratio, 
and many other nodes have very small contribution ratio.  

c) Findings and discussion on latent attention: Based 
on the above two contribution ratio experiments, we could 
find out: when GCNs aggregate node information in node 

 
 

 
Fig. 1. For Cora data set, the salient features of category 1 are 
occluded, compared for classification accuracy changing of category 1, 
category 0 and 4. For Citeseer data set, the salient features of category 
5 are occluded, compared classification accuracy changing of category 
5, category 1 and 3. For Pubmed data set, the salient features of 
category 2 are occluded, compared for classification accuracy 
changing of category 2, category 0 and 1. 

TABLE I. OCCLUSION FOR EACH CATEGORY IN CORA

Classification Accuracy 

Cate
gory.

1 

Cate
gory

.2 

Cate
gory.

3 

Cate
gory.

4 

Cate
gory.

5 

Cate
gory.

6 

Cate
gory.

7 
Baselin
e 

0.79 0.89 0.92 0.76 0.86 0.76 0.77 

Occludi
ng-F1 

0.18 0.84 0.99 0.80 0.90 0.78 0.73 

Occludi
ng-F2 

0.74 0.13 0.85 0.71 0.86 0.78 0.73 

Occludi
ng-F3 

0.77 0.86 0.15 0.53 0.91 0.76 0.61 

Occludi
ng-F4 

0.81 0.88 0.83 0.18 0.67 0.83 0.73 

Occludi
ng-F5 

0.61 0.82 0.97 0.55 0.25 0.77 0.93 

Occludi
ng-F6 

0.67 0.59 0.96 0.77 0.94 0.12 0.67 

Occludi
ng-F7 

0.47 0.85 0.94 0.77 0.96 0.69 0.22 

TABLE II.  NODE CONTRIBUTION RATIO 

Median 
CR 

Mean 
CR 

Std 
CR 

CR of Classified node 
(ratio of being the 
largest one) 

Cora 0.0843 0.0951 0.0459 0.1844 (72.1%) 
Citeseer 0.1867 0.1965 0.0607 0.2865 (72.2%) 
Pubmed 0.0384 0.0473 0.0294 0.1405 (84.5%) 



classification tasks, there are latent attention behavior 
patterns of GCNs as follows. 

• For the information aggregations of nodes, the 
classified node’s own information is attached more 
importance by GCNs, i.e. GCNs usually pay more 
attention to the classified node than the neighboring 
nodes. And the attention to the classified node has a 
high probability (above 72% in the experiments) to be 
the maximum from all related nodes. 

• In each node’s information aggregation, beside itself, 
neighboring nodes also are not treated equally by 
GCNs, where only a few neighboring nodes are 
received more attentions, and other nodes have very 
limited contribution for the classification. 

B. Experiments on synthetic data 

    In this subsection, we will validate these attention 
patterns are not generated from label information of data or 
training process, but from the latent mechanism of GCNs. 

1) Data and learning task: To further exploit the latent 
attention of GCNs, we construct the synthetic graph data 
and corresponding classification tasks. The synthetic graph 
data set is constructed by randomly setting 3000 nodes with 
one binary feature (one or zero), and all edges are randomly 
generated between these nodes, and we adjust the generation 
probability to control the graph density in the experiments. 
Then we present two labeling methods for nodes and 
corresponding classification tasks. For each node, we 
consider its all one-hop and two-hop neighborhood when we 
labeling it. 

• If the number of its neighbors’ feature being one 
more than the number of being zero, we set node’s 
label to be label-one, otherwise we set node’s label to 
be label-zero. And this labeling method correspond 
the classification task task-1. 

• We compute the sum of the neighborhood’s feature 
value. If the sum is an odd number, we set the node’s 
label to be label-one, otherwise we set node’s label to 
be label-zero. And this labeling method correspond 
the classification task task-2. 

For each classification task, we split nodes to training, 
validation and test sets as 1:3:6. Obviously, the task-1 and 
task-2 need the learning model (i) to treat all neighbor nodes 
equally when classify one node, because every 
neighborhood’s contribution for the label are equal; (ii) to 
pay less attention to classified node, because classified 
node’s feature not affect its label.  

We also construct two additional labeling methods based 
on task-1 for further experiments. 

• We add the classified node’s value to count the sum 
of number of one or zero in task-1, and for 
emphasizing classified node’s impact, when its value 
being one, we count it as three times of being one. 
And this labeling method correspond the 
classification task task-11. 

• For emphasizing few special nodes’ impact, we select 
the node sharing the largest number of neighborhood 
with classified node, and count it as three times when 

its value being one. And this labeling method 
correspond the classification task task-12. 

2) Experiment setup: We consider a two-layer GCN 
model whose receptive field just covers one-hop and two-
hop neighborhood and a three-layer GCN model whose 
receptive field covers a little bigger than one-hop and two-
hop neighborhood. The size of middle layer in two-layer 
GCN model is 16, and the size of middle layers in three-
layer GCN model is 16 and 4 respectively. The middle 
layers activation and other general learning parameters are 
same to the experiments on citation network data sets. For 
further comparing, we construct a typical full-connected 
neural networks (FCNNs) model with one hidden layer 
including 16 hidden neurons. Since FCNNs model can’t 
aggregate node’s neighborhood, we use one-hop and two-
hop neighborhood’s features as the classified node’s 
features. 

3) Results and discussion: In Table 3, both two-layer 
GCNs and three-layer GCNs are failed to classify the nodes 
in task-1 and task-2, while the FCNNs are successful to 
classify the nodes. Compared with task-1, GCN models 
greatly improve the accuracy of node classification in task-

TABLE III. COMPARISON ON CLASSIFICATION ACCURACY (IN 
PERCENT) 

Method task-1 task-2 task-11 task-12 
Two-layer GCNs 53.5 54.3 93.9 91.0 

Three-layer 
GCNs 

53.5 50.0 93.9 91.0 

FCNNs 100.0 100.0 100.0 100.0 

TABLE IV.  NODE CONTRIBUTION RATIO IN SYNTHETIC DATA 

Task median mean std CR of Classified 
node (ratio of 

being the largest) 
Task-1 0.1723 0.2122 0.1170 0.4400 (99.7%) 

Task-2 0.1783 0.2190 0.1240 0.4508 (100%) 

 

 
Fig. 2. For eight subintervals, left bar represents average RNN of 
each subinterval, and right bar represent average RNC of each 
subinterval. 



11 and task-12, where the classified node itself or its special 
neighbors are emphasized in these tasks.  

In Table 4, GCN models pay more attention to classified 
node than its neighborhood in task-1 and task-2, and the 
classified node has high probability to be the most important 
one in nodes from local group. 

As shown in Figure 3, RNN and RNC of each subinterval 
are different, and it means that GCN models could not treat 
the neighborhood nodes equally. 

IV. DISCUSSION 

A. Where the latent attention comes from 

In a layer of GCNs, any node's related row in normalized 
graph Laplacian drives it to aggregate its neighboring nodes’ 
information. This process iterates through layer superposing, 
and it increases each node’s receptive field to high-order 
neighbor. And this process also causes each node 
aggregating repeatedly its own information and some special 
neighbors’. For two-layer GCNs as an example, in the first 
layer, the classified node’s information could be collected 
once by its all neighbor, and in the second layer, all 
neighbors return back this part of information to classified 
node through this node’s aggregating. In this process, 
classified node’s information could be magnified. And for 
the same reason, the nodes that share enough neighbors with 
classified one can be magnified obviously. 

To simplify further theoretically analysis, we ignore the 
weights ܹ௟  and the activation function in each layer, only 
refer two times aggregation driven by normalized graph 
Laplacian, and we have: 

 ଶ݂௜ = ଵୢ౟ ଵ݂௜ + ∑ ଵඥௗ೔ௗೕ ଵ݂௝௝                            (7) 

ଷ݂௜ = ൬ ଵௗ೔మ + ∑ ଵௗ೔ௗೕ௝ ൰ ଵ݂௜ + ∑ ൬( ଵௗ೔ + ଵௗೕ) ଵඥௗ೔ௗೕ +௝ଵௗೕ ∑ ଵඥௗ೔ௗೖ௞ ൰ ଵ݂௝+. . .                                                            (8) Where	 ଵ݂௜, ଶ݂௜, ଷ݂௜ are the classified node’s input features, 
first-layer aggregation features and second-layer aggregation 
features respectively. The ଵ݂௝  is neighboring node’s input 
features, ݇  is the index of all shared neighboring nodes 
between classified node ݅ and neighboring node ݆. The two-
layer GCN consider both first-order proximity and second-
order proximity when aggregates node’s information. And ݀௜ 
is the degree of node ݅  or degree add one(if add self-
connections when use GCN), so in the unweighted graph, 
classified node’s information magnification scale 1 ݀௜ଶ⁄ +∑ 1 ݀௜ ௝݀⁄௝  is positive correlation with the number of its 
neighboring nodes, and this magnification scale is limited by 
the degree of its neighboring nodes. Neighboring nodes’ 
information magnification scale (1/݀௜ + 1/ ௝݀) ඥ݀௜ ௝݀⁄ +൫1 ௝݀⁄ ൯∑ 1 ඥ݀௜݀௞⁄௞  is mainly positive correlation with the 
number of neighboring nodes which share neighbor between 
themselves and the classified node, and this magnification 
scale is limited by the degree of the nodes sharing neighbors. 

With the superposing of layers, higher order neighbors 

are considered. When ignore the weights ܹ݈
 and activation 

function, for n-layer GCN, the ratio of GCN’s attention 

between classified node ݅ and its neighboring node ݆ is just 

the ratio between ݊ܮ(݅, ݅)  and ݊ܮ(݅, ݆) , where the ݊ܮ  is the 
normalized Laplacian to the power of ݊. 

In summary, the aggregation method and preferences of 
GCNs cause latent attentions before graph data training, and 
these latent attentions are limited by the trained graph data 
structure (e.g. degree of the neighbors of classified node, or 
degree of nodes that sharing neighbors with classified node).  

B. Why the latent attention can hardly be changed 

 Based on the above experiments and analysis, we could 
find that the nodes which are originally received more 
attention by GCNs (before training), are still important from 
the output of GCN-LRP explanation in trained model (after 
training), whatever the label information of data and tasks 
are fit enough to latent attentions (e.g. citation network 
experiments, and task-11 and task-12) or not (e.g. task-1 and 
task-2).  

To simplify further analyze why the latent attention can 
hardly be changed, we consider the layer weights ܹ௟  of 
GCNs, and the weights of all layers can be considered as one 
transform weight matrix ܹ. And then we define the question 
as: for any node classification task, what kinds of weights 
that we get after training can smooth initial latent attention 
between the classified node ݅ and its neighboring node ݆. We 
define the smoothing as balancing the output attention, 
which means contribution ratio between classified node and 
its neighboring node is 1:1 or less. Considering contributions 
of the node as the ܮଶ  norm of node’s feature contribution 
vector, so the question can be translated to: for one classified 
node ݅  and its neighboring node ݆ , assuming their feature 
contribution vectors are ܺ and ܻ, what kinds of weights can 
keep a high probability to transform the ratio ݕ/ݔ between 
the norm of  ܺ and ܻ is 1:1 or less. For example, in two-layer 
GCN, ݔ  is 1 ݀௜ଶ⁄ + ∑ 1 ݀௜ ௝݀⁄௝ , and ݕ  is (1/݀௜ + 1/ ௝݀) ඥ݀௜ ௝݀⁄ + ൫1 ௝݀⁄ ൯∑ 1 ඥ݀௜݀௞⁄௞ : 

              ௫௬ = ଵ ௗ೔మ⁄ ା∑ ଵ ௗ೔ௗೕ⁄ೕ(ଵ/ௗ೔ାଵ/ௗೕ) ඥௗ೔ௗೕൗ ା൫ଵ ௗೕ⁄ ൯∑ ଵ ඥௗ೔ௗೖ⁄ೖ               (9) 

For ∈ ܴ௡×௠ , consider its singular value decomposition 
(SVD) ܹ = ܷΣ்ܸ  and the left singular matrix ܷ =( ଵܺ, ܺଶ, … , ܺ௡) . All ܺ௞  in {ܺ௞|1 ≤ ݇ ≤ ݊}  are mutually 
orthogonal, and because of ்ܷܹ =( ଵܹܺ, ܺଶܹ,… , ܺ௡ܹ) = Σ்ܸ, all ܺ௞ܹ which in {ܺ௞ܹ|1 ≤݇ ≤ ݊}  are mutually orthogonal. We assume that with 
multiplying by matrix ܹ, the norm scaling factors for basis 
vectors {ܺ௞|1 ≤ ݇ ≤ ݊}  are {ݓ௞|‖ܺ௞ܹ‖௠ = ௞ݓ ∙

 
Fig. 3. Bar charts for the relations between the number and 
contribution of nodes in interval. 



‖ܺ௞‖௡, 1 ≤ ݇ ≤ ݊}. Any feature contribution vector can be 
described by standard basis as ܺ = ܽଵ ଵܺ + ܽଶܺଶ +⋯+ܽ௡ܺ௡, so we have its norm change ratio between ܹܺ and  ܺ: 

 
‖௑ௐ‖೘‖௑‖೙ = ට௪భమ௔భమା௪మమ௔మమା⋯ା௪೙మ௔೙మ௔భమା௔మమା⋯ା௔೙మ               (10) 

Assumingܻ = ܾଵ ଵܺ + ܾଶܺଶ + ⋯+ ܾ௡ܺ௡ , and we have 
the ratio between ܻܹ and ܹܺ : 

 
‖௒ௐ‖೘‖௑ௐ‖೘ = ට௪భమ௕భమା௪మమ௕మమା⋯ା௪೙మ௕೙మ௪భమ௔భమା௪మమ௔మమା⋯ା௪೙మ௔೙మ                (11) 

For any ܹ to smooth the initial attention unbalance, the 
corresponding {ݓ௜|1 ≤ ݅ ≤ ݊} should make (11) be larger or 
equal to (9) when ܣଶ = (ܽଵଶ, ܽଶଶ, … , ܽ௡ଶ)  is close to ܤଶ =(ܾଵଶ, ܾଶଶ, … , ܾ௡ଶ)  (since neighboring nodes’ features are 
similar). In other words, for the set ܰ = ,ଶܣ} ,ଶܤ … } in the 
nonnegative orthant of ݊ dimensional space, the model need 
find a vector ݓଶ = ,ଵଶݓ) ,ଶଶݓ … , (௡ଶݓ , which make inner 
product with some close vector pair in ܰ and ensure the ratio ඥ(ݓଶ, (ଶܤ ,ଶݓ) ⁄(ଶܣ , can be bigger than the ratio ݕ/ݔ  as 
many as possible. It’s obvious that if the neighboring node 
pairs distance’s upper limit ݈  be smaller or (9) be larger, 
finding the ݓଶ  will be more difficult, i.e. changing node 
attention can be harder for GCN in training. Actually, the 
value of ratio (9) is one order higher than the distance 
between neighboring node pairs (e.g. in Cora data set, the 
mean value of (9) is 25.94 and the mean distance between 
neighboring node pairs is 0.30). It means the space for model 
learning a weight matrix which can smooth latent attention is 
very limited. Assuming all vectors in ܰ evenly distributed on 
the unit hypersphere in nonnegative orthant of ݊ dimensional 
space, and the included angle between ܣଶ and ݓଶ are ߙ, and 
the included angle between  ܤଶ and ݓଶ are ߚ, then (11) can 

be ඥܿߚݏ݋ cos ⁄ߙ , considering neighboring node pairs 
vector’s included angle less than ߠ (e.g. in Cora data set, ߠ is 
0.02 meanly, and the max ߠ  is 0.25), so the root of ratio 
between ܣଶ and ܤଶ can be: 

(ߚ)݂                                = ට ୡ୭ୱ	(ఉ)ୡ୭ୱ	(ఉାఏ)                             (12) 

Take ߠ = 0.25 for example, if ݓଶ locate in the middle of 
the orthant, ߚ must be less than ߨ 4⁄ , and ݂(ߚ) is less than 
1.17, almost negligible  to the mean value of ratio (9) in Cora. 
And following ݓଶ  move approach to coordinate axis, the 
upper limit of ߚ raises. And only when ߚ can be larger than 5ߨ 12⁄  can approach the mean value of ratio (9) in (ߚ)݂ ,
Cora, and in means ݓଶ must be near coordinate axis, i.e. the 
space for ܹ to be learned by training is very limited if model 
want to smooth the latent attention. Even if the ݓଶ is close to 
coordinate axis after training, only node pairs both have the 
included angle larger than 5ߨ 12⁄  with ݓଶ can be smoothed 
latent attention. It means for smoothing initial latent attention, 
not only the weight ܹ is hardly to be learned, but also the 
distribution requirements of nodes’ feature vector are very 
strict. 

C. The advantage and limitations of GCNs introduced by 
latent attentions 

 In this subsection, based on the findings of latent 
attentions, we discuss the advantage and limitations of GCNs 
in term of training data and learning tasks.  

 The latent attentions bring naturally unbalance of initial 
node attention, since usually only a few nodes are 
emphasized. In the dense graph where ݇ is closed to ݆ in (8) 
or deep GCN [14] which superpose enough layer, this initial 
node attention can be more balance, but it could bring the 
problem of being over-smoothing [32]. Therefore, when the 
label information of data and classification tasks fit the latent 
attention patterns, GCNs would be more powerful for 
training and generalization; when the tasks are different with 
the latent attentions of GCNs, or the tasks need model treat 
nodes more equally, e.g. task-1 and task-2, the latent 
attentions could bring difficulty for training and be a burden 
to generalization for GCNs. 

For example, in two-layer GCNs, if the tasks need to 
aggregate more information from the neighboring node 
which shares less neighbor with classified nodes, GCNs 
would be not good at the tasks, because the neighboring node 
shares enough neighbor with classified node would be 
important for the information aggregation. What’s more, 
since the latent attention can hardly be change by after 
training, the trained models are difficult to be better.  

V. CONCLUSION 

 In this paper, a new LRP based explanation method 
(GCN-LRP) for GCNs was proposed, and then GCN-LRP 
was applied to citation network data sets and synthetic graph 
data sets to explore the latent attentions of GCNs. With the 
experiments, it was found that the classified node and a few 
special neighbors would receive more attention than other 
nodes. With further theoretical analysis, it was found that the 
latent attentions come from the recursively aggregating of 
GCNs and the attentions could hardly be changed by model 
training. Based on the findings of latent attentions, the 
advantage and limitations of GCNs were discussed from in 
term of training data and learning tasks. Moreover, our 
findings indicate GCNs would be more powerful when the 
characteristics of the learning tasks and data fit the latent 
attentions, and conversely, GCNs would be difficult for the 
learning tasks.  
 In the work presented here, the data sets are limited to the 
citation networks and the synthetic graph data--it would be 
important to further explore the latent attentions in other data 
sets. Future work should focus on further exploring and 
analyzing the internal patterns of graph neural networks 
taking advantage of our explanation methods and findings.  
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