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Abstract—Neural Networks have long been a mainstream
technique to solve optimization problems. A classic example is
the Travelling Salesman Problem (TSP) which NP-hard. Using
a Hopfield-Tank representation, an n-city problem is mapped
to a cost function of n? interacting neural units. Stochastic
gradient descent helps achieve the global minima. Due to the
nature of the TSP problem, the cost function has to penalize
invalid sub-routes (non-Hamiltonian cycles) and minimize the
travel cost simultaneously. In addition, there is a starting point
and travel direction associated ‘2n’ degeneracy. Previously, a
cellular neuronal approach was proposed where the neural units
were replaced with oscillators. The phase relations determined
the output solution. Multiphase clusters of these oscillators
solved the degeneracy issue. This paper proposes an n-oscillator
cost function for an n-city TSP. Since a group of single-
frequency oscillator phases are naturally ordered and circular
in a system, the proposed method exploits the true potential of
oscillator nodes. The sub-routes and degeneracy are eliminated
by design in addition to massively increasing the scaling
potential (n vs. n?). It was also found that the proposed n-
mapping can converge to the optimum tour much faster (about
100 times for a 5-city problem) than for n? mapping. Our
approach projects hardware efficiency in terms of area
footprint, computation time and energy. With coupled single
device-based compact nanoscale oscillator systems becoming
increasingly viable in hardware, efficient cost function
mappings of hard problems using oscillator phases, as shown
here, is critical to solving large graphical optimization problems.
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I. INTRODUCTION

Algorithmically challenging problems are the ones that do
not have a time-efficient method of arriving at the solution on
a Boolean logic based sequential microprocessor. The solution
space for such problems usually scales exponentially or
factorially. In many cases, the exact solution can only be
found by a brute force scan of this extensive solution space.
Many optimization problems belong to this category. The
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Max-Cut, Vertex Coloring and Travelling Salesman Problem
(TSP) are all examples of NP-complete problems [1], [2].
They are mathematical and graphical abstractions of real-life
business and personal level decisions about scheduling,
routing and component allocation [3].

In particular, the objective of an n-city TSP is to find the
minimum Euclidian distance cycle (closed loop) which visits
each city exactly once. There are n! tours among which the
optimal tour length is to be found. In addition, there is a ‘2n’
degeneracy in the tour lengths related to the starting point
ambiguity (in a circular tour — any point can be the starting
point for minimum cost) and the direction of tour traversal (in
a circular tour — forward and backward travel will not change
cost). Accounting the redundancy reduces the effective search
space to be (n — 1)!/2. There have been numerous attempts
to solve the TSP. Exact algorithms often relied on the solving
the integer linear programming formulation which were
among the first to be proposed for the TSP [4]. Most state-of-
the-art digital computer solvers today are based on branch and
cut algorithms [1], [4], [5]. There are many heuristics like the
Lin-Kernighan  heuristic, the  Polynomial = Time
Approximation Scheme (PTAS) or the Elastic Nets method
which offer a trade-off between the “goodness” of the
polynomial time complexity and the quality (how close to
optimal) of the solution guaranteed [3], [5]-[8]. Nature
inspired optimization algorithms like ant colony optimization
and genetic algorithms have also been explored extensively

[9], [10].

Neural networks offer an alternative platform to the TSP’s
solution. Artificial neural networks are powerful for parallel
processing of numerous inputs. Hopfield networks are well
known for attaining local minimum and are thus utilized for
pattern recognition starting from corrupted images [11], [12].
For achieving the global optimum, as is the requirement for
the TSP, stochastic Hopfield networks or Boltzmann



Machines have become very popular [1], [2], [13]. They
perform stochastic gradient descent in simple fully connected
networks of neurons (first component in Fig. 1). Gradually
diminishing stochasticity or Simulated Annealing is a critical
success enhancer in these networks [14]-[16]. It has been a
popular belief that the upcoming Neuromorphic hardware
utilizing memristor based neurons and synapses can allow
Boltzmann Machines to solve optimization problems at
“never before seen” speeds [2], [17].

Efficient
Solutions to TSP
Optimization

Oscillator Phases
Mapped Cost =
Functions

Stochastic Gradient
Descent Neural |4
Networks

Fig. 1. Oscillator phase based stochastic gradient descent neural networks are
key for efficient solutions to TSP optimization

A critical step in solving the TSP, before one can configure
a circuit for the same, is mapping the problem constraints to a
cost function of the neural units. Oscillations have been a
recurring theme in these cost functions (second component in
Fig. 1). In 1990, Wells [18] had demonstrated the
development of traveling waves in the activation neuron
ensembles which visited the degenerate solutions in a periodic
manner. This solution used the conventional Hopfield-Tank
cost mapping which makes use of n2-units to encode n-city
TSP [12]. The energy function had syntactic constraints which
enabled valid tours (Hamiltonian cycles) and distance
constraints to optimize tour lengths. Developing this idea, in
2009, Duane [16] replaced the neural activation units with
oscillator nodes and encoded the problem in the relative
phases of these same-frequency oscillators rather than the
voltage levels of the oscillating neuron output. Although the
energy function still used n? oscillators for an n-city problem,
the degenerate solutions, rather than appearing temporally,
were all obtained at the same time as multiphase clusters.
However, the requirement of n’ units is a severe limitation to
hardware realization of such networks and is resource
expensive especially for large problems. It is worthwhile to
mention that an n neurons digital neural network for an n-city
TSP has been reported earlier [19] however it did not utilize
oscillator phases for network modelling which, as outlined in
this paper, can offer several advantages in capturing the
problem constraints efficiently.

Coupled networks of compact device level oscillators are
becoming increasing feasible in hardware implementation
[20]-[22]. Simpler problems with fewer constraints like the
vertex coloring and pattern recognition have already been
demonstrated on either silicon chips or special memristor
arrays (23], [24]. With the hardware promise of upcoming
coupled oscillator circuits and the natural link between the
TSP constraints to oscillator phase-based cost functions, a
more effective cost function can have far reaching
consequences.

In this paper, we propose an n-oscillator phases mapping
where the structure (ordering of oscillator phases) encodes the
syntactic constraints directly. This simplified cost function
results in a substantial contraction of the solution space. We
discuss the two oscillator mappings, n? (previous baseline)
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and n (proposed) and compare their performance. The
reduction in oscillator nodes could offer massive
improvements in the area footprint, time to converge and
energy of computation, which are discussed thereafter.

II. OSCILLATOR COST FUNCTIONS FOR TSP

The general technique to solve the TSP using a network of
oscillators involves mapping the problem constraints to an
energy function of oscillator variables [16]. The oscillator
dynamics should ensure that the energy function minimizes
monotonically with time. This criterion describes the
analytical nature of the function f which governs the
oscillators’ time evolution. However, the energy can reduce
and get stuck in local minima in energy. Hence, we need a
controllable source of phase noise to these oscillators since the
solutions are encoded in relative phases of these oscillators.
The technique of simulated annealing (SA) is one in which the
initial noise source is sufficient to randomize the configuration
altogether but reduces over time to eventually arrive at the
global optima of the energy function [16]. An example of the
TSP is shown in Fig. 2(a). The circuit schematic for the
discussed general technique is shown in Fig. 2(b). This
technique is discussed explicitly for two energy function
mappings in this paper. The n? oscillators mapping which has
been published earlier [16] and inspired from the well-known
Hopfield Tank representation of the problem and, the new
proposed n oscillator mapping which exploits the natural
phase ordering of oscillators in a system of same-frequency
oscillators.
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Fig. 2. (a) Travelling Salesman Problem: The problem definition has the city
locations as the input. The problem constraints are mapped to an energy
function, L of N oscillators (N could be different from n). Monotonic
optimization of L over time can be achieved by a specific time dynamics f of
the set of oscillators. (b) The network schematic to realize the time dynamics
dictated by f. A controllable noise source is required to achieve simulated
annealing. Simulated Annealing (SA) element adds controllable stochasticity
to voltage-controlled oscillator (VCO) phases

A. n? oscillators mapping (Type I)

This representation makes use of an n X n matrix of coupled
oscillators as described in detail in [16] and presented here
briefly as the state-of-the-art. A column represents position
(e.g. 1-5) in the tour, while row indicates the city names (e.g.
A-E) — as shown in Fig. 3(a). As all oscillators have the same
frequency, their relative phase information encodes the
solution. A tour is represented a set of oscillators that have the
same/similar phase on the phase circle as shown in Fig 3(b).
For example, 1A, 2E, 3B, 4C, 5D is a tour which has the same
phase (color yellow) on the phase circle. A tour is assigned the
same color. A valid tour in this representation is one in which
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Fig. 3. (a) n X n matrix of oscillators: Colors represent distinct phases. Black
arrows denote the repulsion between phases caused by different terms of the
energy function, L. (b) The settling phases clustered at roots of unity
corresponding to the valid tours in (a). (c) Qualitative energy profile with
peaks and valleys (which can consist of both valid or invalid tours) as a
function of the all possible phase configurations which can be 5% states.

no two oscillators in a row or in a column are in phase which
represents the constraint that every city occurs exactly once in
a tour. Thus, tours with cities missed or cities repeatedly
visited are invalid and need to avoided. For each oscillator,
there is only one oscillator in every other row and column
which is in the same phase. An example is depicted in
Fig. 3(a). Fig. 3(b) yellow cluster denotes AEBCD(A) tour.
Other color clusters are the same tours with different starting
cities and have the same tour length (degenerate solutions).

In order to solve the TSP, the following energy function,
L was used [16] in terms of the oscillator variables, z;; =

|Zij|ei¢zij:
Zi n 2
L= 4% (|zyl" - ) + B <| ’|> -1
Zij
R I 2 S i i N i
|Zl]| |Zij’| |Zl]| |Zl}|
Zij 2y )1 >
+EZ~Z'Z-1d~1Re T (1)
R (|Zij||Zi+1,j’|

The term with parameter A tries to bring oscillators to the unit
circle. The term with parameter B tries to cluster oscillators at
the locations of the roots of unity in an effort to evenly
distribute clusters on the phase circle akin to roots of unity.
The terms with parameters C and D try to repel oscillator
phases that lie within a row or column (vertical/horizontal
black arrows in Fig. 3(a)). These terms with parameters C and
D are called the syntactic constraints because they minimize
the energy for a valid tour. These energy penalties dissuade
the system from preferring the invalid tour states. However,
the system does visit such invalid tour states as they are not
exactly “forbidden” by design. The example of wvalid
degenerate tours in Fig. 3(a) is also plotted on the phase circle
in Fig. 3(b) to show the effect that the syntactic constraints try
to achieve in the solution. n unique oscillators are clustered at

978-1-7281-6926-2/20/$31.00 ©2020 IEEE

a)

Positions

©0000

Each city is at a root of unity
and the phase order describes
the optimal TSP solution.

c)

Longer tours

Energy

Shorter tours

l Configurations — 5%

Fig. 4. (a) n oscillator mapping: Colors represent distinct phases and position
in a tour. Oscillators mapped to cities can settle at different positions (phases),
(b) n oscillators network represented on a unit phase circle with each
oscillator having phases at distinct roots of unity. (c) Qualitative energy
profile with peaks (longer tours) and valleys (shorter tours) as a function of
the all possible phase configurations which can be 5° states.

each root of unity which follow the row-column exclusivity.
The last term with parameter E represents the distance
minimization constraint for cities visited in consecutive order
in a tour (angled black arrows in Fig. 3(a)). The following
oscillator dynamics ensure that the energy function defined
earlier minimizes monotonically with time:

dz;; 2 n2 (2 "_ _Z'*' '
ij Y [ ij - .
- = 2A (lzul 1)ZU ZIZ;]- [(lzij|> (lzij|> ]

C [ ZL']'Zi*]" Z]/
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* *
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Assuming any oscillator can settle at one of the 5 roots of
unity in the example of Fig. 3(a), the possible configurations
to choose from are a staggering 5% states as shown in the
qualitative energy profile in Fig. 3(c) — which have many local
minima in addition to a global minimum. Starting from
arbitrary initial phases, the oscillators governed as described
above rarely reach the optimal TSP tour or even valid tours as
the system may get stuck in local minima due to monotonic
energy reduction. A slowly decaying phase noise is added
over the deterministic dynamics to allow the occasional
escape from the local minima and to eventually arrive at the
global minima. If the noise is decayed slow enough,
significant probabilities of ending up at the optimal TSP tours
can be observed.



B. n oscillators mapping (Type I1I)

Instead of using the above described n X n matrix of
oscillators, a mapping to just n coupled oscillators is more
suitable for representing tours in a graph. The relative phase
ordering of these cities denotes a valid tour. Again, the
oscillator variables are complex numbers, z; = |zi|e‘¢zi
with i = 1,2,3 ..., n. Fig. 4(a) shows a typical output solution
in this mapping for a 5-city problem. The n-mapping model,
hence, uses n oscillators which correspond to the n cities of
the problem, and with all oscillators having the same
frequency. The oscillators occupy different roots of unity
positions and the ordering specifies the tour, AEBCD(A), in
this example (Fig. 4(b)).

In order to solve the TSP, the following n -oscillator
energy function is proposed in this work:

()
|z

2

2
L= A'Ei(lzilz - 1)2 + B’Ei

2
Z,‘_ZT 0.5

The first term with coefficient A’ causes the magnitude of
z; to be unity or makes the phases settle on the unit circle. The
second term with coefficient B’ forces the oscillators to
converge at phases equal to any one of the n roots of unity
and the third term with coefficient F' prevents more than one
oscillator from converging to the same phase value. These
syntactic constraints together allow unambiguous reading of
the tour. The last term with coefficient E applies the distance
constraint (i.e. it is minimum when the tour length is
minimum). This involves a Gaussian repulsion in phases
scaled by the intercity distance between each pair of cities.
This minimizes the possibility of high intercity distance pairs
to carry a small phase difference and run the risk of being
consecutive in a tour (Fig. 4(b)). In other words, the Gaussian
factor for consecutive cities in a tour (smaller phase
separation) is larger and hence smaller d;;r city pairs
appearing consecutive are energetically favorable. It is
important to note here that if the intercity distances d; ;s are
too large or small, it can lead to an imbalance between the
syntactic and distance constraints, whose contribution is
controlled by hyper parameters A’, B', F' and E' in the
energy function. This limitation, dependent on distance
matrix d;;r, can be avoided by choosing the cities to be
located within a unit square and scaling the distances between
the cities to maintain an average separation distance of 0.5
between each pair, as mentioned in [16], so that the same set
of hyper parameter values can be used for different problems.

As described earlier, the dynamics of oscillators has to
ensure a monotonic decrease in L with time which results in
the following update rule:
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The n oscillator representation structure produces several
advantages. First, the number of neurons (oscillators) are
reduced by a factor of n — which makes it significantly more
efficient for implementation on any platform. Second, the
structure of the network guarantees valid tours as in one
complete revolution round the phase circle (Fig. 4(b)), a
particular node corresponding to any one city of the problem
is encountered only once. Invalid tours of repeated/missed
cities are forbidden by structure. The only remaining invalid
cases are when multiple cities are assigned the same phase.
In comparison, n? formulation produces soft penalization for
invalid tours by adding terms with parameters C and D. Just
by removing these constraints, the search space reduces from
25 oscillators choosing from 5 phases (roots of unity) in n?
mapping (5%° states) to just 5 oscillators choosing from 5
phases (roots of unity) in n mapping (5° states) (qualitative
energy profile in Fig. 4(c)). Third, same-frequency oscillator
phases follow a natural ordering in any system which is also
circular in nature. Hence, this structure outputs all degenerate
solutions associated with starting city and travelling direction
simultaneously. In the n? mapping, the degeneracy has to be
artificially implemented using separate oscillator clusters at
different roots of unity — an additional complexity which is
otherwise absent in the TSP problem definition. Fourth, the
parameter k in the distance constraint term controls the
sharpness of the Gaussian which is absent when we use a
2z}
1zi]|zj|
AQ is the phase difference between a pair on nodes in the
system. This allows to optimize sharpness of distance
dependence adding more control. The oscillator evolution
would still require addition of time decaying phase noise
similar to the procedure of simulated annealing as the
previous mapping for escaping the local minima.

simpler Re ( ) or cos(AB) as in the n? mapping, where

III. RESULTS AND DISCUSSION

For testing the performance of any mapping, we start with
arbitrary initial phases of the oscillators and large phase noise
variance (02 ~ w?). We numerically solve for the oscillator
time evolution with a step size of At = 0.01 (arb. units).
Every step size we multiply the noise o by a factor @ < 1. In
each time step iteration, after updating the oscillator variables,
z(t) using the rules in eq. (2), (4), a zero mean Gaussian
noise 6 (o) with decaying o is added to the phase as:

z(t) « z(t) exp(i@ (a)) (5
o(t+At) = a.o(t) (6)



This a controls how many iterations of time step At it
takes for the noise o to become negligible w.r.t the phase
values being measured and hence the total annealing duration.
In Fig. 5 (a) we show the energy evolution for a 5-city problem
using n-mapping. The system is evolved for two different
rates of annealing (@ = 0.999 and 0.9999) and the decay of
noise over iterations is significantly different due to this
choice. Different annealing rates are important because they
offer a trade-off between the total run time and the associated
probability of achieving the optimal TSP tour. We perform
100 randomly initialized and independent runs for
a =0.999,0.9999 and 0.99999 which correspond to
annealing durations of 102,103 and 10* (arb. units). The
performance of the proposed n -mapping is tabulated in
Table I and in order to estimate the reduction in the occurrence
of non-optimal tours we calculate the tour length vs. frequency
of occurrence correlation in Table II. We observe that there is
a negative correlation which reaches ~ -1 steadily as the
annealing duration is increased. Further similar correlation
coefficients are observed for m -mapping at much lower
annealing durations (20 — 500x improvement) compared to
n%-mapping [16].

TABLE I. PERFORMANCE OF n-MAPPING

No. of occurrences for different annealing rates
Tour Length a=0.999 a=0.9999 | a=0.99999
(Slow) (Slower) (Slowest)
2.0143 9 13 19
2.0772 9 9 13
2.1356 8 14 16
2.1624 8 1 12
2.2181 7 7 12
2.2543 5 9 1
2.9578 3 4 2
2.9939 2 2 6
3.0496 3 7 2
3.0764 4 2 1
3.1348 7 1 0
3.1977 7 7 1
Invalid tour 28 14 5

TABLE II. TOUR LENGTH/FREQUENCY CORRELATION

n - mapping n? - mapping

Total Annealing Duration 10? 103 10* 5x10* | 2x105
Tour Length/Frequency | 7 | o1 | 096 | -0.62 0.87
Correlation

The purpose of any mapping is to (a) Arrive at valid tours
(Hamiltonian cycles) and (b) Choose optimal tour length
among the valid tours. Hence, in order to quantify the
performance, we define the metrics failure probability (FP)
and success probability (SP,). Failure probability (FP) is the
fraction of the total number of initial runs that end up in invalid
tours. The term success probability (SP,) is the probability of

selecting a tour with tour length within +y % or (1 + ﬁ)

978-1-7281-6926-2/20/$31.00 ©2020 IEEE

times the optimum tour length. (e.g. SP, is the probability to
end at optimum tour):

PP = No.of runs that end up in invalid tours

Q)

" Total no.of randomly initialised runs

sp = No.of runs within +y% of optimal tour length
), =

8
Total no.of randomly initialised runs ®
The parameter y allows the inclusion of near-
optimal tours along with the optimal tours while calculating
the success of a particular mapping.

a) o b)
——Slow (0.9999) 30 n%-map %
-50 Fast (0.999)
- n=>5
3-100 a2 n=5
3 '
5 150
10
-200 n-map
[ 0
-250
0 0.5 1 15 2 102 10° 10*  10°
Iterations «104 Total Annealing Duration
c)70 d)2s
— nmap e nZ-map — nmap e n2-map
60 20 [ ]
-
= 50 o’ 15
o n=5 |&
40 10
n=>5 ./.
30 n=5 5 n=10 ¢
n=>5
20 0
102 10°  10* 108 102 10°  10*  10°

Total Annealing Duration Total Annealing Duration

Fig. 5. (a) Energy evolution vs iterations for a 5-city problem using n-
mapping for slow and fast anneal rates, (b) Failure Probability (FP) as a
function of total annealing duration. Success Probability vs Total annealing
duration, (c) SP;, and (d) SP, for n and n? mappings.

We compare the two mappings by calculating FP, SP,
and SP;, for 5-city problems against different annealing
times. The total annealing duration is calculated as the Total
iterations X At . For achieving the same noise ¢ range
(~ 4 x 1075) at the end of a run (starting from the same initial
noise ), the number of iterations for the slow annealing are
much greater and hence correspond to a larger total annealing
duration. FP (selecting invalid tours) was observed to reduce
with increase in the annealing duration to around 5% at total
annealing duration of 10* for the proposed n-mapping. This
is significantly smaller than the FP of ~30% for the n?-
mapping obtained at even ~10x higher anneal duration
(Fig. 5 (b)) indicating that the proposed mapping selects valid
tours more often than the previous mapping. Next, we observe
that the SP;, and SP, over 100 runs increase for both
mappings on increasing the annealing duration
(Fig. 5 (c) and (d)). However, similar success probabilities
can be achieved for the n-mapping at much lower annealing
durations (100 — 1000x reduction). As noted earlier, the

number of possible configurations for n?-mapping are n"*
while they are n™ for n-mapping. The significant reduction in
the explorable solution space can be instrumental in reducing
the anneal times required for similar performing oscillator
networks that use n-mapping.
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Fig. 6. (a) Problem Statement, (b) Settling phases using the n-mapping and (c) the corresponding optimal tours lengths and their success probabilities SP, for

then =15, 8 and 10 cities TSP problems for & = 0.99999.

Next, we test the proposed n-mapping for problems of
different number of cities, n =5, 8, 10 at ¢ = 0.99999. In
Fig. 6(a), we show the starting problem definitions i.e. the city
locations. Followed by the problem statement are the settling
phases for the successful cases (Fig. 6(b)). The tours dictated
by these settling phases are also included in Fig. 6(c). Despite
maintaining an average separation of ~ 0.5 for the distance
matrix, the authors recognize that the parameters A’, B', F'
and E’ were originally optimized for n = 5 city problems and
they may require recalibration for larger problem sets.
Nonetheless, the successful arrival at the optimal tours using
the n -mapping demonstrates the applicability to larger
problems.

The effect of scaling n on performance by n-oscillator
representation is compared to n? oscillator. It is worthwhile to
note here that success probability SP, goes down for larger
problems (n = 10 vs. n =5 in Fig. 5(d)). However, the total
annealing durations to obtain significant success probability
SPy (~ 10 %) even for larger n are significantly smaller for
the n-mapping compared to the n2-mapping. In the baseline
work [16], even the implementation for n = 7, 10 grew
exponentially high in annealing durations so much so that no
optimal tours were reported over the few runs that could be
practically performed. This is because the search space for n2-
mapping explodes atn =7, 10. In fact, for n = 10, the search
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space is the scale of Googol (i.e. 10'%) - one of the largest
named numbers. However, n-mapping has a reduced search
space (10'%) for n = 10 enables a 10x shorter annealing time
than even the n = 5 case of n2-mapping.

IV. HARDWARE IMPLICATIONS

It has long been recognized that the true power of
stochastic Hopfield networks or Boltzmann Machines can
only be achieved by dedicated hardware devices and circuit
architectures [1], [2], [13]. Analog synaptic arrays are
becoming popular for multiply and accumulate functionality
[25], [26]. Device level stochasticity in RRAM devices has
been harnessed to get rid of the expensive random number
generation tasks [2]. Controllable stochasticity has also been
reported by reading RRAM states at different bias levels or
by using a random telegraph noise generator devices with
variable input [17]. Compact device level nano-oscillators
and their coupled networks have demonstrated pattern
recognition and graphical optimization tasks [20]-[22]. In
such a scenario, problem constraints mapping into efficient
and resource inexpensive energy functions is a welcome step
to realizing application specific hardware optimization chips.
The n-mapping has a potential to offer a multitude of benefits
(Table III and Fig. 7) if used instead of the n?-mapping
inspired by the Hopfield-Tank network:



a) Lower the number of oscillators and hence the area-
footprint reduces by at least a factor of n. Since these
networks are all to all connected the coupling
function will scale the area further down when they
are connecting only n elements rather than n?. As an
example, in a Boltzmann Machine with resistive
couplings, the crossbar array used to achieve all to all
connectivity utilizes n? coupling elements. Thus,
this leverages oscillator phase in addition to
stochasticity to enable a more powerful
representation with 1/n size reduction.

b) Lower the number of computations being performed
per iteration by a factor of n because only n
oscillators need to be updated.

c) Lower the time to converge or total anneal time by a
factor at least n. This reduction would require more
formal test benches, nonetheless, the contraction of
the exploration space offers a much higher

expectation (n"2 vs. n™). Even for a 10-city problem
the solution space for the n? mapping would be a
staggering Googol (10'%) scale search space.

d) Lower the sampling frequency by a factor of n. Phase
detection is a time series task. For a more crowded
phase circle, the samples need to be taken much more
rapidly in time in order to be able to distinguish them.
For a problem of the similar size there are n times
fewer oscillator phases in the same 2m range
allowing lower sampling rates (or time-keeping
clocks) to be sufficient.

e) Lower computations per cycle and time to converge
for a given SP, along with slower clocking
requirement projects that the energy requirement of
these circuits can benefit at least by a factor of n?.

TABLE III. COMPARISON OF MAPPINGS

Comparison Metric | n-mapping | n?-mapping
Oscillators n n?
Area 1X nX
Computations/cycle o(n) 0(n?)
Time to Converge 1X nX
Energy Consumption 1X n? X
Sampling Frequency 1X nX
Search Space n" n

Reduction in area
n2x n-mapping

nZ-mapping

Reduction in
computations
per cycle

Reduction in Sampling
Frequency

Reduction in time
to converge

Energy Efficiency

Fig. 7. Spider chart for improvements in various hardware aspects of n-
mapping

978-1-7281-6926-2/20/$31.00 ©2020 IEEE

V. CONCLUSIONS

In this paper, we propose an efficient oscillator phases-
based energy function mapping for the n-city TSP. n same-
frequency oscillators can efficiently represent the valid tours
by encoding the ordering of the cities in the phases. This not
only reduces the number of oscillators compared to the state-
of-the-art Hopfield Tank network inspired n? -oscillator
mapping but also reduces the solution search space
significantly. The proposed energy function achieves same
success probabilities at much lower (~ 100x) annealing
durations. With compact device level nanoscale oscillators
gaining attention in the neuromorphic hardware space, such
efficient mappings can go a long way in application specific
circuit level realizations of graphical optimization problems.
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