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In recent work [1], we introduced a new, linear-programming based method, for detecting underground features based on
gravity measurements. The current paper takes this method one important step further, in that it makes it work under realistic
conditions, where most of the physical characteristics of the environment are not known. In particular, the ADCS algorithm
we introduce works when the following physical parameters are unknown: the spatial variability of the underground density,
the amplitude of this variability, the number of the holes (assuming that there are only a few), the shape of the hole(s). The
algorithm will construct a map of the unknown holes’ locations and shapes.

We achieve this by reformulating our original compressed sensing (CS) which assumes knowledge of the mass density
variability. In the new formulation the unknown variable is rescaled for a better balanced optimization problem, and the noise
parameter of the problem is calculated based on the input data.

1. ADAPTIVE THRESHOLDING AND NEW REPRESENTATION

It is known that solving the gravitational inverse problem (see e.g [1],[2] amounts to solving a highly underdetermined linear
system t = Mθ + ε, where t ∈ R

n is the (residual) measurement, θ ∈ R
p contains the unknown density, M ∈ R

n×p is the
measurement matrix, ε is the vector of residuals and n < p. Now our task is to nd the large components of θ. The compressed
sensing theory of [3] and Candes, shows that under certain mathematical conditions (largely unful lled by the gravitational
inverse problem [2]), the elements of the true solution θ∗ that are above the noise level can be recovered by the simple linear
program (LP) [1]

(P0)
minρ ||ρ||1
s.t. ||t − Mρ||∞ ≤ σ

√
2 log p

(1)

This allows one to recover just the holes, which can be seen as large anomalies in the overall underground densities[1].
In the above σ denotes the noise variance, which depends both on the measurement noise and on the spatial covariance of

the underground density. With improved gradiometric measurements becoming available, it is the latter term that dominates
the noise ε. This term is unknown in practice, and it is hard to determine theoretically because of the paucity of existing
underground density models which describe the spatial correlation in the density of the various rocks. Therefore we propose to
replace problem (P0) with the new linear program (P)

(P)
minθ∈Rp 1T θ + ps +

∑n
j=1 sj)

s.t. 0 ≤ θ
ξ ≤ 1 for ξ = 1 : p

|ρ0Mj:θ − tj| ≤ (w + s + sj)ηj for j = 1 : n

with ηj = 0.5(tj + ||t||1)
w = 0.3, ρ0 = avg ρ

s, sj ≡ 0 Simple slack
sj ≡ 0 Global slack
s = 0 Local slack

(2)
In words, we use the hole indicator variables θξ to describe the hole. For a “full” voxel, θξ = 0 and for a hole voxel θξ = 1.
For a hole that does not completely overlap with a voxel, θξ can take fractional values. The slack parameters ss, sa allow us
to adapt the threshold, by tightening it as long as the problem P remains feasible. The actual tolerance for reconstructing the
input is a function of the measurement (we tolerate more noise for larger measurement values) and of the slack variables.

2. EXPERIMENTS

We simulated two geometries, shown in gure 1, one containing an L-shaped hole (h = 95 hole voxels), the other one three
vertical holes(h = 88). The total number of voxels p = 2048, and the geometry of the environment were the same for both. The
mass density noise had realistic values, variying from low to high. Table 2 shows the precision and recall in retrieving the hole
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underground volume 16m × 16m × 10m
n = 2 × 100 measurements
Holes don’t align with reconstruction grid
p = 2048 voxels for reconstruction, of which
h intersect with the true hole(s)

L shaped, h = 95 3 holes, h = 88

Fig. 1. Simulated problems. n/h < log p) hence these are theoretically very hard problems for CS.

Table 1. Precision and recall of ADCS with different slack types w.r.t original solution from [1] (denoted here CS+Constant); CS is the
LP in the original variables ρ, while ADCS is the LP in P . Precision and Recall are evaluated w.r.t to numbers of voxels, but the results w.r.t
volumes are qualitatively similar. NaN marks the cases where the LP was infeasible or didn’t converge. The table represents medians over 10
runs.

Recall=#TP voxels/#hole voxels Precision=#TP voxels/(#TP voxels +#FP voxels)
Hole Noise LP Slack type

Global Local Simple Const
L hole 0.010 CS 0.17 0.13 0.15 0.32

0.025 CS 0.16 0.11 0.16 0.33
0.050 CS 0.15 0.11 0.19 NaN
0.010 ADCS 0.64 0.51 0.65
0.025 ADCS 0.66 0.47 0.66
0.050 ADCS 0.61 0.41 NaN

3 holes 0.010 CS 0.19 0.20 0.17 0.33
0.025 CS 0.14 0.17 0.15 0.27
0.050 CS 0.12 0.13 0.09 NaN
0.010 ADCS 0.52 0.60 0.61
0.025 ADCS 0.39 0.55 0.39
0.050 ADCS 0.34 0.42 NaN

Hole Noise LP Slack type
Global Local Simple Const

L hole 0.010 CS 0.63 0.51 0.64 1.00
0.025 CS 0.64 0.40 0.59 0.93
0.050 CS 0.60 0.32 0.53 NaN
0.010 ADCS 0.51 0.33 0.49
0.025 ADCS 0.50 0.28 0.50
0.050 ADCS 0.42 0.20 1.00

3 holes 0.010 CS 0.68 0.73 0.64 0.90
0.025 CS 0.64 0.94 0.50 0.83
0.050 CS 0.53 0.85 0.31 NaN
0.010 ADCS 0.62 0.60 0.66
0.025 ADCS 0.52 0.55 NaN
0.050 ADCS 0.52 0.46 NaN

voxels for the standard CS representation denoted by CS , the new representation in (P0) denoted by ADCS , with a variety of
adaptive methods for setting the reconstruction tolerance. The original CS algorithm is denoted by CS+Const, re ecting the
fact that the tolerance is a constant. This constant was set by hand to 10−3, after a small set of trials. Hence, the original method
has an unfair advantage in the comparisons, especially w.r.t the Precision parameter.

The most striking feature in table 2 is that the recall of CS is overall very low, indepedently of the slack type or noise.
Using ADCS improves recall consistently and signi cantly, at a small loss in precision. Hence, using the new representation,
results in a less sparse estimated hole; most voxels which are assigned by ADCS to the hole are correct hole voxels, while a
few remaining add to the false positives (thus slightly reducing precision). The slack type has only a weak in uence on the
precision/recall of ADCS, but using the novel slack methods seems to assure convergence in cases when the Simple slack fails
to converge.

Moreover, ADCS ran about 50 times faster than CS on average on our examples (5-10 seconds vs. 1-2 minutes CPU time).

3. REFERENCES

[1] Marina Meila, Caren Marzban, and Ulvi Yurtsever, “Gravimetric detection by compressed sensing,” .

[2] Victor Isakov, Inverse problems for partial differential equations, Number 127 in Applied Mathematical Science. Springer,
second edition, 2006.

[3] David Donoho, “Compressed sensing,” IEEE Trans. on Information Theory, vol. 52, no. 4, pp. 1289–1306, 2006.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (U.S. Web Coated \050SWOP\051 v2)
  /PDFXOutputConditionIdentifier (CGATS TR 001)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ([Based on 'Acro8.recommended.6Dec2006_FontEmb'] Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName (U.S. Web Coated \(SWOP\) v2)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


